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Abstract

We propose a logical system in which a notion of the structure of a game is formally
defined and the meaning of sequential rationality is formulated. We provide a set of
decision criteria which, given sufficiently high order of mutual belief of the game structure
and of every player following these criteria, entails Backward Induction decisions in generic
perfect information games. We say that a player is rational if the player follows these
criteria in his/her decisions. The set of mutual beliefs is also necessary, in the sense
that any mutual belief of lower order can not entail the Backward Induction decisions.
These conditions are determined by the length of the game structure, and they are never
involved with common belief. Moreover, we give a set of epistemic conditions for subgame
perfect equilibria for any perfect information game, which requires every player follow
these decision criteria and there be mutual belief of the the equilibrium strategy and of

the game structure.
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1 Introduction

This paper develops a multi-player epistemic logic with additional structures in which
we give a precise notion of the structure of an extensive form game and we express the
meaning of sequential rationality! by means of a set of decision criteria. An agent is said
to be rational if this agent follows these criteria in making his/her decisions. We consider
the epistemic conditions on mutual belief of players’ belief on the decision criteria they
follow, and their belief of the structure of the game. These decision criteria, with some
adequate epistemic conditions, entail Backward Induction decisions in generic extensive
form games with perfect information. Moreover, these criteria refines the equilibrium
with subgame perfectness. This logical system is a combination of a epistemic logic in
Halpern and Moses[(8)] with a logic of causality similar to the one developed in Giordano
and Schwind[(7)], and it is able to express players’ beliefs and the structures of extensive

form games.

We shall first illustrate the meaning of the structure of a game with the following

2-player simple game playing on the matrix:

X

0|0
x| O

The circle player and the cross player put a circle and a cross in a cell, respectively, in

an alternative manner, and the player who first have a row, a column, or a diagonal of
circles or crosses wins. We call a matrix with some crosses and some circles in its cells
a situation, and we call putting a circle or a cross in a particular cell an action. We say
that a situation is an ending situation if the matrix has entries in all its cells. Denote
the set of situations and ending situations by N and Z, respectively, and denote the set
of actions by A. Notice that not every situation is possible, nor is every action in every

situation.

LThis concept is the ‘substantial rationality’ in Aumann[(1)]. The term ‘sequential rationality’ is more

often used in the literature, but with a somehow loose meaning attached to it.



The rule of the game can then be defined as a function from N x A to N U Z, which
indicates how the situations would involve as players take actions. Moreover, we specify
the situations succeeding each particular situation by giving a relation on N, and we
specify a beginning situation, denoted by v°, which in this case is the empty matrix.
Finally, we specify the preference relation on the ending situations for each player in this
game. In the logical system we develop, all these pieces of information about the structure
of a game can be formulated explicitly, and hence we could formulate the sentence that
says there is certain finite order of mutual belief of the structure of the game, but there
may not be common belief. This is the novel part of this paper, since in the literature on
epistemic conditions of game theory, almost all papers assume that the structure of the

game is common knowledge.?

We follow the interpretation of decision criteria in Kaneko[(10)] and assume that play-
ers use these criteria to reach their final decisions, together with their predictions from
their beliefs and logical derivations. However, since we are dealing with dynamic games
here, we need the notion of sequential rationality. Within our logical system, we can
formulate the concept of sequential best responses, and so the decision criteria that cap-
ture the concept of sequential rationality, in an abstract way, without any reference to a
particular game. Since rationality is defined as following the decision criteria, it then is
possible that a player ¢ believes that another player j follows the criteria but ¢ may not

believe that j knows the structure of the game.

The set of decision criteria we shall investigate in this paper is called DC', which
consists of two parts: RC and PC'. The first criterion, RC, requires that any decision to
take an action in a particular situation implies that the action leads to a weakly preferred
consequence to any other consequence lead by some other available action, given the
agent’s predictions of future decisions. The second criterion, PC, requires that the agent

to take an action if it leads to a strictly preferred consequence to all other consequences

2The literature of games with incomplete information deals with incomplete information of payoff
functions, and it seems not very relevant to talk about the structures of the games for normal form games.
Aumann and Brandenburger[(2)] is another paper with models in which there may be no common belief

of the payoff functions.



lead by other available actions, given the agent’s predictions of future decisions. These
criteria are intended to capture the meaning of sequential rationality and thus the meaning
of the preferences of players and implicitly assumes consequentialism in players’ decisions.
It may be remarkable that all our analysis is concerned with ez ante decisions or plans,
which are differentiated from actual actions or moves in ex post plays. We could not
find such a distinction in previous papers like Aumann[(1)], Balkenborg and Winter|[(3)],
or Samet[(15)], since all these papers have taken a model theoretic approach, and have

treated rationality as an attribute of a particular action.?

Our first finding is that, given every player following these decision criteria, there
is a set of sufficient and necessary epistemic conditions such that with these conditions
DC' entails Backward Induction decisions. In a given generic game* with length K,
these epistemic conditions are mutual beliefs of players following these criteria and of the
structure of the game up to order K — 1. This result gives a more precise meaning of
substantial rationality in Aumann[(1)], which is regarded as a feature of a habitual payoff
maximizer. In our framework, this habitual payoff maximizer can be interpreted as an
agent who follows DC for his/her decisions. With this interpretation, it might be easier to
identify situations in which this assumption may apply. Following this particular decision

criteria should be an attribute of a combination of a player and of a situation.

It may not be surprising that these conditions do not demand common belief of the
game structure or common belief of following these criteria. Balkenborg and Winter[(3)]
has already argued that common belief of rationality is not necessary for Aumann[(1)]’s
result.® Balkenborg and Winter[(3)] also have reached a necessary condition, which almost
coincides with ours regarding rationality but not structure of the game, for a special class

of extensive form games with perfect information. Clausing[(6)] also has provided a

3 Although the conditions in these literature often read as belief in players’ rationality, it more or less
means players’ actions’ rationality. In those models, rationality is defined in terms of the consistency

between actions and preferences.
4We use the term to mean a game with perfect information which has a unique subgame perfect

equilibrium.

5The authors even have conjectured that common belief of payoff information is not necessary either.

However, they did not explicitly prove this conjecture.



theorem which states that even common belief of the game structure is not necessary.
However, the structure of the game is formulated as a belief revision system consistent
with the game structure, which should be implications of the game structure rather than
primitive elements of the structure. Moreover, in his formulation, being rational in a
particular game is not independent of knowledge of the game. We adopt this approach
instead of the belief revision approach taken there and Board[(5)], among others, to model

the structure of the game since we are dealing with ez-ante decision-making processes.

