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Abstract

Stability in a two-sided matching model with non-transferrable utility (NTU)
and with incomplete information is investigated. Each agent has interdepen-
dent preferences which depend on his own type and on the (possibly unknown)
types of agents on the other side of the market. Agents’ utilities are increasing
in types. First, a one-sided incomplete information model in which workers’
types are private information is investigated. Firms react to their informa-
tional disadvantage with conservatism: a firm joins a worker in a block to
a matching only if the firm is better off even with the lowest type of the
worker interested in the potential block. A recursively-unblocked matching
outcome is incomplete-information stable. With anonymous preferences, all
strictly individually-rational matching outcomes are (one-sided) incomplete-
information stable. Thus, in a positive assortative matching model all matching
outcomes are incomplete-information stable including the negative assortative
matching. An ex post incentive compatible mechanism exists. This mechanism

implements the best complete-information stable matching for workers.

Extensions to two-sided incomplete information stability are investigated.
Stable-matching outcomes with two-sided incomplete information are a superset
of stable-matching outcomes with one-sided incomplete information, which in

turn include complete-information stable matchings.

*UCLA Anderson School of Management (sbikhcha@anderson.ucla.edu)



1 Introduction

The concept of stability in two-sided matching was introduced by Gale and Shap-
ley [10]. A matching is stable if there does not exist a blocking pair, i.e., no two
agents prefer each other to their respective partners under the matching. Agents do
not have any private information about their own types that might affect their own
preferences or the preferences of other agents. Much of the subsequent literature
makes the same complete information assumption — see Roth and Sotomayor [20].

In this paper, I investigate a two-sided matching model with incomplete informa-
tion in which workers are matched with firms. Agents have interdependent prefer-
ences in the sense that the utility of an agent depends on the type of the agent it is
matched with. While the model in this paper is of one-to-one matching, it is easily
generalized to a many-to-one matching model.! Utility is non-transferrable and side
payments between workers and firms are not possible. Once a matching prevails, a
worker’s type becomes known to its matched firm but not to other firms. The utility
functions of a worker and the matched firm increase in their types. The restrictions
imposed by stability on the set of matching outcomes under incomplete information
are investigated.

Initially, I investigate a one-sided incomplete information model in which work-
ers have private information about their types whereas firms’ types are common
knowledge. Firms respond to their lack of information by participating in a block
only when they are certain that the block (to a matching) will increase their utility.
In other words, a firm in a blocking coalition prefers, in comparison its currently
matched worker, the lowest type of its blocking partner (worker) that would also
be better off in the contemplated block. This notion of blocking was introduced by
Liu, Mailath, Postlewaite, and Samuelson [13] in a matching model with one-sided
incomplete-information and transferrable utility. Initially, all possible types of work-
ers are considered. The set of possible worker types decreases recursively, with firms
ruling out subsets of worker types from blocks that did not materialize. If a match-
ing persists over time, it becomes known among agents that there are no blocking
opportunities; the matching is stable. Liu et al. [13] point out that this is similar in
spirit to Holmstrom and Myerson [12]’s notion of durable mechanisms.

I show that stable matching outcomes exist under one-sided incomplete infor-
mation and non-transferrable utility. The set of stable matchings is larger under
incomplete information than under complete information and, in a sense, too large:

LAll the results presented here hold for a model in which firms employ more than one worker and

each firm has responsive preferences.



if preferences are anonymous? then every strictly individually-rational matching out-
come is incomplete-information stable. With anonymous preferences and one-sided
incomplete information, stability is only slightly more restrictive than individual ra-
tionality.

In blocking coalitions of size greater than two, it is necessary to make assumptions
about inferences drawn by coalition members. A firm j in a larger coalition draws
inferences about the type of worker ¢, its proposed match in the block, from worker ¢’s
willingness to participate in the block. (Firm j would draw the same inference if i
and j formed a blocking pair.) In addition, if the firm currently matched to worker i
is also part of the coalition then that conveys additional information to firm j about
worker ¢’s type. It is shown that a two-agent blocking coalition exists whenever a
blocking coalition of size greater than two exists. Thus, blocking coalitions of size
greater than two do not decrease the size of incomplete-information stable matching
outcomes.

A mechanism that is ex post incentive compatible under one-sided incomplete
information model is presented. In this mechanism, workers reveal their types to the
mechanism designer. The mechanism designer computes the complete-information
stable matching (for the stated types) that is optimal for workers. The mechanism de-
signer reveals the reported types of workers and implements the computed matching.
If all agents report truthfully, then the resulting matching is complete-information
stable. If any one agent lies, then either the implemented matching is (complete-
information) unstable and agents settle on another stable matching or it is stable. In
either event, the agent does not benefit by lying.

Next, a notion of stability for two-sided incomplete information is proposed. As in
the one-sided incomplete information case, each agent in a potential blocking pair as-
sumes that its blocking partner is of the lowest possible type that might be interested
in a block. However, in determining this lowest possible type the conceptual problem
is to fix the set of possible beliefs of agents in a blocking pair about the type of their
partner. A firm does not know what the worker with which it is contemplating a
block assumes about the firm’s type, and vice versa. Therefore, in order to obtain the
lowest type of worker ¢ that might wish to block with firm 7, the firm j assumes that
worker ¢ presumes that firm j is of the highest possible type that might be interested
in a block. The worker 2 makes a similar calculation to obtain the lowest possible type
of firm j. This ensures that worker ¢ and firm j participate in a block only if they
are certain that their respective utilities will increase. However, this increases the
conservatism of agents on both sides of the market resulting in fewer blocking oppor-
tunities. Consequently, the set of two-sided incomplete-information stable matching

2That is, if each agent’s utility does not depend on the identity of the matched agent.



outcomes is a superset of the set of one-sided incomplete information stable matching
outcomes.

In sum, the set of incomplete-information stable-matching outcomes is large. This
has implications for matching markets. Usually, the absence of disorderly conduct,
such as reneged contracts, market compression or exploding offers, leads to the conclu-
sion that the status quo matching is complete-information stable and consequently
it is also Pareto efficient. However, this need not be the case if, as seems plausi-
ble in some applications, there is incomplete-information among participants. An
incomplete-information stable matching outcome need not be complete-information
stable and, as an example shows, can be Pareto-dominated. Therefore, while orderly
conduct is a necessary condition for a well-functioning matching market it is not suf-
ficient. The mechanism by which the market reached an equilibrium must also be
considered.

