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Abstract

In this paper we examine strategic interactions betweeringipal and several agents
under moral hazard. We show how (messages) communicatigrimpasove on efficiency
even in models of complete information. Messages are usefunain reasons. First, if the
principal cannot use stochastic mechanisms, mechanisthsneissages can sustain mixed
strategies and hence indirectly a stochastic outcome.nBieewen if stochastic mechanisms
are allowed, messages can be used to induce correlatioede®siforts and outcome. Fi-
nally, we provide sufficient conditions under which an eigilm allocation supported by
a stochastic direct mechanism, can be sustained by a daistimindirect mechanism.
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1 Introduction

In games with a single principal and several agents, the revelation primcgleell-established
result. Stated in terms of payoffs, it guarantees that every equilibriunomgtof any commu-
nication mechanism can be also supported by an equivalent incentiveatible mechanism.
Individuals’ rational behaviors in any coordination mechanism can therdoe characterized
without any loss of generality by restricting attention to the set of incentivepatible mech-
anisms. Stochastic mechanisms and private recommendations used by tipapwith each
agent are necessary features for the revelation principle to go thfough

This paper analyzes the situation where a single principal strategicallydtgavdah many
agents in a scenario of pure moral hazard. That is, there is completmatfon about agents’
types but every agent can take some non-contractible action affectioifpatiplayers’ payoffs.

Most applications of mechanism design to moral hazard problems with mangsagstrict
the analysis to take-it or leave-it offers. Research work has showaltbaing for randomiza-
tion improves on players payoffs.

It is also well-known that if communication is allowed, players can achieve bigher
equilibrium outcomes. This depends on the fact that the set of correlated equilibria is larger
than the set of Nash equilibria. Nonetheless, these mechanisms are ial genitercomplex due
to their intrinsic stochastic nature.

We propose an alternative method to support correlated outcome in gammesadfhazard
with multiple agents, which relies on the use of deterministic mechanisms with messeitpes
part of the principal.

These are standard mechanisms in the literature on incomplete information.dWerfter-
esting that they can be useful even in the context of pure moral hazard.

In the following, we briefly sketch the main features of the general framewe examine,
then develop our argument by means of two examples. The first exampis #t relative to
take-it or leave-it offers, it is possible to introduce a communication meamantgch supports
additional equilibrium outcomes. In particular, the example is casted in a frarkevhere the
principal can be interpreted as a utilitarian government. We show that thieiexyproduction
of communication has a welfare enhancing effect, and allows to achieveghiedst outcome.

1See Gibbard (1973), Green and Laffont (1977), Dasgupta, Hardnamd Maskin (1979), Myerson (1979) and,
for generalized principal-agent games, see Myerson (1982).

2See Arnott and Stiglitz (1993), Prescott (1999), Gjesdal (1982)tce poral hazard, and Strausz (2003) for a
discussion on the role of lotteries in the context of incomplete information.

3See Aumann (1974), Myerson (1982) among others. For the anafysislti-principal multi-agent games with
moral hazard, see Attar, Campioni, Piaser, and Rajan (2007).



In a second example, we show that in a standard model of stochasticpoodwith moral
hazard, communication through messages can be welfare improving. Bnipkxhas a flavor
of delegation by letting one agent choose the compensation scheme, the principatmives
other agent more incentives to choose the right level of effort.

We provide sufficient conditions for the equilibria supported by stochastact mecha-
nisms, to be sustained by means of deterministic indirect mechanisms. Theigowssdthe
work by Rahman and Obara (2008), which deals with moral hazard in teadnisas the prin-
cipal contracting secretly with some agents to achieve almost efficient allogatio relating
our work to theirs, we show that their equilibrium allocation cannot be desdezed with our
deterministic indirect mechanisms.

2 The Model

There is one principal dealing with > 2 agents. There is complete information about agent
types, so for each agenthe type spac® may be taken to be a singleton. Each agetiooses

an unobservable effoe € E'. Therefore, the model is one of pure moral hazard. We denote the
vector of efforts ag= (e!,€?,...,e") e E= x| E".