Our second result concerns equilibrium refinement. Given an extensive form game,
we show that there exists a model for this game in which there is mutual belief of the
structure of the game and of all the players following a particular strategy and every
player follows that strategy and DC' if and only if the strategy profile is a subgame perfect
equilibrium. This result has similar flavor to those in Aumann and Brandenburger[(2)].
In their paper there is a preliminary observation which states that rationality and mutual
knowledge of players’ actions in normal form games entail that the actions constitute a
Nash equilibrium. We show that DC' refines the equilibrium to have subgame perfectness.
However, since we deal with pure strategies here, the results are silent about mixed

equilibria.

The rest of the paper is organized as follows: section 2 provides an example to illustrate
the need for a new logical system, section 3 formulates such a system and states its
completeness and soundness, section 4 gives formulations of game structures and decision
criteria, and in section 5 we present our main results regarding Backward Induction and

subgame perfect equilibrium. Section 6 gives some conclusion remarks.

2 An Example

In this section we shall discuss an example to illustrate potential defects of classical logical
system in formulating game structures. We defer the formal definitions to later sections,
but we introduce some sentences and make inferences somehow informally whenever nec-

essary. Consider an extensive form game with the following game tree:



Vo——— U1 —— — —%3
| |

| D | d
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Player 1 has to take an action at vy, while player 2 has to take an action at v;. To
describe the rules of the game, we consider the following sentences: a. d;(vg, U), dq(vo, U),
dy(vy,u), do(vy, d); the intended meaning of the sentence d;(vg, U) is player 1 taking action
U in situation specified by vy, etc.; b. o(vg), o(v1), 0(z1), 0(z2), 0(z3); the intended meaning
of o(vy) is that vy occurs, etc. The rules should specify that d;(vo, U) would lead to o(vy),
dy(vg, D) would lead to o(z1), etc. Let A, ~, and = stand for conjunction, negation, and

material implication in classical propositional logic.

One possible axiomatization of the game structure includes the following sentences as
axioms: di(vo,U) = o(vy), di(vo, D) = o(z1), da(vi,u) = o(z3), do(v1,d) = o(z3), and
No(z) =~ o(2') : 2,2 = z1,29,23,2 # 2'}. Suppose that player 2 decides to take d at
vy and suppose that player 1 knows this. This could be formulated as o(vy) = da(vy, d).
Assume that z; is strictly preferred to zo, and 2z, is strictly preferred to z3 for player 1,
which could be formulated as P;(z1, 22)A ~ Pyi(29,21) and P; (29, 23)A ~ Pi(z3, 29). Then

D is a sequential best response while U is not, given player 2’s decision.

A natural way to formulate a being a sequential best response at vg, a = D or U, in

this context is as follows:
N{(d1(vg,a) = o(2)) A (di(vg,a") = o(2")) = Pi(z,2) 1 d' # a,z,2" = 21, 20, 23}

It can be shown that U not being a best response can be derived form the above axioms
plus the condition o(v) = da(v1,d). However, to show that D is a best response, it
requires that ~ (dy (v, D) = 0(z3)) be provable from some the axioms, for otherwise the

sentence

(dy(vo, D) = 0(23)) A (d1(v0, U) = 0(22))\ ~ Py(23, 22)



is consistent with the axioms for the game, and so
<d1<1}0, D) = O(Zg)) A (dl(vo, U) = O(ZQ)) = P1(23, 22)

is not provable from the axioms for the game. By classical propositional logic, it can be
shown that
~ (di(vo, D) = o(z3)) = di(vo, D)

is a tautology. This, by completeness of the classical propositional logic, then requires

that dy(vg, D) be derivable from the axioms, which is not plausible.

Thus, we need another formulation of the causality in extensive form games than the
material implication. In particular, Aumann[(1)] could avoid this problem because in his
setup payoffs are implicitly given by the strategies, and the structure is not explicitly

formulated.

3 The Epistemic Logic with Causality

We shall develop a system, called EC'L suitable for describing the structure of the game,
players’ beliefs, and their inferences in this section. We call this system an epistemic logic
with causality with n agents {1,...,n}. In extensive form games, the causal relations of
actions to situations are expressed by a tree structure, and our logical system will be able
to capture the tree structure. Since we shall discuss finite extensive form games with

perfect information, we adopt propositional logic formulation.

First we give a general definition of a language that will be specific to games in next
section. There is a countable set of primitive propositions, which is denoted by ®, with
typical elements p and ¢. There are three logical connectives: ~(negation), A(and), and
> (causality). ~ ¢ means that ¢ does not hold, ¢ A y means that both ¢ and y hold,
and ¢ > y means that ¢ causes x. Epistemic operators are as follows: By, ..., B,. B;i(p)

means that ¢ believes p.

Formulas are defined as follows:



We define L first:

a.1 Any p in ® belongs to L°.

a2If (€€ LP then (AE€ L0 and ~ ¢ € LY.

a.3 Any element of L° is a result of finite applications of a.1 and a.2.

Suppose that we have defined L¥~' k > 0. We define L* inductively as follows:
b.1 Any ¢ in L*~! belongs to L*.

b.2 If ¢ € L° and ¢ € L*7!, then ({ > o) € L*.

b.3 If o, € L* then p A € LF ~ ¢ € L* and Bi(p) € L*,i=1,...,n.

b.4 Any element of L* is a result of finite applications of b.1, b.2, and b.3.

Define L = U2, L*. The language is similar to the one in standard epistemic logic
except for the new connective >. We complicate the formation of formulas because we
do not allow the precedent of any causation to have epistemic or causation element. For
example, B;(p) > ¢ is not allowed in L, nor is (p > ¢) > r. However, both B;(p >
B;(q)) and p > B;(q > r) are allowed. We restrict our language in order to simplify the
presentation of semantics, and these sentences are the only components we need for the
expressions of the extensive form games.® As usual, we use ¢ V x for the abbreviation of
~ (~ @A ~ x) and we use ¢ = x for ~ ¢ V x, ¢, x € L. In what follows, we use the
following notation: by A{x1, ..., xx} we mean xi A ... A Xx."