In addition to Liu et al. [13], Chakraborty, Citana, and Ostrovsky [2] and Dizdar
and Moldovanu [4] are two recent papers on matching with incomplete information
and interdependent preferences. Chakraborty et al. [2] investigate the incomplete-
information stability of a mechanism, rather than of a matching, in a college-admissions
model. Students’ preferences are known but their quality is unknown. Preferences of
colleges over students depend on student quality. Chakraborty et al. [2] show that
stable mechanisms do not usually exist. Dizdar and Moldovanu [4] establish that
(under transferrable utility) only fixed-proportion sharing rules are are compatible
with efficiency.

There is an earlier literature on incomplete-information matching models with
privately-known preferences. Dubins and Freedman [5] and Roth [16] independently
show that in the deferred-acceptance mechanism it is a (weakly) dominant strategy
for proposers to truthfully report their preferences. Moreover, every Nash equilib-
rium of the deferred-acceptance mechanism in which proposers follow their dominant
strategy leads to a stable outcome (Roth [18]). However, Gale and Sotomayor [11]
showed that by misreporting their preferences the non-proposing agents can achieve
a stable outcome that is more favorable to them. Roth [16] established that there
exists no stable mechanism in which it is a dominant strategy for all agents to truth-
fully reveal their preferences, while Roth [19] generalized this negative result under
the weaker incentive constraints of Bayes Nash equilibrium. FEhlers and Masso [§]
showed that in a matching model with two-sided incomplete information, an ordi-
nally Bayesian incentive compatible mechanism exists if and only if there is exactly
one stable matching at every state of the world. A related negative result was ob-
tained by Majumdar [14]. Yenmez [23] investigates the existence of stable, efficient,
and budget-balanced mechanisms in a model with transfers.



The literature on the core with incomplete information, surveyed in Forges et
al. [9], is also relevant. Wilson [22], the first paper in the area, noted that information-
sharing assumptions at the interim-stage were critical in determining blocks to a
potential core allocation; minimal information-sharing leads to Wilson’s concept of
the coarse core while maximal information-sharing yields the fine core, which is a
subset of the coarse core. Incentive-compatible information sharing within coalitions
was introduced by Vohra [21], leading to refinements of Wilson’s coarse core and fine
core. Dutta and Vohra [6] proposed the credible core, in which members of a blocking
coalition draw inferences from the nature of the contemplated objection. The credible
core lies in between the (incentive compatible) fine core and the coarse core. In Liu
et al. [13] and in this paper, incentive compatibility within a blocking coalition is
satisfied for each state of nature rather than in expectation. Further, the absence
of blocking implies that certain states of nature did not occur. This opens up the
possibility of other potential blocks which, if they do not transpire, implies that some
other states of nature did not occur. Thus, the persistence of a stable matching leads
to the updating of beliefs in a recursive manner.

The rest of the paper is organized as follows. The basic model and results for
one-sided uncertainty are presented in Section 2. Blocking coalitions larger than two
are considered in Section 2.1 and an incentive compatible mechanism is presented in
Section 2.3. As pointed out in Section 2.2, incomplete-information stability can be
characterized as common knowledge of no blocking. Section 2.4 compares stability
in the NTU model with stability in a TU model. Section 3 extends the results to
two-sided incomplete information. Section 4 concludes.

2 One-sided Uncertainty

There are i = 1,2,...,n workers and 7 = 1,2,...,m firms. Each worker has private

3

information about his own type.® Worker i’s type, w;, is in the interval [w,w]. If

worker ¢ and firm j are matched together then their respective utilities are:
wi(w;, j) and v;(w;,1) (1)

The utility of a worker 7, u;, depends on the worker’s own type and the identity of
the firm it is matched with. The utility of firm j, v;, depends on the unknown type of
the worker it is matched with and the worker’s identity. The type of the worker, w;,
may be thought of as representing the productivity of the worker, which is unknown
to the firm. There may be other characteristics of the worker, such as education and

3The results in this section hold under the alternative assumption that workers’ types are common
knowledge among workers but are not known to the firms.
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experience, that are observed by the firm and these are captured by the dependence
of vj on ¢. If worker ¢ and firm j are matched, then firm j learns worker ¢’s type, w;.

A dummy worker is indexed ¢ = 0 with type wy and a dummy firm is indexed
j = 0. An unmatched worker (firm) is matched to the dummy firm (worker). The
utility of an unmatched worker or firm is normalized to zero: w;(w;,0) = 0 and
vj(wo, 0) = 0.

As mentioned earlier, there are no side payments between matched workers and
firms in this model. This may appear counter-factual as firms pay wages to workers.
The important assumption is that if side payments are present then there is a standard
payment (wage) over which there is little or no bargaining. This is the case with
medical residents, law clerks, or college interns who view the job as building their
human capital (see Roth and Sotomayor [20], p. 125). If a firm makes the same
payment to any worker it might hire, the side payment need not be explicitly modeled
and is reflected in the utilities of the matched firm and worker. The model here may
also be appropriate for matching students to schools or colleges.

The following assumption is made throughout the paper.

INCREASING AND CONTINUOUS UTILITY: The utility functions u;(w;, j) and v;(w;, 1)
are strictly increasing and continuous in w; for all 1 and j.

A matching is a function p : {1,2,...,n} = {0,1,2,...,m}, where u(z) is the firm
that worker i is matched to. If (i) = 0 then worker i is unmatched and if (i) = p(2)
then u(i) = 0. For any j € {1,2,...,m},

N _ 1.4 Ji, ifthereisanid € {1,2,...,n} st. p(i) =7,
Vi) = 0) = { 0, otherwise.

Let w = (wy,wy, ..., w,) be the type vector of the workers. A matching outcome
is a matching together with a worker type vector: (u,w). The matching outcome
(1, w) is individually rational if

Uj(wl/(j)7y(j>> > 07 v.]

Let X° be the set of individually-rational matching outcomes. As utility is increasing
in worker type, if (¢, w) € X0 then (u, w') € X° for all w’ > w.

The matching outcome (u, w) is strictly individually rational if it is individually
rational and

either w;(w;, u(7)) > 0 or w,u(w;,i) > 0, Vi s.t. u(i) #0
either  w;(w;,7) < 0 or vj(w;,i) < 0, Vi, g st u(i) =v(j) =0
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That is, at least one agent in each matched pair at p obtains strictly positive utility
and if worker ¢ and firm j are unmatched at p then at least one of the two must
obtain non-positive utility from the match (i,7). Let Z:{ denote the set of strictly
individually-rational matching outcomes.

It is useful to state the definition of complete-information stability before defining
incomplete-information stability.

An individually-rational matching outcome (u, w) € 3° where w = (wy, wo, . .., w,),
is blocked if there is a worker-firm pair (7, j) such that

wi(wi, j) > wi(ws, p(i)) and  vj(wg, i) > vi(wyg), v(J)) (2)

If there does not exist an (i, ) satisfying (2), then (u,w) is complete-information
stable. Gale and Shapley [10] provide a constructive proof of existence of a complete-
information stable matching; their deferred-acceptance algorithm stops at a stable
matching.