LetY be a set of allocation rules available to the principal, with generic elegnet. An
allocation can be, for example, monetary transfers, tax rates, pricgsantities, depending on
the interpretation of the model. For convenience, we will consider allocatimidie in R".

An allocation ruley is an incentive scheme. Typically, in a moral hazard framework, agents’
efforts lead to a probability distribution over output or profit. I&R") denote the space of
probability distributions oveR", and letZ denote the set of feasible outputs. An allocation rule
yj : Z — A(RY) is then a function of the realized output, and thees the set of functions
from the output space to the space of allocations.

We use the general communication structure for generalized principat-agzlels intro-
duced by Myerson (1982). We také' andR to be the set of messages that the principal can
receive from ageni and the set of recommendations he is allowed to send him, respectively.
We also denotd = xiM' andR = x;R. As in Myerson (1982), the principal’s behavior is
described by the choice rutee M — A(Y x R). That s, the principal chooses a realization from
the lotteryt, and communicates the realized recommendatidoghe agents. Conditional on
observing', agent updates her belief about the stochastic allocationypi®it need not know
the actual realization of the rule. Since recommendations are private, emsagndi’ may
have different posterior beliefs on the chosen allocation rule.



A mechanism offered by principgl is thus given byy; = (M;,R;, ;). Mechanisms are
publicly observed, but the message from agdatthe principal, and the recommendation from
the principal to agent are observed only by the principal and by agent

There are two stages at which agentoves in the game. First, she sends the message array
m to the principal. Second, after observing her private recommenddti@he chooses the
effort levele € E'. Agents’ and principal’s payoffs are evaluated by von Neumann-ststgrn
utilities.

In this complete information framework, direct mechanism is a probability distribution
over allocations and efforts, i.&ee A(Y x E). The principal does not solicit messages from the
agents, and directly suggests the actions they should take. ThBtHs®' andR = E' for every
ien.

A deterministicmechanism is a mechanism in which the allocation rule is any choice rule
M x - x M= Y x (R x -+ x R"). A deterministic direct mechanism allocations is hence
defined by a lotteryte Y x E.

As already mentioned, most applications of multi-agent models of moral haaarot@on-
sider any form of communication. In addition, the analysis is typically restricietjuilibria
supported by deterministic mechanisms. Let us call those ones as equilitakaiit or leave-it
offers In these cases the mechanism design ability of the principal is (arbitrarily) dijated
this restriction may have relevant positive and normative implications.

3 Communication under Moral Hazard

Take one principal and two agents. Det= {y1,¥»,Y3,ya}, E' = {a;,a} andE? = {by,b,} be
the relevant decision sets. The corresponding payoffs are repeeda the following matrices,
where the first payoff is that of the principal who chooses the table gitwnsl and third payoffs
are those of agent 1 and 2.

Yy=W y=Y2
b1 b2 bl b2
a | (2,1,1) (10,8,2) a| (422 (211
ay | (4,2,2) (15,5,10) ay | (15,10,5) (10,2,8)
Y=1Y3 Yy=VYa
b1 b2 b1 b2
a | (10,2,8) (1510,5) a; | (155,10) (4,2,2)
al (2,11 (4272 a | (10,8,2) (2,1,1)




Let us first consider the take-it or leave-it offer game. One shouldrebghat every continu-
ation game induced by the choice of soynadmits the unique equilibrium outconi&Q, 2, 8).It
is also immediate to check that the principal cannot achieve a payoff of Diféryng lotter-
ies over allocations. Suppose now that the principal can communicate witksabeough the
message spacds = M, = {m;, mp}. Consider the following mechanism:

If both agents send the messagg the principal selectg.

If agent 1 sendan and agent 2n,, the principal selectg,.

If agent 1 sendsy, and agent 2, the principal selectgs.