Our logic consists of two parts — semantics and syntax. The syntax gives the formal
description of an axiomatic system and proofs of theoremhood in that system, while
semantics gives formal models for the system in which the truth values of sentences are
given. The two systems are connected by the soundness and completeness theorem, which
states that every theorem in the syntax is true in the semantics and that every true

sentence in the semantics is provable in the syntax. In the following subsections, we

6For more discussions of a suitable language to express causality, please see Giordano and Schwind[(7)].
"This is not precise in terms of logic. However, since all propositional tautologies are true and provable

in our logic, this does not matter too much.



shall present the syntax and the semantics for our logic, and prove its soundness and

completeness.

3.1 Syntax

In this subsection, we consider the syntax for our logic ELC. Let ¢,1,x € L, and let
£,¢ne Ll

Logical Axiom Schemes:

(PCL) ¢ = (x = ¢).

(PC2) (¢ = (= x)) = (¢ = ¥) = (¢ = X)).
(PC3) ((~ ) = (~x)) = (v ) = X) = ).
Causal Axiom Schemes:

(Tran) (¢ > & A(§>n) = (C>n).

(Det) (¢ >~ @) =~ (C>¢).

Epistemic Axiom Schemes (i = 1,...,n):

(K) (Bi(¢) A Bi(p = x)) = Bi(x)-

(D) ~ Bi(pA ~ ¢).

(4) Bi(y) = Bi(Bi(p)).

Inference Rules:

(MP) From ¢ and ¢ = y;, infer y.

(RCEA) From ¢ < &, infer (¢ > @) < (€ > o).
(RCK) From (g1 A ... A gp) = x, infer (C > 1) A A(C > @p)) = (€ > ).
(NEC) From ¢ infer B;(y).

(CN) From ¢ infer (¢ > ¢).



Axioms (PC1-3) are standard in propositional logic. Notice also that by (PC1-3) and
completeness of classical propositional logic, any tautology (including substitution of any
formula in L with any primitive proposition in the original tautology) in classical logic is
also provable in ELC. Axiom (Tran) captures the transitivity in the causal relations in
extensive form games. (Det) captures the assumption that any action has a deterministic
result in extensive form games. If effect, it rules out inconsistent consequences from any
causes. Axioms (K), (D), and (4) are standard in epistemic logic, and we refer the readers
to Kaneko[(11)] for more detailed discussions regarding the plausibility and importance
of these axioms. (MP) and (NEC) are standard inference rules in epistemic logics. We
regard (RCK), (RCEA), and (CN) as intuitive requirements — they are standard in the
literature of conditional logic, and notice that they are inference rules, and so they can

be applied only when (1 A ... A ) = x or ( < £ or ¢ are theorems.

A proof in ELC is a finite ordered set of formulas (¢4, ..., ) in L such that each ¢; is
either an instance of the axiom schemes or a result of applications of the rules to formulas
preceding it. We say that ¢ € L is a theorem of ELC if there is a proof (¢4, ..., p;) with
v = ¢, and this is denoted by F . We list several lemmas that will be useful for later

results.

Lemma 3.1. - B;(¢ A x) < Bi(¢) A Bi(x).-

Proof. See, for example, Kaneko[(11)]. O

Lemma 3.2. a. - (n = () and F £ = (( = x) implies that EF n AN = x.

b. F((nAC)=¢&) & (n=(C=E))

Proof. See the appendix. O

3.2 Semantics

In this subsection we present a model theoretical semantics for FLC. The semantics we

present here is based on the semantics adopted in Halpern and Moses[(8)] for epistemic

10



logic and we change it to accommodate causality using selection functions along the lines
developed by Lewis[(12)] and others. The closest system to the present one may be the
causal logic in Giordano and Schwind[(7)]. The primitive constitutes are frames usually
adopted in modal logic, and a frame consists of a set of possible worlds W and a binary
relation R; on W for each agent i. The interpretation of these relations is standard. We
have two additional elements — a collection ¥ of subsets of 2, which is supposed to
include every event that can potentially be a cause, and a function f : ¥ x W — 2. The
subset corresponding to a particular event in ¥ at w € W could be interpreted as the
set of plausible worlds by amending the world w to accommodate the event. We give a

formal definition as follows.

Definition 3.1. Given the language L defined in the beginning of this section, we define
amodel M as a (n+4)—tuple: < W, X, f, Ry, ..., R,,V >, where W is the set of possible
worlds, f is a mapping from ¥ x W — 2V where ¥ is an algebra of subsets of W, and
each R; is a mapping from W to 2V, i =1,...,n; V is a mapping from ® x W to {T, L}
such that for all p € &, {w € W : V(p,w) = T} € X. We then extend V to L x W as

follows:
(a) For ¢, £ € LY
(a.1) V(~ (,w) =T if and only if V({,w) = L.
(a.2) V(CAEw) =T if and only if V((,w) =V (&, w) =T.
(b) Suppose that V has been defined for all (o, w) € L*~1 x W;

(b.1) V(¢ > ¢,w) = T if and only if for all w" € f([¢],w), V(p,w') = T, where
(={weW:V((,w)=T}

(b.2) V(~ ¢, w) =T if and only if V (¢, w) = L.
(b.3) V(C A& w) =T if and only if V(¢,w) =V (§,w) =T.
(b.4) V(B;(¢),w) = T if and only if for all w’ € R;(w), V(p,w') = T.

Define [p] = {w € W : V(p,w) = T}, for all ¢ € L. We also require f and Ry, ..., R,

satisfy the following conditions:

11



(s-Tran) for all w € W and for all X, Xs, X5 € ¥, f(X;1,w) C Xy and f(Xy,w) C X3
imply that f(Xi,w) C Xj;

(s-Det) for all w € W and for all X € X, f(X,w) # 0;
(s-D) for all w € W, R;(w) # 0;
(s-4) for all w € W and v’ € R;(w) and w” € R;(w’) imply that w” € R;(w).

The set of models satisfying all these restrictions is denoted by 9.

Given a model M, we say that ¢ € L is true at state w if and only if V(p,w) =T,
and this is denoted by (M, w) = ¢. We say that ¢ € L is true in the model M if and
only if (M, w) | ¢ for all w € W and this is denoted by M = ¢. We say that ¢ € L is
valid (w.r.t. 9) if and only if M | ¢ for all M € M. Validity of ¢ is denoted by = ¢.

Lemma 3.3. For any ¢ € L°, we have [(] € X, and so the extension of V to L x W is
well-defined.