Complete-information stability is satisfied by a matching if no worker-firm pair
can improve their respective utilities by matching together rather than with their
partners in the matching. Stability under incomplete information satisfies a similar
requirement with the additional proviso that the two participants in a potential block
should not be disappointed after they match together. The additional proviso is
automatically satisfied under complete information.

An individually-rational matching outcome (u, w) € A C X0 where w = (wy, wo,
..., Wy), 18 A-blocked if there is a worker-firm pair (i, 7) satisfying

wi(wi, j) > wi(wi, p(i)) (3)

and for all (1, w') € A s.t. wy ;) = wy),
if wi(wi, j) > wi(wi, p(i)) > 0 (4)
then wvj(wj, i) > wvj(wyy,v())) (5)

Individual rationality implies that w;(w;, p(i)) > 0. Therefore, if (3) is satisfied
then (4) is also satisfied with w] = w; (and possibly with other w/ as well).

Inequality (3) requires that worker i is better off in the potential block. The
corresponding condition for firm j is more complicated. Firm j knows only that
worker v(j)’s type is w,(j), but does not know worker 4’s type. Therefore, in order to
participate in the block, firm j should be better off with any worker i type w) (in A at
a worker type vector w’ that is consistent with firm j’s knowledge about worker v(j)
and the fact that (u, w’) is individually rational) that is better off in the block. If
whenever (4) is satisfied, (5) is satisfied then the pair (4, 7) blocks (u, w) in A.
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Suppose that the worker type vector w is common knowledge among all workers.
Further, suppose that it is common knowledge among workers and firms that w is
such that (u, w) € A. If (i, ) agree to form a coalition to A-block p then it becomes
common knowledge between i and j that they are better off by blocking pu.

The matching outcome (u, w) € A is A-stable if it is not A-blocked by any firm-
worker pair. The set A is self-stabilizing if every (u, w) € A is A-stable.

If the set {(u, w)} is self-stabilizing then, by definition, x is a complete-information
stable matching at w. Additional results are gathered in the following lemma, where
A and B are sets of matching outcomes.

Lemma 1

(1) Suppose that B C A. If (i, w) € B is B-stable then it is A-stable.

(i1) Let u be a complete-information stable matching at w. Then, (u, w) is A-stable
for any A such that (u,w) € A.

Proof: (i) It follows directly from (4) and (5) that if (u, w) is A-blocked then it is
also B-blocked.

(ii) Let B = {(u,w)}. As p is complete-information stable at w, (i, w) is B-stable.
Therefore, by (i), (u, w) is A-stable for any A D B. |

The next assumption states that preferences depend only on the types of agents
and not on their identity.

ANONYMOUS PREFERENCES: For any i,i € {1,2,...,n} and j,j € {1,2,...,m}
and w;, w; € (w, W],

If wi(wi,j) > wi(wi,j) then wi(wl,j) > wi(wl,j)

The condition of anonymous preferences is satisfied whenever the utility of firms
(workers) over workers (firms) depends only on the type and not on the identity of
the workers (firms). The above equation states that firms’ preferences over workers
depend only on workers’ types and not on their identities. The if-then statement
above requires that if worker i of type w; > w prefers firm j to j then worker i of
any other type w > w prefers firm j to J. Essentially, this also states that workers’
preferences over firms depend only on firms’ “types” and not on their identities. To
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see this, assume that (i) firms also have types and that these types are common
knowledge and (ii) the underlying utility functions of workers and firms, U; and V},
depend on the agent’s own type and the type but not the identity of the matched
agent. The utility functions u; and v; are obtained from U; and V; by replacing firm
types f; and f; with firm identities j and J:

ui(wi, j) = Us(wi, fj), ui(wi, j) = Ui(wi, f3) (6)
Uj(wi7i> = V}(wivfj) (7)

Assuming that worker utility increases with firm types, the hypothesis of the if state-
ment, u;(w;, f;) > wi(ws, f;) implies that f; > f;, which in turn implies u;(w}, f;) >

wi(wj, f3).4

The next result says that if preferences are anonymous and any matching is strictly
preferred to being unmatched by a worker or a firm (except when the worker’s type
is the lowest), then every strictly IR matching outcome is stable.

Proposition 1 Suppose that u;(w,j) = 0, v;(w,i) = 0 for all i,5. Then, under
anonymous preferences the set of strictly individually-rational matching outcomes is

self-stabilizing.

Proof: If w; = w then, as u;(w,j) = 0, v;(w,i) = 0 for all j, worker ¢ is not
matched at any strictly individual-rational matching. We can eliminate worker ¢
from consideration. Therefore, assume that w; > w for all i. Then, the set of strictly
individual-rational matchings is

= {(mw), we (w]"}

where o is any matching in which all agents on the shorter side of the market are
matched.

Suppose that (3) is satisfied by worker-firm pair (i, 7) at (4, w) € 3. Then by
anonymity, (3) is satisfied for all w] € (w,w]. Because v;(w,(),v(j)) > 0 by strict
individual rationality, and v;(w, v(j)) = 0, we have w,(j) > w as utility is increasing.
Select wj € (w,w,(;)]. Now, for (u, w'), where w' = (w_;, w;), (4) is satisfied but, by
increasing utility and anonymity, (5) is not satisfied. Hence, (u, w) is not 3¢ -blocked.

If, instead, there does not exist a worker-firm pair (4, j) that satisfies (3) at any
w, where (p, w) € 9, then again (p, w) is not X9 -blocked. |

4Note that the Anonymous Preferences assumption is more general than (6) and (7). It is possible
that u;(w, 7) > u;(w, j) and u;(w, j) < u;(w, j) under the anonymous preferences but not under (6)

and (7).



REMARK: Observe that when w = w there is no incomplete information and therefore
incomplete-information stability coincides with complete information stability. But if
w = w+e for any € > 0 then the set of incomplete-information stable matches is much
larger. That is, at w = w, there is a discontinuity in the set of incomplete-information
stable matchings outcomes.

Thus, under the assumptions of Proposition 1, stability provides no restrictions
on matching outcomes. In particular, consider the following example which satisfies
the hypothesis of Proposition 1.

EXAMPLE 1: (ASSORTATIVE MATCHING)

Let the number of workers equal the number of firms, n = m. The utility functions
of workers and firms are

ui(wi7j) = Uj(wi7i> = Jw;

Then, with 0 < w;;, <w;, < ... <w;,, the unique complete-information stable match-
ing pairs worker ¢; with firms j, the positive assortative matching. But Proposition 1
implies that all matchings are incomplete-information stable.