If both agents sendy, the principal selectg,.

This strategy induces a simultaneous-move game among agents:

(mg,by)  (my,bp) (Mg, 1) (Mg, bp)
) (2, 1, l) (10, 8, 2) (4, 2, 2) (2,1,1)
ml,az) (4, 2, 2) (15, 5 10) (15, 10, 5) (10, 2, 8)
)
)

(10,2,8) (15,10,5) (15,5,10) (4,2,2)
(2,1,1) (422 (1082 (2,1,1)

In this game, there is no equilibrium in pure strategies. The unique mixedegtriesh
equilibrium is:

» Agent 1 mixes betweefmy,ay) and(mp,a;), with probabilitiesl/2 and 1/2.

» Agent 2 mixes betweefmy, by) and(mp, by ), with probabilitiesl/z and 1/2

At the equilibrium, the principal achieves a payoff of 15. That is, the jaddas an incen-
tive to use communication to extract some private information from agentspiheustaining a
correlated outcome over allocations and efforts.

The example delivers several intuitions.

As a matter of fact, simple take-it or leave-it offers schemes fail to genaraterelation
between principal’s decisions and agents’ efforts. This correlationclyrbe reproduced letting
the principal send recommendations. To derive such recommendationgfitagest to observe
that the distribution over efforts and allocations that is induced at the eduiititof the indirect
mechanism above is1(ys,a1,b1) = Ti(y1, a2, b2) = Ti(ys, a1, b2) = Ti(y2, a2, b1) = 1/a.



Suppose that the principal commits to this strategy, choosing allocations and effcord-
ing to 71(+), and announces the resulting recommendations to the agents. Neithehagemt
incentive to deviate, and the mechanism is incentive compatible. As an exaropiader the
case in which agent 2 is (privately) toltd;", his posterior beliefs place probability2 on(y1,az)
andl/2on(ys,a;). Given these beliefdy, is a best response. The principal reaches a payoff of
15.

This example hence proves that two features of the construction of btyétr882), stochas-
tic mechanisms and recommendations, are necessary to establish the Rewiatgie in
complete information environments. In other words, communication plays antampoole in
multi-agent games of moral hazard. This complements the result of Strdl@3) (2vho argued
that in a setting of pure adverse selection with one principal and two agéstsatonger true
that any payoff implementable by a deterministic indirect mechanism can beateplioy a de-
terministic direct mechanism. The example can be also interpreted in welfare t@tmserve
first that, for every array of effortéa, b), the principal’s payoff has been designed to be the
sum of the agents’ payoffs. It follows that recommendations are usefathieve a first best
allocation.

The latter example shows that we cannot get rid of recommendations in m®bfemoral
hazard with several agents. Moreover, even if we want to restraintiatieio deterministic
mechanisms, indirect mechanisms can outperform the direct ones. Irstlod tee section we
give conditions under which one can construct a deterministic indirectanésrh that approxi-
mately implements a given allocation.

Definition 1 Let us consider two distributions over allocation D andl [D,D’ € A(Y x E)).
These two distributions aedifferent if|[EpV — Ep/V| < €.

Let us consider the allocatioh = (yj,e1,...,e,) € Y x E. A distribution of allocatiorD,
e-different fromA, is implementable if it exists an agerd decisiory, € Y and an efforg such
that

1. g cargmaxce Ui (y1,6,...,e),

2. € cargmaxeg Ui (v2.6,€ ),

3. Ui(y1,8,e-i) =Ui(y2,€,e),

4. Vj#i, mingeg [Uj (y1,8),8,€ij) —Uj (y2,8),€,eij)] <0,

5. —mingeg, [Uj (Y1,6),8,€.ij) —Uj (y2,€), €, €ij)] > maxcg [Uj (y1,€j,6,€ij) —Uj (2,6}, €,e.ij)].