Proof. Clearly [p] € ¥ for any p € ®. Now, suppose that [(], [{] € %, then [~ (] =
W[ eSamd (A =[]n[E e m

Lemma 3.4. We have the following properties for |= :

a. (M,w) [= ¢ if and only if (M,w) E~ @;

b. (M,w) = ¢ = x if and only if (M, w) = x or (M,w) ¥ ¢;

c. (Mw) @V x if and only if (M,w) = ¢ or (M,w) = x;

& M o= x if and only if [¢] € x].
Proof. a. Suppose that (M,w) = ¢, then V(~ p,w) = L and so (M, w) E~ ¢. Con-
versely, if (M, w) E~ ¢, then V(~ ¢, w) = L and so V(p,w) =T.

c. Suppose that (M.w) = oV x =~ (~ @A ~ x). Then (M, w) ¥ (~ @A ~ x), and so
(M, w) E~ ¢ or (M,w) F~ x. By (a), this is equivalent to (M, w) |= ¢ or (M,w) [ x.

b. By c. and ¢ = x =~ ¢ V x.

12



d. Suppose that M | ¢ = x. Then for all w, (M,w) = x or (M,w) ¥ ¢. Thus, if
(M, w) = ¢, then (M, w) [ x, and so we have [p] C [x]. Suppose (M,w) ¥ ¢ = x. Then
(M,w) ¥ x and (M,w) = ¢ and so w ¢ [x] but w € [p]. O

3.3 Completeness

In this subsection, we shall give a theorem which states that a formula in L is a theorem
in FLC if and only if it is valid in all models in 9. The “if” part of the theorem is
called the completeness of the logic ELC, and the “only if” part of the theorem is called

soundness.

We shall say that a formula ¢ in L is consistent if and only if it is not the case that
F~ . A finite set of formulas {1, ..., ok} is consistent if and only if it is not the case
that F~ @1 V ...V ~ ¢wi. An arbitrary subset of L is consistent if and only if its every
finite subset is consistent. A subset I' C L, is maximal consistent if and only if I' is

consistent and for any ¢ ¢ I', I' U {~ ¢} is inconsistent.

We state the completeness and soundness of the logic ELC with respect to 9 in the

following theorem. The proof can be found in the appendix.

Theorem 3.1. For any ¢ € L, = ¢ if and only if - ¢.

4 Extensive Form Game Logic

In this section we shall develop a logic for extensive form games based on FLC. This
logic enables us to formulate the concepts and decision criteria necessary for Backward
Induction as an ex-ante decision. In order to describe the structure of a game explicitly,
we take a set of decision nodes, a set of terminal nodes, a set of actions, and all possible
succeeding relations of the decision nodes as primitive elements. We take the assignment
of players at each decision node as an attribute of that node. The players are assumed to

know these primitive elements implicitly, and this is common knowledge. However, they

13



may not know the structure of a particular game, and this knowledge is never common

belief in this paper.

This formulation can accommodate games with perfect information and, potentially,
multi-stage games, but our focus is the former. Therefore, we shall only present the

formulation of games with perfect information, and leave the latter for further research.

4.1 The Language

We shall now define the extensive form game logic. Let I = {1,...,n} be the set of players.
Let N? denote the set of decision nodes for player i, i = 1,...,n, and let Z° denote the
set of terminal nodes. Define N° = U;c;N?. Since we shall consider games with perfect
information only, N N N} is assumed to be empty for any pair (4, j) € I*. Also, for any
v € NY we use 7(v) to denote the index i such that v € NP. Both N? and Z° are assumed
to be large but finite. Let A° be the set of all possible actions, which is also assumed to
be finite. Without loss of generality, let v© € N? be the initial node, and let z* € Z° be a

fixed element that will be interpreted as an impossible outcome.
The set @ of atomic formulas is as follows:

a. For each v € N? and a € A°, d;(v,a) is an atomic formula, and we denote the set

of these formulas as ®gp.

b. For each v € N°U Z° o(v) is an atomic formula, and we denote the set of these

formulas as @y 5.

c. For each pair v, v' € N° S(v,v’) is an atomic formula, and we denote the set of

these formulas as ®g.

c. For each z, 2/ € Z°, Py(z,2') is an atomic formula, and we denote the set of these

formulas as ®g.

The intended meaning for d;(v, a) is that the action taken by player 7 in situation v is
a, and the intended meaning for o(v) is that the situation v occurs. We shall also denote

the sentence by (o(v) > d;(v,a)) by D;(v,a), and it is intended to mean that player i

14



decides to take action a in situation v. We distinguish D;(v,a) from d;(v,a) as different
concepts — actual behavior and plans are not the same objects — but they should be

closely related. Now we shall express a game structure with the language.

First, we define a description as follows:

Definition 4.1. A description consists of three sets of formulas (G¢, Gs, Gp) that satisfy

the following properties:

(C1) Go = T'U{(0o(2) >~ o(2))) : 2, 2/ € Z° 2/ # z}, for some I" being a set such
that every formula in it has the form d;(v,a) > o(v') for some v € N?, v/ € N°U ZY,
and some a € A%, and if (d;(v,a) > o(z)) and (d;(v',a’) > o(z)) belong to G¢ for some
(v,a) # (V',d'), then z = z*;

(C2) for each pair (v,a) € N? x A% if (d;(v,a) > o(v')) € G¢ for some v/ € N°U Z°, then
for any other v” # v/, (d;(v,a) > o(v")) ¢ G¢, and for all @’ € A°, (d;(v,d’) > o(v")) € G¢

for some v” € N° U Z°, and for at least one a” € A%, such v" is not z*;

(P1) {P(2,2"),~ PAz",2), P(z",2), Fi(z,2) : 2 € Z0 = {z*},i € I} C Gp, and every

formula in Gp has the form Pi(z,2') or ~ Pi(z,2') for some i € I, z,2' € Z°

(P2) for every pair z,2’ € Z° if there exist (v,a), (v',a’) € N? x A° such that d;(v,a) >
o(z),d;(v',ad’) > o(%') € G¢, then, for each i’ € I, Py(z,2') or Py(%, %) or both belong to
Gp and either Py(z,2') or ~ Py(z,2") belongs to Gp;

(S1) for every pair (v,v') € (N°)? either S(v,v’) or ~ S(v,v') belongs to Gg and any
formula in Gg has this form, and ~ S(v,0?) € Gg for all v € N°, and if d.(,y(v,a) >
o(v') € Go, v e N° v € N°U Z° then S(v,v') € Gg or S(v",v) € Gg for some v" € N°

or v ="

(S2) if S(v,v) € Gg, then there is a unique a € A° such that (d,@)(v,a) > o(v')) € Ge
and if S(v,v") € Gg but there is no v” € N such that S(v’,v”) € Gg, then there is some
(a,z) € A® x Z° such that (d, (v, a) > o(z)) € Ge.