To see this directly, consider the negative assortative matching where worker i,, is
matched to firm 1, worker ,,_; is matched to firm 2, etc. Firm n, who is matched to
the lowest type worker ¢; but does not know that ¢; has the lowest type, will reject a
blocking proposal from all other workers, including worker i,,. This is because types
w; < wy, would also do better by matching with firm n than with their current match
firm 1.

Similarly, every firm j > 2 will reject a blocking proposal from any other worker.
No worker will propose a block with firm 1. O

REMARK: The difference between an NTU model and a TU model is stark. In a TU
model with side payments, Proposition 3 of Liu et al. [13] implies that in any positive
assortative matching model, only the efficient matching is incomplete information
stable.

In the sequel, I do not assume either anonymous preferences or that any firm is
indifferent between being matched to a lowest type worker and remaining unmatched.
Before proceeding, I define the notion of incomplete-information stability. Asin Liu et
al. [13], this definition calls for an iterative elimination of unstable matching outcomes
from the beliefs of firms. The idea is that if a matching persists, then it is reasonable
to conclude that the worker types are not in a subset that would block the matching.



Recall that 3° is the set of individually-rational matching outcomes. Define

yh = {(p,w) € yhl (p, w) is not Ek_l—blocked} (8)
Then .
Y = ﬂ yk
k=0

is the set of incomplete-information stable-matching outcomes.

For any w, let ;1 be a matching that is complete-information stable at w. As p is
individually rational at w, {u, w} € X°. By repeated application of Lemma 1(ii) it
follows that {u, w} € ¥, for all k and hence ¥* is non-empty.

It is clear from (8) that X% C ¥*~! and that ¥* is self-stabilizing. The next result
shows that ¥* is the largest self-stabilizing set.

Lemma 2 If A is a self-stabilizing set then A C ¥*.

Proof: If A is self-stabilizing then A C 3°. Let & > 0 be such that A C X*. As every
(u, w) € Ais A-stable, it is also ¥*-stable by Lemma 1(i). Therefore, A C X1, 1

The set of incomplete-information matching outcomes can be quite large even
when preferences are not anonymous. The following example demonstrates that even
a Pareto-dominated matching outcome can be incomplete information stable.

EXAMPLE 2: PARETO-DOMINATED STABLE MATCHING OUTCOME
There are two firms and two workers. The workers’ types lie in the interval [0, 2].
The utility functions of workers are in the table below:

’ Worker utility ‘ Firm 1 ‘ Firm 2 ‘

uy (w1, 7) wy +1 2w
UQ(U)Q,j) Wo + 1 2’(1)2

’ Firm utility ‘ Worker 1 | Worker 2
(%1 (wi, 2) wy + 0.5 ()
UQ(U}Z', ’L) w1y + 0.1 Wo

Consider the following matchings:
H1 = {(Wh Fl)a (W27 FQ)}

po = {(Wy, Fy), (Wy, F1)}
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Of these two matchings, (11, (w1, ws)) is 3-blocked by (Wi, F») when wy > 1 and
wy < 1.1. Next, (p9, (w1, ws)) is X-blocked by (Wy, Fy) if w; < 1 and wy < 0.5. And
(2, (W, we)) is 3-blocked by (W, Fy) if wy < 0.9 and wq > 1.

The stable-matching outcomes in the table below are also depicted in a figure at
the end of the paper.

INCOMPLETE-INFORMATION STABLE MATCHING OUTCOMES

Matching Worker types
1 w; <1lorw,>1.1
Lo (wy > 1) or (wy € [0.9,1] Nwy > 0.5) or (w; € [0,0.9] Nwy € [0.5,1])

However, note that an incomplete-information stable matching outcome need not
be a complete-information stable matching. For example, u,pus € X* at w; =
0.95, wy = 1.1 even though p; is the unique complete-information stable matching
(as po is complete-information blocked by (Wi, FY)).

M, Pareto-dominated
by 4, in this area

as 18 a8 /

2 2
Blocked by W F; /
15 Blocked by WiFz
. W /‘
uz 2 )

iy 15 complete-

U4 is incomplete-

information stable

05 information stable

0.5
Blocked by W,F;

Blocked by WiF;

0 0 2
1 2 1 .
“'1 1l1

Complete Information Incomplete Information
M, 15 complete-

information stable

Figure 1: Stability of matching py = {W1Fy, W;Fy}

This example also shows that an incomplete-information stable matching outcome
need not be Pareto-efficient. At wy = 0.95, wy = 1.1, s is strongly Pareto-dominated
by p1. That is, under complete information about worker types, if matching ps were
proposed then each worker and each firm would be part of a blocking pair. Under
incomplete information, however, it is not common knowledge among workers and
firms that a blocking pair exists. See Figure 1. U

Before concluding this section, a characterization of blocking is provided. To this
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end, let

;3 = {w; € [w, @] |ui(w;, j) > w;(wi,j) >0}
be the set of types at which worker i strictly prefers firm j to firm j. Note that if p is
A-blocked at (w;,w_;) € A by (i,7), then w; € P;M(i). As wu; is continuous on a closed

interval, PZ is a finite union of intervals.

Suppose that at worker types w;, w,(;) the matching p is [not] A-blocked by the
pair (4,). The next lemma establishes the types of workers ¢ and v(j) that are more
less| favorable than w;, w,(j) to an A-block of the matching ; by the pair (4, j). The
types of workers other than i and v(j) do not matter.

Lemma 3 Let p be an individually-rational matching.

(i) If (1 (W3, 05 wz,w,,(]))) € A is A-blocked by (i, j) then (u, (w®, ) ,w?,

w? o)) € A, with w ) < W), w? € P;H(i), and any w® also is A blocked

i u(G)?
(it) For any w; € Pj .. z‘f( Aw_i i), wl,wl,( )) € A is not A-blocked by (i,7),
then (u, (wﬁl;w(j) w”b w’ ( ) € A, with wV(J > wy(j) and any w; wﬁl; o(j)» @lso

18 not A-blocked.

Proof: (i) Suppose that (u, (w_; .(j), ws, w.())) € A is A-blocked by (4, 7). That is,

/

ui(wi, j) > ui(wg, p(i)) and for all (u, (W', ), wi, wy(;))) € A

it wi(wh, ) > wi(wi, p(i)) = 0 then wvj(wi,i) > vi(wyg,v(d)  (9)

Consider any (u, (wliiw(j),wf,wfj(j))) € A with wb v < wy,y and w? € P! uiy- As
w? € P;M(l.), we have ui(wf,j) > w;(w?, p(i)) > 0. By 1ncreasmg utility and (9), we
have for all (u, (W', ;) w 3(].))) €A
if wi(wy, ) > wi(w)p(i)) > 0 then wvj(wj,i) > vj(wh,),v(j))

Therefore, (u, (w®; ) , Wi, wP o)) is A-blocked by (i, 7).