Theorem 1 If these five conditions are satisfied, even if the allocation A is not impleivienta
it exists ae such that are-different distribution of allocations is implementable by a indirect
deterministic mechanism.

Proof. Les us consider the following deterministic mechanism: the principal take®th&iah
y1 (resp.y») if the agent sends the messaga (resp.n).

Conditions 1, 2 and 3 ensure that for ageittis a best reply to mix betweefm;, ) and
(mp, €). Next, if agent choosegmy, €) with a sufficiently hight probability, condition 4 and 5
ensure that for each agep## i, it is optimal to chooses the effogf < E;.

Finally, if agenti chooses the couplen, ) with probability p, then the implemented allo-
cation isp-different fromA. m

In the following section we consider an economic example of a Principalt&geadel in
which indirect deterministic mechanisms are welfare improving compare to takdaave-it
offers.

4 Communication and Efficiency

This section argues that communication mechanisms can be welfare enhanuioigal hazard
frameworks of economic interest. Consider a two-state production ecomathyy > 0 being
the output in the case of success and 0 that corresponding to a faihg@rdbability of success
depends on the combined efforts made by the two agents. We qe(nﬂtez) the probability
of success, where! (resp. €) is the effort taken by agent 1 (agent 2). In addition, we let
€ € E = {e,eq} with e < ey. The probability of success is increasing in both its arguments
and it is such thap (e!,e?) = p(€?,e!). We takeT! andT? to be the compensations that the
agents receive from the principal in case of success. Agents aecto by limited liability,
hence the principal cannot ask them any contribution in case of failuteeqgdroject.

All players have linear preferences. The principal’s payoff is :

V= (y=T1=T?) p(e-é). (1)

Agents’ utilities are given by:

Ul=p(e"e) T -¢, UZ=p(e" ") T?- €. )



We say that the transfe(3*,T*) to the two agents induce a first best allocation if given the
compensatiom*, each agent has an incentive to select the efigrand earns her reservation
utility of zero. That is:

p(eq,en) T —ey =0, 3

which implies

T blanen @

The relevant incentive constraints can be represented in a simple waak@/e to be the
smallest transfer to Agent 1 which induces her to select the effoprovided that Agent 2 has
also chosery. That is:

p(en,en) T —eqn=ple,en) T —a. (5)
Hence,
- eH—8a
T= p(en,en) —p(eL,en)’ ©)

In a similar way, one can defifleas the smallest transfer such thatis incentive compatible
for Agent 1 when Agent 2 has chosen

~

p(e,e) T—en=p(eL.e)T —ea, (7)
which gives:
€H — €.

Since the probability of success is symmetric across agents, the trahsfeds” also char-
acterize the strategic behavior of Agent 2.

T = (8)

To make the incentive problem meaningful, we consider the situation wheregshbest
allocation cannot be supported at equilibrium. That is, each agent hasenive to selecs.
whenever she is offerefl* and the second agent has choegn

p(eL,eq) T —eL > p(eq,eq) T —ey. (9)



In addition, we refer to the standard situation where the single principad tptimal to
induce both agents to select the high level of eféprt This corresponds to:

€L
p(eL,en)

We argue that in this standard setting there always exists an open setmigters satisfying
(9) and(10) such that it is optimal for the principal to make use of an indirect communication
mechanism.

Consider, as an example, the following probability distributions:

(y—2T) p(en,en) > |y—T - p(e.,eq) > (y—2e)p(e,e).  (10)

p(eL,e.) =0, p(e,eq) = p(en,e) =1/4, p(en,en) =2/3. (11)

It follows thatp(en,en) — p(eL,eq) = 5/12, and the corresponding transfers are:

., 3 L 12 5
T =sa T=+(en—a) T=4e—a)

It is also immediate to check th&®) can be rewritten as

8
& > 28, (12)
while (10) is satisfied whenever
5 11 16
> 5T (13)

where the right-hand side is positive givel®). If (13) is satisfied, then the array of transfers
(T,T) gives the highest utility to the principal in the class of simple deterministic mechanisms
in which communication is not allowed.