The set G¢ gives us the rules of the game — it specifies how situations involve as

players take actions in turns. The sentences with the form (o(z) >~ o(z')) ensure that
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every consequence is final, and we identify the consequences with the terminal nodes. We
require that, in (C2), every action in every situation leads to some other situation in order
to make our description unique. This requirement, together with the conditions we give
later, asserts that any infeasible action leads a least preferred consequence z*, which is
an interpretation of infeasibility consistent with Harsanyi[(9)]. Gp gives the information
about the personal evaluation of the results for every player, and here we impose only
completeness. (g provides the information necessary for the player to know what are
the possible decision nodes of all the players in the future, and so the players could make
predictions regarding future plays. This set is required, as in (S2), to be consistent with

the rules of the game specified in Ge¢.

Consider an extensive form game:

g = []7 <N7 Z7 "<)7 T, A? {tv}UEJ\U {ii}ié[]a
where
I ={1,...,n} is the set of players;

(N, Z,<) is a tree: a. < is a binary relation on N U Z such that for all v, not v < v; b.
there is a unique element vy € N such that for all v € N, not v < vy, and for all other

veE NUZ, v < v for aunique v’ € N; c. forallv € Z, and for all v € NU Z, not v < v'.
7 is a function from N to I (player assignment);

>, is a preference relation on 7, i =1, ..., n;

A is a finite set of actions;

t, is a one-to-one mapping from Succ(v) to A, with Succ(v) = {v' €e NUZ : v <v'}; We
denote the range of ¢, by A(v).

For each v € N, define Sub(v) = {v' € N: for some vy,..., 0, v < v1 < ... < v =0’}

and Ter(v) = {v' € Z: for some vy, ..., 05,0 < v; < ... < vy = 0'}. Define N; = {v € N :
T(v) =1i}.

A strategy s in ¢ is a mapping from N to A such that s(v) € A(v). Given a node
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v € N, we define the sub-game g(v) to be

[, ({v} U Sub(v)) NN, Ter(v) N Z, <), T, A, {tw }oefoiusubw)s 1= Fien]-

For any strategy s, we define s|, to be the same strategy but restrict its domain to be
Sub(v) or {v} U Sub(v), and it shall be clear which case it is from the context. Moreover,
we define Path(v,z) = {v' € N : z € Ter(v') and v' € Sub(v) U{v}} if z € Ter(v). We
also use Path(z) to denote Path(v°,z). For a given strategy s and a node v € N, we

define Z(v;s) = {z € Z : for some v = vy, ..., v = 2, t,,_, (v) = s(v_1), | =2, ..., k}.

We assume that N; C NP, Z C Z°—{z*}, and A = A°. Also, we assume that v € N}
is identified with the initial node in g, i.e., we assume that the game always begins with

player 1.

Given an extensive form game with perfect information, the following description is a
description for g:
a. Go = {(d(v,a) > o(v') : v,v' € NUZ t; (a) = v} U{d(v,a) > o(z*) : v € N,a ¢
Aw)}U{(o(z) >~ 0(2)) : 2, 2" € Z°, 2 # z};
b. Gp = {P(z,2) : (2,2)) €=i,2,2 € Z} U{~ P(z,2) : (2,2) ¢=i,2,2 € Z} U
{Pi(z,2%),~ Pi(2*,2): 2€ Z° = {2*}, i =1, ...,n};
c. Gg = A{Sw,v) :v,0 € Nyjo < V}U{~ Sv,v) :v € N,vv € Njo £, or
(v,0) € (N?)? = N?};
d. G = N(GcUGpUGy) is then defined to be the axiom for g, and (G¢, Gs, Gp) is called
the description for g.

An arbitrary description may (G¢,Gs, Gp) may not be a description of any game.
The following lemma characterizes the conditions for a description to be a description
of a game in extensive form with perfect information. It also shows that if such a game

exists, it is unique.

Lemma 4.1. Given a description (Go,Gs,Gp), the formula G = N(Ge U Gp U Gyg) is

an axiom for some extensive form game with perfect information if and only if:
a. G is consistent;
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b. (NGp) AN (N Pi(2,2") NPy(2,2") = Pi(2,2") : 2,2, 2" € Z°}) is consistent.

c. (NGg) A (AN{S(v,v) =~ SW"v') :v,v v € N°}) is consistent;

QL

(NG A NS (v,0") =~ (S, 01) A e AS (U, 0)) 2 {1, .o, vn b C© N°}) is consistent;

(AGg) A (A{S(v,v) = (V{S(",v) : v" € N°}) 1 v #£ 0% v,0" € N°}) is consistent.

®

Proof. Suppose that G = A(Go U Gp U Gg) is an axiom for some extensive form game,
then it is easy to check that these properties hold. We delay the proof for the fact that

G is consistent to theorem 5.1.

Conversely, let (G¢,Gp,Gg) be a given description such that these requirements are
satisfied. Define the game g = [I, (N, Z, <), 7, A, {t, }ven, {=i }ic1] as follows: N = {v°}U
{ve N°: S wv),..,S(ve1,v,) € Gg for some vy, ...,v, 1,0, = v € N°}, Z = {2 €
Z° ¢ dyy(v,a) > o(z) € Ge for some v € N%a € A and for any other (v/,a’) #
(v,a),d-@(V',a") > o(2) ¢ Ge}, v < 0" if and only if S(v,v") € Gg for any v,v" € N,
v < z if and only if d,q)(v,a) > o(z) € G¢ for some a € A° for any v € N and
z € Z, t,(v') = a if and only if d;)(v,a) > o(v') € Ge, and z >=; 2/ if and only if
P(z,7') € Gp for any z,z' € Z. Finally, we define t,(v') to be the action a € A° such
that d,)(v,a) > o(v') € G¢ forv e N,v' € NU Z.