(ii) Next, suppose that (i, (w_; ,(), Wi, Wy())) € A is not A-blocked by (4,7). As

w; € P (i) , firm j must not be interested in a block. Thus, there exists w} such that

ul<wzv.]> > ul(ww:u(z)) >0 and Uj(whi) < Uj(wu(j)u V(j))

Then, by increasing utility, we have v;(w}, 1) < vj(w,¢), v(J5)) < vj(w "é’) v(j)) for any
Zf’j) > wy(). Thus (p, (W™ V() wn? w”é’))) is not A-blocked by (i, ) for any w®,

nb
Wi, v()- i

REMARK: Another implication of Lemma 3 is that no inference can be drawn about
the types of workers other than ¢ and v(j) from the fact that p is blocked (or not
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blocked) by (i,7). Further, Lemma 3(i) implies that if (i,7) constitutes a block-
ing pair, then for all w; satisfying w;(w}, j) > w;(w}, u(i)) > 0, we have v;(w}, i) >
v;(wy(j), ¥(4)). Therefore, after observing the pair (i, j) £°block the matching p, an
uninformed observer concludes that w, ;) < w,,;y where wy .y is the largest worker
v(j) type such that v;(wj, i) > vj(wy ), v(j)) for all wj € P} .

For any set of matching outcomes A, let
Ai(p) = {w; € [w, ]| (k, (w;, w_;)) € A for some w_;}

As X9(p) is an interval, Lemma 3 implies that for any k, X¥(u) is a finite union of
intervals. Let

. inf{ w; € P;u(i) N Ai(p) }, if Pju(z) NAi(u) # 0
Pi(p, A) =

w, otherwise.

Any worker ¢ in A who prefers j to u(i) has type of w; > B; (u, A). Moreover, because
Ai(p) is a collection of intervals, if P} . <@ then any w; = Pi(p, A) + € € Ai(p) for
small enough € > 0.

Next, let
Ql(w;) = {w; € [w, @] | v;(wi, i) > vj(w;,1) > 0}

i
be the set of worker i types that firm j strictly prefers to worker ¢ of type w;. As v,
is increasing, QZ - is an interval. Similarly, define

, inf{w; € qu(j)(wv(j)) NA(p)}, if qu(j)(wV(j)) N Ai(p) # 0
Ql(wy(j), 1, A) =

w, otherwise.

Proposition 2 A matching outcome (u,w) € A is A-blocked by (i, j) if and only if
w; € P,y and Q1 (wy ), i1, A) < Pi(p, A).

Proof: Sufficiency. If w; € P;M(i) then (3) is satisfied. If w] € A;(u) satisfies
(4) then w, > B;(M,A) by definition. Each w) > QZ(IU,,U),;L, A) satisfies (5). As
QZ (wy ), ps A) < E;(u, A), each w} € A;(p) that satisfies (4) also satisfies (5).

Necessity. If w; & PJZ (i) then ¢ will not participate in a block. Therefore assume that
wi € P} Eut QU (wy(jy, i1, A) > P, A). As w; /e Ai(u), Pl N Ai(u) # (0 and
Pi(p, A) <w. Then, for small enough € > 0, any w; = Pj(u, A) + € < Q) (wy), p, A)
satisfies (4) but not (5). Taking € > 0 small enough such that w, € A;(u) implies

that (u, w) € A is not A-blocked by (i, 7). |
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The figures below illustrate the proof of Proposition 2. For simplicity, assume
that A;(u) = [w, w]. In both figures, the gain to worker ¢ in switching from firm p(7)
to firm j as a function of w} is u;(w}, 7) — u;(w}, p(7)). This is the blue curve and its
smallest intersection of the horizontal axis is from below; this point is B;'-(,u, A). The
two intervals indicated by the green broken arrows is the set P]?M(i). The gain to firm j
in switching from worker v(j) to worker 7 is an increasing function of wj. It intersects
the horizontal axis at Q{(wy(j),u,A). In Figure 2, QZ(w,,(j),u,A) < B;(ILL,A) and if
worker i’s type is in the set P.;/J‘(i)’ then (i, 7) blocks u. In Figure 3, Qg(w,,(j), wy, A) >
P’ (1, A) and even if worker i’s type is in the set Pfu(i) firm j will not participate in a
block. This is because if worker i’s type is in the region indicated by the red broken
arrow, then firm j is worse off with worker j than with worker v(j).

VJ.(WI.,l‘)—Vj(Wﬂil(j)“u"(j)) ‘

0 (W, )= (W, 1))
e
J
Figure 2: Q] (w, (), i, A) < Pj(p, A) Figure 3: Q] (wu(), 1, 4) > By, 4)

In Figures 2 and 3, it is assumed that u;(w}, 7) — u;(w}, u(7)) intersects the hori-
zontal axis and the smallest intersection is from below. If, instead, the smallest inter-
section is from above or if u;(w, j) — w;(w}, p(2)) > 0 for all w} then Bé»(u, A)=w. In
this case, firm j would participate in a block only if Qg(wy(j), p, A) = w, i.e., only if
firm j prefers even the lowest type of worker i to its current match at (u, w). On the
other hand, if u;(w}, j) — w;(w}, u(é)) < 0 for all w then P}(u, A) = w and worker i
will not participate in a block with j.

2.1 Blocking Coalitions with Multiple Agents

In a complete-information model, if a matching is not blocked by a worker-firm pair
then it is not blocked by a larger coalition. In an incomplete-information setting,
depending on the information-sharing assumptions within coalitions it may be pos-
sible that a larger coalition blocks a matching that is unblocked by any two-agent
coalition. Paralleling the definition of a two-person blocking coalition, I assume that
only information that is inferred from the fact that they are willing to participate
in a block is available to coalition members. As in a two-person blocking pair with
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worker ¢ and firm 7, the participation of worker 7 in a coalition to block matching
i conveys some information to firm j about the possible values of w;. Moreover,
if firm p(7) is also a member of the larger coalition, then an additional inference is
possible about w; — that its value could not be too high.

A coalition blocks a matching if each coalition member is strictly better off in any
state of the world, consistent with the member’s beliefs, under which the block might
be contemplated. One immediate conclusion is that a blocking coalition must have
equal numbers of workers and firms because an unmatched worker (or firm) cannot
be strictly better off. Thus, let (i, 1), .., (ix, jr) be a blocking coalition, where each
pair (ig, Je), £ = 1,2,.. .,k are matched together in the proposed blocking coalition.