Let us now explicitly construct an indirect communication mechanism that doesiriae
array of take-it or leave-it offer@'f’,'f‘) from the principal’s point of view.
Consider first the transfér such that:

mp(e.,e) T —me +(1-m) p(e,en) T —(1-me

N (14)
=TT p(e,eq) —Teq + (L-m) T p(eq,en) — (1—1) ey,

. . .~ ~ 12 e
4Since in our setting = deq—e)>T= g(eH —eL), one should observe that the principal cannot get a

payoff greater thafly— 2T) p(en, &) by inducing some mixed strategy equilibrium in the effort game played gmon
agents.



with e (0,1). T can be interpreted as the transfer that makes Agent 2 indifferent betwee
e andey when she faces the following uncertainty:

« with probabilitytshe received and she believes that the Agent 1 will choese
* with probability (1 — 1) she receive3 * and she believes that the Agent 1 will choege
Given our parameters, the corresponding valu€ wfill be:

. 43 5
T=—(zey— —ey. 15
n(8eH e)+ > & (15)
Suppose now that the principal can communicate with the agents through thegaspaces

M = M? = {m,m,}, and consider the indirect communication mechanism:

’ (16)

that is, when Agent 1 and Agent 2 coordinate on the same message tleée fBand
T*, respectively. If messages are different, the al(r'ﬁy'f') is proposed. Consider the agents’
continuation game induced by this mechanism. The reader can check thatti& accontinuum
of equilibria where Agent 2 play@®, m;) and Agent 1 selects any probability distribution over
(eq,my) and(e_,mp).>

Let tbe the probability that Agent 1 assigns to the chdgeny,), the corresponding prin-
cipal’s payoffis:

plen.en) (y—T*=T)(1-m+mp(e,en) (y-T-T), 17)

which is monotonically decreasing im Given our parameters, there always exists &
(0,1) which makes the principal indifferent between playing the direct mechafiisif) and
the indirect mechanism described before. Plugging the parameters defigdnto 17, one
gets:

5 11 39

14 [12er §a4 —eL} = %eH —13/5¢ . (18)
One should observe that the right-hand sidé1d) is always (strictly) greater than zero,

sinceey > 8/3e_ by (12). To show thatt" € (0,1), itis enough to remark thq%y+ %1eH —e >

50ne should observe the definition dfguarantees that Agent 2 has no incentive to deviate tow@dsm )
Agent 1 mixes ovefey,m ) and(e.,mp) with probabilities(1 — 1) andrt

10



i—gey —13/5e.. It follows that there is a continuum of equilibrium allocations, such that the
correspondingt is smaller tharrt, which provide the single principal with a profit strictly
greater than what is available through simple take-it or leave-it offers.

In order to implement the indirect mechanism that we describe in the examppeiribipal
must be able to pay. This requires to be large enough.

5 Discussion

Following the hints that we gain from the previous examples, we provide ofiisnt condi-
tions to decentralize equilibria in direct mechanisms by means of deterministicanaiezha-
nisms.

Recall thatfi(y,€,e™") is the probability distribution induced by a direct mechanism. Abus-
ing notation we can also denoigy;,€,e') the probability with which the principal chooses
allocationy; and sends recommendatio®isinde ' to the agents, respectively.

Let us introduce some useful properties which can be satisfied by d dieshanism, and
will allows us to support the corresponding equilibrium allocations by metagleterministic
indirect mechanism.

Definition 2 We say that a direct mechanism satisfies the conditionddpendencéf for every
agentic |, for every effortec E' and e’ ¢ E~', m(é|e™) = m(€).

In addition, we want that for every given vector of efforts, the priatighooses one allo-
cation. In other words, that there exists a mapping from the efforts’espao the space of
principal’s decision¥.

Definition 3 We say that a direct mechanism satisfies the conditiadegdtification if for every
y €Y and for all ec E, eitherr(y|e) = 1 or 1(y|e) = 0.