First we show that (N, Z, <) is a tree. For each v € N —{v°}, there exists a node v in
N such that S(v',v) € G¢ by definition of N. Moreover, if there were 2 nodes v',v" € N
such that S(v',v), S(v",v) € G¢, then we have

F(AGe) = S(v',v) A SV, v),
which then implies that
Fr~ (AGe)A ~ (S, 0) vV S, v)),

a contradiction to property c. Thus, such a node is unique. Now, for any v # v°, v € N,
there is a sequence vy, ..., v, = v such that S(v°, v1), ...., S(v,_1,v) € Gg, and this implies
that v,_1 € N or S(v°,v) € Gg. Therefore, for any v € N other than v°, there exists

some v' € N such that v < v. Moreover, there is no v € N such that v < v° by (S1).
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Also, by definition of Z, there is a unique node v € N such that v < z for any z € Z.
Thus, (N, Z, <) is a tree. Define Prec(z) = {(v,a) € N® x A : d.(,y(v,a) > o(z) € G}
If Prec(z) is not a singleton sets, z = 2* by (C1), for any z € Z° This also implies that
if z ¢ ZU{z*}, then Prec(z) = 0 and for all z € Z, |Prec(z)| = 1. Moreover, for any
v € N, by (C2), there are some a € A” and v/ # z* such that d.(,)(v,a) > o(v) € G,

and so v < v'.

We show that for the constructed g, its description is (G¢,Gg,Gp). Clearly, for
v,v' € N, v < v if and only if S(v,v") € Gg. Now, let v € N® — N. v/ € N. Since, as
we have proven, S(v”,v") € Gg for some v € N, and since v” cannot be the same as
v, it follows that ~ S(v,v') € Gg by (S1). On the other hand, if S(v',v) € Gg, then
v € N, a contradiction, and thus ~ S(v',v) € G5 by (S1). Consider now v,v' € N° — N
and suppose that S(v,v") € Gg. Since v # v°, there is another node v; € N° such
that S(vi,v) € Gg by e. and (S1). To see this, if S(v”,v) ¢ Gg for all v € N°, then
~ S(" v) € Gg for all v € N° i.e.

FGs = (AN~ SO",v) 0" € N°}),
which implies

~ (Gs A (V{S(W",v) : v" € N°})),
a contradiction to e.

If v; € N, then v € N, impossible. Suppose that we have found v, ¢ N such that
S(vp,vn_1) € Gg, then there exists v,.; ¢ N such that S(v,41,v,) € Gg by the same
argument. Since N is finite, let v,, v,,, be the first pair such that & > 0, v, = v,
Then we have

F (AGs) = S(Vnsk, Vnak—1) N coee A S(Ung1, 0p),
which implies that

F(AGs) = S(Vn, Unak—1) N (S(Un, Vpak—1) A coce A S(Vpy1,vm)),

and so

F~ (AGg) V (S (Vny Unak—1) A SWn, Unak—1) A coee A S(Vpt1,00)),
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holds, which is a contradiction to d. Therefore, G represents the relation < in g.

Consider some v € N. We show that d,)(v,a) > o(v') € G¢ if and only if (v,v') €
N x (NUZ) and t,(v') = a, or v' = 2* and a ¢ A(v). Let d;)(v,a) > o(v') € Ge. If
v' € N then S(v,v) € Gg. By the argument above, we have v’ € N and by (S2) t,(v') is
well defined and it has value a. Now suppose that v' € Z° and suppose that ¢,(v) is not
defined. Then, Prec(z) is not a singleton, and so, as we have seen, v' = z* and a ¢ A(v).

On the other hand, if £,(v) is defined, then v" € Z and so ¢,(v") = a.

Conversely, let (v,0") € N x (N U Z) and t,(v") = a. By definition of ¢,, we have
drwy)(v,t,(v")) > o(v') € Ge. On the other hand, let @ ¢ A(v). By (C2) and (S52),
dr(o) (v, t,(2)) > 0(2) € Ge for some z € Z°. If |Prec(z)| = 1, then z € Z and ¢,(z) = a,

i.e., a € A(v), a contradiction, and thus, |Prec(z)| > 1 and so z = z*.

Suppose that v € N® — N. Then, if there is some (a,v') € A x N° such that
drw)(v,a) > o(v') € G¢, then by (S1), S(v,v") € Gg and so v € N, a contradiction. If
there is some (a, z) € A% x Z° such that d,,)(v,a) > o(z) € G¢, then either S(v”,v) € Gg
for some v"” € N° or v = v°, and both cases imply that v € N, a contradiction. Thus, G¢

is derived from g.

It is easy to check that, by definition, Gp is derived from {>;};,c;. We shall show
that each »; is reflexive, transitive, and complete. It is reflexive and complete by (P1)
and (P2). Suppose that z =; 2/ and 2’ =; 2", 2,2/, 2" € Z. Then P;(z,2') and P(Z,2")
are in Gp. If ~ P;(z,2") € Gp, it is to see that this contradicts with b. Then, by (P2),

Pi(z,2") € Gp, and so z =; 2". O

We end this section with some notations and several lemmas for future reference. Let
N’ be a subset of N. We define Sub(v,v") = V{S(vi,v2) A ... A S(vk—1,v8) : v = 1,0 =
v, v1, .0 € NO}, and define Sub(v, N') = (A{Sub(v,v’) : v' € N'}) A (A{~ Sub(v,v’) :
v' ¢ N'}).

Lemma 4.2. Let G be the axiom of a game g.

(a) - G = Sub(v,v') if v,v" € N, and v' € Sub(v).
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(b) = G =~ Sub(v,v') if v,v' € N and v' ¢ Sub(v), or if v € N° — N.
(c) = G = Sub(v, N') if N' = Sub(v) and - G =~ Sub(v, N') otherwise.
Lemma 4.3. Let G be the axiom of a game g. For allv € N and a € A(v) such that

t,1(a) € Z, 2" £t (a) implies that b G = (dr)(v,a) >~ o(2)).