An individually-rational matching outcome (u, w) € A is A-blocked by a coalition
(11,51), - - -, (ig, j) if forall £ = 1,... k,

Ui, (wizajf) > U, (wiw N(if))a (10>

and for all (u,w') € A st. w,,) =wyy, w;, <wj,
if uie(wgpjf) > max[uie(w;pu(u)%()] (11)
then Vje (w’257 if) > vy, (wV(je)7 V(jé)) (12>

where if i, # v(j;) for any = L,...k then w; = w; that is, when the firm matched
with worker 4, is not in the coalition, no additional restriction is imposed on wj, than
is implied by (11) and (12).

This definition is similar to the earlier definition of a blocking pair except for
the possible restrictions w;, < w;, wj, < wj,, etc. If worker i, # v(j,) for any
¢ =2,... k then firm j; learns nothing from the fact that (is, j2), ..., (i, jx) are in
the blocking coalition and we have w;, = w. Therefore, (11) is similar to (4). If,
instead, i1 = v(j,) for some ¢ > 2, then an upper bound on w,j,), that is on w;,, is
implied by Lemma 3(i) (see the remark immediately after the lemma); that is, from
the fact that j, will be better off with all possible types of i, that are “reasonable”
than by staying with v(j,). Hence, the restriction w;, < wj . The exact value of wj

is unimportant for the next result.

Proposition 3 If a matching outcome is blocked by a coalition then each matched

worker-firm pair within the coalition constitutes a blocking pair.

Proof: Let (i1, 1), .., (ix, jx) be a blocking coalition.

Suppose that iy # v(je) for any £ € {2,...,k}. Then w; = W and for the pair
(i1,71), (11) implies (12) if and only if (4) implies (5). Therefore, (i1, j1) is a blocking
pair.
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Next, suppose that i, = v(j,) for some ¢ € {2,...,k} and w;, < w. Then any
w;, < w;, that satisfies (11) also satisfies (12). By increasing utility, (12) implies
vy, (wf i) > v, (W), v(d1)) for all wi > wj , thus (5) is true for all w] > wj

including w! that satisfy (4). Hence, (i1,71) is a blocking pair. |

Thus, allowing for blocks by larger coalitions does not reduce the size of >*.

2.2 Common Knowledge at Self-Stabilizing Sets

Self-stabilizing sets may be characterized by common knowledge of no blocking among
workers and firms. It is convenient to illustrate this with X*, the largest self-stabilizing
set. Consider any p such that there exists (u, w) € ¥*. Let

) = {wl(u,w) € 2%}

As ¥* C ¥F 3k () is nonempty. Let B¥(u) = SF(u)\ X (p). Ifw € B*(n) C 3F(p),
then a worker-firm pair X*-blocks p. If B*(u) = 0 then ¥*(u) = XF(p).

An uninformed observer conducts the following process which attains common
knowledge of ¥*(u) when w € ¥*(p). Initially, it is common knowledge among
workers, firms, and the observer that w € X%(u). At each stage k = 0,1,2,3,. ..,
workers and firms are asked to privately report to the observer (i) whether they
are interested in blocking p and (ii) the identities of all agents with whom they
are interested in participating in a blocking pair. A blocking pair (i,7j) is formed
if worker ¢ lists firm j as a blocking partner and firm j lists worker ¢ as a blocking
partner. If a blocking pair is formed then the process stops and the matching pu is
abandoned; otherwise, the process continues to the next stage without disclosing the
reports of workers and firms, if any. If the process reaches stage k (i.e., no blocking
pair is formed up till stage k), then the uninformed observer knows that w € ¥*(u).

If w € X* then the process stops if there exists J: such that YF = E’;“, in which
case X* = YF; otherwise the process continues forever, with the observer’s state of
knowledge approaching >*.

At each stage k, worker i and firm p(i) know the value of w; and know that
w € YXF(u). Thus, the event {w € X*(u)} is self-evident to workers and firms, as
defined in Osborne and Rubinstein [15]. Therefore, Proposition 74.2 in Osborne and
Rubinstein implies that {w € X*(u)} is common knowledge between workers and
firms at stage k. Hence, ¥*(u) also becomes common knowledge between workers
and firms.
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2.3 An Ex Post Incentive-Compatible Mechanism

Properties of the set of complete-information stable matchings can be exploited to
construct an efficient, ex post incentive-compatible mechanism. For almost all worker
types w, this mechanism implements the worker-optimal complete-information stable
matching.

I assume that the mechanism designer knows the utility functions of the workers
and the firms. The rules of the mechanism are as follows. Workers report their types
to the mechanism designer. The mechanism designer computes the worker-optimal
complete-information stable matching (if one exists) for the reported worker types,
pairs the workers and firms according to this stable matching, and reveals the reported
worker types to all firms. If a worker-optimal matching does not exist then the mech-
anism designer picks an arbitrary complete-information stable matching. As before,
after the matching is implemented each firm will learn its matched worker’s type and,
in particular, will find out whether it is different from the worker type revealed by
the mechanism designer. Call this mechanism the worker-optimal mechanism.

Proposition 4 For almost all worker types, truthful reporting of types is an ex post

equilibrium for workers in the worker-optimal mechanism.

Proof: Consider a vector of worker types, w = (wy,ws, ..., w,), at which all agents
have strict preference. (As utility is increasing, this holds for almost all type vectors.)
Therefore, from Gale and Shapley [10] we know that a worker-optimal mechanism
exists at w; call it .

Suppose that worker 1 reports a type w} # w;. Let p/ be the matching imple-
mented at (w},w_1). If p/(1) = (1), then worker 1 does not benefit from this devi-
ation. Therefore, suppose that p/(1) # (1) and that uy (wq, @'(1)) > wy(wy, p(1)).
But then, firm 4/(1) is not achievable for worker 1 at any complete-information sta-
ble matching at w. After the matching p’ is implemented, firm p/(1) learns that
worker 1’s type is w; and not w}. Therefore, as p/(1) is not achievable for worker 1 at
w, there exists a worker 7 that, together with firm 4/(1), complete-information blocks
matching y’. Hence, worker 1 does not profit from the deviation.

Next, suppose that after firms learn the types of the workers they are matched
with at p,, firm j incorrectly claims that the worker v, (j) lied about his type. But
this does not change the utility that any other worker derives from matching with
firm 7 and therefore does not lead to a blocking pair with firm j and some other
worker. Hence, firm j cannot benefit by his misreport. |
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Observe that increasing utility is used in the proof only in so far as it implies that
for almost all worker types there is strict preference.