Finally, we also require amdifferencecondition on the part of every ageint

Definition 4 We say that a direct mechanism satisfies the conditidndifference if for every
i € 1 and for every pairné,&) € E,

SeiZyU(y,€,e )y, e'e) =315, u(y,&,e7)n(y,e'|&)

Given these properties, we can state the following proposition:

11



Proposition 1 An equilibrium allocation ruleft(.) induced by a stochastic direct mechanism,
can be supported by a deterministic indirect mechanism if the direct meshasatisfies the
conditions of independence, identification and indifference.

Proof. Let us consider ageit Since the space of messadésis sufficiently large, we can
construct a mapping from the set of efforE' to the set of messag@4' such that ifé # &,
thenpi (¢) # K ().

Using theidentificationcondition we can construct a deterministic indirect mecharyism
the following way. Wheneveii(y|é,e™') = 1, theny (4 (€),u'(e7)) = y.

Consider the subgame induced by the mecharyiswe require that for each ageinit is a
mixed strategy equilibrium to play the strate@, i (¢)) with probability 7¢. This is directly
implied by the conditions ahdependencandindifferencem

Consider that not all correlated equilibria can be decentralized usingmetistic mecha-
nisms with messages. To see this, let us consider an example in the spirit aftiierghip game
with a secret principal, as developed by Rahman and Obara (2008).

Assume there are individuals and, of course, one principal. Each agerén either work
(¢ = 1) or shirk € = 0). The cost of working is denoted ly and effort is not observable.
The output realization can be goag) br bad p) depending on the efforts chosen by the agents.
The probability of theg outcome isP(Z;€), whereP(.) is a strictly increasing function. The
principal offers to the agents transfers that are contingent on theagaiizof the output, under
the constraint of balancing the budget.

This is a standard framework used to analyze moral hazard in team. Itwankihat take-
it or leave-it offers cannot implement an efficient allocation, not evesrapmately (Radner,
Myerson, and Maskin (1986)).

Rahman and Obara (2008) propose a mechanism that supports aricyapety efficient
allocation. In terms of a stochastic direct mechanism, their mechanism combssjo the fol-
lowing one. The principal uses private recommendations to communicate widgéms, and
an associated scheme of transfers. In particular,

« with probability (1— €), he recommends to every agent to wogk=£ 1); and transfers are
Ti =0 for everyi whatever the output realization;

» with probability % he recommends to agento shirk @ = 0) and to the other agents
to work; offeringT '(gl¢ = 0) = T andT/(bj¢ = 0) = 0. To balance the budget, the
principal must propose to agenf' = —> ;T

To ensure that incentive compatibility is satisfied, it must be true that wheaevagent
receives the recommendation to work, he must weakly prefer to workr idue to shirk:

12



%(n—l)P(n—l)T_—cz %(n—l)P(n—Z)'F

For an agent that receives the recommendation to shirk, since his @yefjative, he has
no incentive to work.

For everye > 0O, if Tis sufficiently high the incentive compatibility conditions are satisfied.

Can we implement this outcome by means of a deterministic indirect mechanism?

The answer is no. Let the principal now offer a deterministic mechanism witsages.
In this case, a pure strategy of every ageista pair (effort, message). In order to implement
the previous allocation, each agent must put some non-zero probabilityiikmg. Therefore,
if this is the case there is a non-zero probability that two agents shirk simultsiyashich is
impossible under the Rahman and Obara (2008) mechanism. This coktegpanviolation of
ourindependencproperty.

6 Conclusion

With this research note, we wanted to emphasize that communication plays ateinipole in
multi-agent models of moral hazard. By means of two examples, we showteelgihiiibrium
outcomes in take-it or leave-it offers can be improved upon. Then, weeahat determinis-
tic mechanisms with messages can decentralize correlated equilibria, andwide mufficient
conditions for this result to go through.
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