Proof. Clearly, we have - G = (dr)(v,a) > o(t,;'(a)) and - Gp = (o(t;'(a)) >~
o(z)). Thus, we have = G = (d,)(v,a) > o(t,*(a)) A (o(t;'(a)) >~ o(z")). Now, by
(Tran), we have F (d.)(v,a) > o(t; (a)) A (o(t, 1 (a)) >~ o(2")) = (dr@)(v,a) >~ o(2)).
Thus, we have = G = (d-()(v,a) >~ o(%')). O

Lemma 4.4. Let G be the axziom of a game g. Suppose that ((v1,a4), ..., (Vk, ax), z) is a

path from vy to z € Z, then we have
E GA(Mo(v) > dry (v, @) 1 =2,..k}) = (dry)(v1,a1) > 0(2))AN(A{drgoy) (V1, a1) >~
o(2') : 2/ # z}).
Proof. We prove by induction on the size of k. For k = 1, it follows directly from the
lemma 4.3.
Suppose that it holds for all [ < k, £ > 1. Then we have
oG A (Mo(w) > drpy (v, ap) 1 1=3,...,k})

= (druy)(v2,a2) > 0(2)) A (Mdr(uy) (v2, a2) > 0(2") : 2" # 2}).

Now, by (Tran), we have
= (0(v2) > drwy) (v2, a2)) A (droy) (01, a1) > 0(02)) = (dry) (v1, 1) > druy) (02, a2)).
Therefore,

oG A (Mo(w) > drpy (v, ) 1 1=2,..,k})

= <dT(”Ul)(vl7 al) > dT(U2)(U27 a2)) A (dT(U2)<U27 a2) > 0(2))

N (/\{dT(Uz)(U% aQ) > 0(2/) ¥ 7 Z})
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By (Tran), we have

F (droy) (V1, a1) > drug)(V2, a2)) A (dr(uy) (V2, a2) > 0(2))
NN dr ) (V2, a2) >~ 0(2') 1 2/ # 2})

= (dr)(v1,01) > 0(2)) A (Mdroy)(v1,a1) >~ 0(2) 1 2/ # 2}).

Thus, we have

oG A (NMo(v) > dey (v, ap) 1 =2,...,k})

= (dr@y)(v1,a1) > 0(2)) A (Mdroy) (v1, a1) >~ 0(2) : 2" # 2}).

]

By lemma 4.4, a player ¢ who has firm predictions of future decisions in the sense that
1 believes that the decisions predicted would be carried out if the decision node is reached

could determine the consequence of each action i could take in a particular node.

4.2 Game Theoretical Concepts

We shall formulate the game theoretic concepts with the language, and then formulate
the decision criteria for Backward Induction in this subsection. We formulate the concept
of sequential best response at a particular node v € N° for a given set of prediction of
decisions at nodes in a set N’ C N in such a way that the formula itself does not depend
on the formulation of the game, and the player may be able to learn whether a particular
action at v is a sequential best response or not after the player learns the structure of the

game and some of other players’ decisions.

We shall say that an action a at a particular decision node (weakly) dominates another

a’ if the consequence a leads to is better the consequence lead by a’. This is formally

defined as:

Dom () (a,a’) =

M(drwy(v,a) > 0(2)) A (dry(v,a') > 0(2) = Pry(z,2') 1 2,2 € Z°%. (1)
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We also define strict dominance:
SDom; ) (a,a") =
M (drw) (v, a) > 0(2)) A (drw) (v, a) > 0o(2'))
= Pro)(2, 2 )N ~ Pryy (2, 2) 2,2 € Z°}. (2)
We can then formulate sequential best responses:

1. Suppose that N’ = (). Then

Best ) n(v,a) = AN{Domr»(a,a’) : d' # a € A}. (3)

2. Otherwise, given N’ and s € AV,

Best () ns(v,a) =

(AMo(v') > dry (v, 5(0")) : v € N'}) = (M Domryo(a,a’) :a' #a € A}).  (4)

We also define strictly best responses as follows:
1. Suppose that N’ = (). Then

SBestrn (v, a) = AN{SDom,).(a,d") - a' #a € A} (5)

2. Otherwise, given N’ and s € AV,

SBest- ()N ,s(v,a) =
(Ao(v) > drwy(V',s(v")) v € N'}) = (M SDomryw(a,a’) - a' #a € A}).  (6)

The intended meaning of Best () nvs(v, a) is that a is a sequential best response at v,
given that s € AV will be played at all nodes in N’, and N’ should be the set of nodes
succeeding v. Before learning the structure of the game, the player is unaware of what
N’ will be, and our approach is able to explicitly give the arguments for this thought
process. Moreover, the player will not be able to infer which action is a best response
at v unless the player has predictions of others’ decisions at all nodes in N’. We remark
that this formula could be adequate for expressing the idea of sequential best responses

in multi-stage games, with some modification. Here we list some intuitive properties of

SBest and Best:
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Lemma 4.5. (a) For any a,a’ € A, we have

= SDom(a,a’) = Dom(a,d’).

(b) For any v € N°, a € A, and for any N' C N° and s € AN, we have

F SBest ) nr,s(v, a) = Bestry i s(v, a).

We now turn to the decision criteria that lead to Backward Induction decisions. The
first criterion requires that, at each node v, if the decision maker ¢ has predictions of all
the decisions at all nodes succeeding v, then i should decide to take action a if a is a
strictly sequential best responses with respect to i’s predictions. The second principle
demands any decision to take an action a to be a sequential best response with respect
to i’s prediction. These two criteria correspond to PC, and RC,, respectively. We shall
denote the predictions B;(D-)(v,a) A (M~ D@ (v,d’) : @’ # a,a’ € A})) of decisions
at v as PD;(v,a), and we shall denote A{PD;(v,s(v)) : v € N'} as PD;(N’,s), for any
se AN

We give the formal formulation as follows:
a. Rationality Criteria: (v € N?)

a.1 Suppose that N’ = (). Then

RC, nv = N{ D7) (v,a) A Sub(v, N') = Best ).~ (v,a) :a € A}; (7)

a.2 Suppose that N’ # (). Then
RCy nt = M Drwy(v,a) A Sub(v, N') A PD. (N, s)

= Br(y)(Bestywyns(v,a)) ia € A, s € AN} (8)

a.3 Define
RC, = NM{RCy - : N’ C N}. (9)

This criterion requires players’ decisions be consistent with their preference. If in

situation v, every action will lead to final results, then any plan should be a best response.
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If the result of an action is contingent on future actions, and if the player has beliefs on
these future actions, the plan of the player is required to be a consciously best response

given these future actions.
b. Preference Criteria: (v € N°)

b.1 Suppose that N’ = (). Then

PC, nv = N{SBest, ) n (v, a) A Sub(v, N') = D.(v,a):a € A}; (10)

b.2 Suppose that N’ # (). Then

PCy v = N Sub(v, N') AN PD,,)(N', s) A\ Br)(SBest () n.s(v,a))