2.4 Comparison with a TU Model

In this section, the previous NTU model is compared to a TU model with quasilinear
utility in which side payments between matched agents are allowed. If worker ¢ and
firm j are matched and j pays ¢ an amount p, then the utilities of the worker and
firm are:
ui(w;, j) +p and vj(w;,i) —p

(If p < 0 then the worker pays the firm an amount —p.) A matching outcome is a
(1, w,p) where p = (p1,p2, - - -, Pn) is the vector of payments received by the workers
from their matched firms, i.e., worker ¢ receives p; from firm p(i) at the matching
outcome (p, w,p). If p(i) = 0 then p; = 0. This is the model of Liu et al. (2013).
The impact of side payments on the size of the self-stabilizing set is not immediately
clear. On the one hand, each matching could potentially be stabilized by one of
many side payments, increasing the size of self-stabilizing sets. On the other hand,
the number of potential blocking contracts is also much larger, reducing the size of
self-stabilizing sets. It turns out, however, that the second effect dominates and the
self-stabilizing set is smaller in the TU model.

An individually-rational matching outcome (u, w,p) is A-blocked if there is a
worker-firm pair (7, j) and a payment p satisfying

ui(wi, j) +p > wi(ws, w(i) + pi (13)

and for all (4, w') € A st w, ;) = wy(),
if wi(wi,j)+p > wi(wi,p@)+p > 0 (14)
then v;(wj, i) —p > vj(wu),v(j)) —pi (15)

As (u,w,p) € A, if (13) is satisfied then (14) is also satisfied with w; = w; (and
possibly with other w) as well).

Proposition 5 Let (u,w) and (un, w,p) be individually-rational matching outcomes
in the NTU and TU games, respectively. If (u, w) is A-blocked in the NTU game then
(1, w,p) is A-blocked in the TU game.

Proof: Suppose that (u, w) € A is A-blocked by (7, ) in the NTU game. Then, the
definitions of blocking in the NTU and TU games imply that for any side payments
p = (p1,p2,---,Pis---,pn) such that (u,w,p) is an individually-rational matching
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outcome in the TU game, (u, w, p) is A-blocked by (4, j) with i receiving payment p;
from j. |

Thus, the set of incomplete-information stable-matching outcomes is at least as
large in the NTU model as it is in the TU model. That the converse of Proposition 5
is not true follows from Example 1 of Section 2, where it is shown that every strictly
individually rational matching is incomplete-information stable in the NTU model,
and Liu et al.’s Proposition 3, which shows that only efficient matchings are stable
under assortative matching in a TU model.

3 Two-sided Uncertainty

Returning to the NTU model, consider incomplete information on both sides of the
market. Worker i’s type, w;, is in the interval [w, w|. In addition, firm j’s type, f;, is
in the interval [f, f]. If the worker-firm pair (i, ) is matched to each other then the
two agents’ utilities are:

ui(wi,fj,j) and vj(wi,fj,i) (16)

As before, the utility of an unmatched worker or firm is normalized to zero. Further,
it is common knowledge that each worker knows the types of all workers and each
firm knows the the types of all firms.> At any matching, each agent knows the type
of the agent it is matched with, if any. The next assumption is similar to that made
in the one-sided uncertainty model.

INCREASING AND CoNTINUOUS UtiLiTY: The utility functions u,;(w;, f;,j) and
vj(w;, fj,1) are strictly increasing in w; and f;, for all i and j.

The definition of a matching is the same as earlier. Let w = (wy, ws, ..., w,) and
f = (f1, fa,- -, fm) be the type vectors of workers and firms, respectively. A matching
outcome is a matching function together with type vectors: (i, w,f). The matching
outcome (u, w, ) is individually rational if

ui(wia fu(i)y M(l))
vi(wu(), f3,v(5))

(A\VARAVS

Let X% be the set of individually-rational matching outcomes.

5As noted in footnote 3, the results of the one-sided uncertainty model hold under the alternative

assumption that w is common knowledge to workers but is not known to firms.
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In order to simplify the exposition, only ¥°-blocks are considered. The definitions
and results for ¥* and Y* are similar to those in the one-sided incomplete information
model.

Suppose that worker ¢ and firm j are contemplating a block to matching p. As
there is asymmetric information on both sides, both ¢ and j must consider the lowest
possible type of the other, i;‘ and w; respectively, that might be interested in partic-
ipating in a block. To determine f*, worker i needs to ascertain the highest possible
value of his own type, w;, that firm j thinks might be interested in participating in
a block with it. Similarly, in order to determine w! firm j needs to figure out 7:,
the highest possible value of firm j’s type that worker ¢ thinks might participate in a
block. To this end, define the gains to worker i and firm j, as functions of w; and f;
respectively, from participating in a block to matching g

AUZ(w;mﬂ)fu(l)?H’) = ul(w;?f]’])_ul(w;7fu(2)7”(z))
A‘/](fj/7wuwu(j)7ﬂ) = Uj(wiufj{ui)_vj(wl/(j)) ;,V(j)),

where ¢ assumes that j’s type is fj and j assumes that i’s type is w;. Define,

Wilfy) = {sup{wg e [w,w] | AU;(w}, fj, fuys 1) > 0}, if the set if non-empty
T w, otherwise

() = sup{fj € [f, fI| AV;(f}, Wi, wy(), p) > 0},  if the set is non-empty
T, otherwise

where the dependence of W; and Fj on p, f,u or w,(; is suppressed in the nota-
tion. As AU; and AV; are increasing in their respective second arguments, W;(-) :
[f, f1 = [w,w] and Fj(-) : [w,w] — [f, f] are weakly increasing functions. Therefore,
by Tarski’s fixed-point theorem, there exists a greatest fixed point to the mapping
Ty, (i, f;) = (Wilf,), Fi(i;)). Let (@;",7:) = (Wz(fj), F;(wy)) be this greatest fixed
point. Thus, w; is the most optimistic assumption, consistent with common knowl-
edge of rationality, that firm j can make about worker i’s type. Similarly, ?;k is the
most optimistic assumption about firm j’s type consistent with common knowledge

of rationality.

An individually-rational matching outcome (u, w,f) € 30 is blocked® if there is a
worker-firm pair (i, j) satisfying

ui(wi, f5,7) > wilws, fuw, 1p0)), vj(wi, f3,9) > vi(wugy, f3,v(5)  (17)
and for all (u,w', f') € ¥° s.t. w'y(j) = Wy (), f;:(z‘) = fu(i)s fj/ = ?;
if w(wl, f;,7) > wiw], fu, @) > 0 (18)

6Recall that only X%-blocks are considered in this section.
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then wj(wj, fj,1) > vi(wuyy, fi, v()), (19)
and for all (u,w', f') € ¥° s.t. W) = Wu(jy, Wi = W5, fre = Jut)

it @ ) > v(wgy, fav() > 0 (20)

then  u;(w;, f]’-,j) > wi(wy, fuay, 1(7)) (21)

Condition (17) requires that worker ¢ and firm j are better off in the potential
block. The remaining conditions require that firm j and worker ¢ know that they are
better off in the potential block. Inequality (19) states that firm j is better off with
all possible types w] of worker ¢ that, from firm j’s state of knowledge, might benefit
from blocking with firm j; these types w} satisfy (18) where worker ¢ makes the most
optimistic assumption (consistent with rationality) about firm j’s type, i.e., fi = f7.
Inequalities (18) and (19) assume only that which is common knowledge between
worker ¢ and firm j about the types of worker v(j) and firm p(7): that (u,w’, f’) € X°
satisfies w;(j) = w,(;) and fl’l(i) = fu@)- The restriction f[L(i) = fu@), for instance, is
imposed because it is common knowledge that worker ¢ knows that fl: (i) = fu@y and
that firm j know the types of all firms, including firm g (7). Without the assumption
that is common knowledge among all firms, (19) would have to satisfied for a larger
set of w; making blocking more difficult to achieve. That worker ¢ knows that it is

better off in the potential block follows by a similar argument from (20) and (21).

In the one-sided incomplete information model, firm j responds to its informa-
tional disadvantage by participating in a block with worker ¢ only if firm j’s utility
increases even with the lowest type of worker 7 interested in blocking with firm j. In
the two-sided incomplete information model, firm j becomes even more conservative
because worker ¢ does not know firm j’s type. Firm j’s assessment of the lowest type
of worker 7 interested in blocking with firm j depends on what firm j assumes worker ¢
thinks about firm j’s type. In effect, firm j assumes that worker ¢ is as optimistic as
possible about firm j’s type, within the constraints imposed by rationality and the
state of knowledge of 7 and j. Note that the assumption f; = f;k in (18), together
with increasing utility, yields a worst-case assessment by firm j about the type of
worker i. Thus, if (18) and (19) are satisfied, firm j will not regret participating in a
block no matter what worker ¢« may have assumed about firm f;’s type. Consequently,
conservative behavior by firms is intensified in the two-sided incomplete information
model. Similarly, workers are also equally conservative.

The matching outcome (u, w,f) € X0 is X0-stable if it is not X°-blocked by any
firm-worker pair.

As the next proposition implies, the set of two-sided incomplete-information stable
matchings is larger than the set of one-sided incomplete-information stable matchings.
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Let X2 be the projection of a set of matching outcomes %y at f. That is,

Zg = {(M7W) | <M7W>f) S EO}

Thus, X2 is a set of matching outcomes in the one-sided uncertainty model at which
it is common knowledge that the firm type vector is f.

Proposition 6 Let (u, w,f) € X0 If (u, w) is X2-stable in the one-sided uncertainty

model then (u, w,f) is ¥.0-stable in the two-sided uncertainty model.

Proof: Suppose that (u, w) is X¢-stable in the one-sided uncertainty model. There-
fore, no worker i and firm j X¢-blocks (u, w). That is, with £ = (f}, fu@)s [=j @),
either (i) u;(ws, fj,J) < ui(ws, fuay, (i) or (ii) (19) is not satisfied for some w;" such

If (i) then (u, w,f) is not X% blocked by (7, 7). Therefore, suppose (ii). If (17) is
not satisfied at (w,f) then (u, w,f) is not X°-blocked by (4, ). Hence, suppose also
that (17) holds. Therefore, 7: > fand wy > w. If fj > f; then w/ satisfies (18)
but not (19) and (u, w,f) is not X%-blocked by (4, 7). If, instead, ?;k < f; then we
must have w} = w. To see this, note that f; € (f, f) and W € (w, W), together with
increasing utility, implies that W,(?;k +¢€) > w; and Fj(w; + €) > 7;, contradicting
the fact that (Ef,?j) is the greatest fixed point of the mapping T;;(w;, f]) Finally,
note that w; = w implies that any w, € (W — €, w) satisfies (18) but not (19) and
once again (u, w, f) is not X%-blocked by (i, 7). |

It is assumed in the definition of stability above that each agent’s type is common
knowledge on their side of the market but is not known to agents on the other side
with whom they are not matched. If, instead, each agent’s type is known only to the
matched pair of agents, the definition of blocking needs to be changed with any f;:(i)
replacing f,(;) in (18) and any wl’j(j) replacing w,;) in (20). This change would make
blocking more difficult and, consequently, increase the set of incomplete-information
stable-matching outcomes.

Using the argument in the proof of Proposition 4, it can be shown that an ex post
incentive compatible mechanism exists if there exists exactly one (though not neces-
sarily the same one) complete-information stable matching for almost all worker type
and firm type vectors. However, conditions under there is a unique stable matching
are restrictive — see Eeckhout [7] and Clark [3].
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4 Concluding Remarks

Roth [18] and Avery et al. [1] document the consequences of instability in the labor
markets for medical residents and for law clerks, respectively. Conduct such as early
hiring, market compression, or outright cheating is commonplace in such markets.
Stable matchings are associated with the absence of such behavior. Under complete
information, stable matchings have the additional desirable property of efficiency.

The preceding results suggest that under incomplete information, stability does
not provide much restriction on the observed matching outcomes. In particular,
under anonymous preferences stability provides no restriction at all. Therefore, in a
matching environment with substantial incomplete information, the absence of signs
of instability, such as attempts by workers and firms to change their matches, need not
imply that the market is at a desirable outcome. Matching outcomes that make some,
or perhaps all, participants better off may exist but cannot be reached because of a
lack of information. Therefore, in such environments the process by which a matching
outcome is reached is important. An efficient incentive-compatible stable-matching
mechanism exists when there is one-sided incomplete information.

Incomplete-information stable matching outcomes are larger in NTU models than
in TU models. The difference is stark in assortative matching where any strictly
individually-rational matching outcome is stable in a NTU model while, as Liu et
al. [13] show, in a TU model only efficient matching outcomes are stable. In TU
models, prices facilitate mutually-beneficial deviations from inefficient matching out-
comes.

A natural question is whether the definition of incomplete-information blocking
used in this paper is too strong. If, for instance, the firm in a potential blocking
pair is required to do better in expectation only rather than for all reasonable worker
types, then it becomes easier to block a matching outcome, thereby decreasing the set
of stable matching outcomes. However, observe that a Bayesian notion of blocking
assumes an ability to commit to binding contracts. Suppose that a firm agrees to join
with a worker to form a blocking pair (to a status quo matching) because the firm’s
expected utility will increase. Later, after learning the type of the matched worker,
the firm may find that its utility in fact decreased and then it may wish to return
to the status quo in the absence of a binding contract. But if a binding contract is
feasible in the blocking pair, then it ought to be feasible in the status quo matching
as well, rendering a potential block to the status quo infeasible.
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