= Dyw)(v,a) 1 a € A, s€ AN} (11)

b.3 Define
PCUI/\{PC%N/ NIQN} (12)

This criterion requires players’ decision to be determined by their preferences given
their beliefs, if the preferences are conclusive. If in situation v, every action will lead
to final results, then the player should decide to take the action that leads to the most
preferred result. If the player is aware of future actions relevant to current actions and is
also aware of a most preferred action given these future actions, then the player should

take the most preferred action.

c. The compound decision criterion at v € N°:
DC, = (Sub(v",v) = RC, A PC,), (13)

and

DCyo = (RCy N PCy),

and the compound decision criterion for the game:

DC = (Aveno DCy). (14)
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These criteria are formulated without any reference a particular game. To apply these
criteria in a particular situation v, DC), require the players to follow these decision criteria
only if v is a situation where decision is necessary. The sentence Sub(v°,v) is equivalent to
say that v is a decision node in the game for player 7(v). To say that a player is rational
in the traditional sense can be replaced by the assumption that the player follows DC.
With this definition, being rational can be an attribute of the combination of a player
and a situation. It is not necessary for a player to follow the same decision criterion in all
situations, and sometimes it is commonly known when players like to adopt criteria like
DC' in certain situations. Thus, this may help to identify the scope of the application of

Backward Induction and many other Game-theoretic solution concepts.

5 Backward Induction and Subgame Perfectness

In this section we present the main results for Backward Induction decisions and subgame
perfectness. Before we analyze the consequences of these criteria and beliefs of them, we
first argue that they are consistent so that our inference will not be trivial. We shall

define, for any formula ¢ in L,
B'(¢) = MBi(p) i € I},
Bi(¢) = MBi(p) 1 j € 1,5 # i},
and define
B (¢) = Bi(B5 (¢)),
B*(¢) = M{Bj(p): j € 1,j #1i},
and
B*(p) = M{Bf(p) i € I}

for k > 1. We shall also use B to denote ¢.

We shall also define, for any strategy profile s of g, the formula that all decisions follow

s as follows:
Dy(s) = (MDry(v,5(0)) : v € N} A (A{~ Dyy(v,) 1 v € Ny # s(0)}).
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Theorem 5.1. Let G be the axiom for an extensive for game with perfect information g.
The formula N{B*(DC' NG A D,(s)) : k=0,..., K} is consistent for any extensive game

g and any subgame perfect equilibrium s for g, for any K € N.
Proof. See the appendix. n

By this theorem, these decision criteria and common belief of them are consistent.
Moreover, it states that for any subgame perfect equilibrium s, these decision criteria are
consistent with common belief (by this we mean arbitrary high order of mutual belief)
of decisions following s. We shall show that these criteria lead to Backward Induction
decisions if there is a unique subgame perfect equilibrium. Unlike many other papers on
Backward Induction, a strategy is not a primitive element in our model. Players may not
have any decision at some node v, and this can be expressed as A{~ D, (v,a) : a €
A}, All their decisions, in our model, are derived from their decision criteria and their

predictions on other players’ decisions.

We define dep(v) = max{k : for some vy, ...,v5, v < v1 < ... < vy € Z} to be the
length of the game beginning from v, which turns out to be the exact measurement of

complexity of the mutual belief sufficient and necessary for Backward Induction decisions.

Theorem 5.2. Given a game g and its axiom G, Suppose that dep(v®) = K and suppose

that g has a unique subgame perfect equilibrium s. Then

F(AMBY(DCAG) : k=0,..,K —1}) = D,(s).

Proof. We claim that for any v € N and the sub-game g(v),
F(MBY(DCAG): k=0,..,dep(v) — 1}) = Dy (sly)-

We prove by induction on the depth of v. Define z(v) be such that Z(v,s) = {z(v)} for

any v € N.
Suppose that dep(v) = 1. Then for any a € A,

= (PC, A RC, A Sub(v,())

= (D7) (v,a) = Best ) 0(v,a)) A (SBest () 0(v,a) = Dy (v, a)),
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and

G = Sub(v, D) A {~ Sub(v,N') : N' C N° N'#0}.
Thus, for any a € A,
+HGAPC, N RC, =
(Drwy(v,a) = Bestr(y)9(v,a)) A (SBest ) o(v,a) = Do) (v,a)). (15)
By lemma 4.3 and (Tran), for all a € A,

FAGe =

(drwy(v,a) > o(t,; (@) A (M~ (drwy(v,a) > 0(2)) 1 2 # 8,1 (a), 2z € Z°%). (16)

Since s is the unique subgame perfect equilibrium, it follows that z(v) =, t,*(a) and

t-1(a) %oy 2(v) for any a € A(v), a # s(v). Thus, we have
- AGp = (MPr(2(0) 17 (@) ~ Pr(t72(a), 2(0)) s a # s(v),a € A}). (17)
(We take t;(a) = * for any a & A(v).)
Combining (16) and (17), we have
- G = (AM{SDom(s(v),a)A ~ Dom(a, s(v)) : a # s(v),a € A}).

Thus, we have

F G = SBest ) (v, s(v)) A (A{~ Best i o(v,a) :a# s(v),a € A}). (18)

Moreover, since v € N, - G = Sub(v’,v) or v = v°, and so - G A DC, = PC, A RC,,.

Combining (15) and (18), we have
FGADC =
Dry (v, 5(0)) A (A~ Drgo(v.) : @ # (v),a € A}). (19)
Suppose that dep(v) = K and suppose that for any v € Sub(v), (K > 2)
(MBS (DCAG) : k=0,.... K —2}) = Dyr)(|w)- (20)
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Then, assuming that 7(v) = 4, by (NEC) and (K),

F B;(AM{B*(DCAG):k=0,..,K —2})
= (NM{PD;(v',s(v")) : v' € Sub(v)}).

Therefore, by axiom (4), we have

F(AMB*DCAG):k=0,..,K—1})
= (NM{PD;(v',s(v")) : v' € Sub(v)}). (21)

Moreover, if we let z(a) be the result of playing a at v, a € A (2(a) = z* if a ¢ A(v)),

given everyone follows s in every v’ € Sub(v), i.e., z(a) € Z(t;'(a);s), then we have, by

lemma 4.4,

EG A (AMo(v') > drn (v, s(v")) 0" € Sub(v)})
= (drw)(v,a) > 0o(2(a))) A (A~ (dry(v,a) > o(2)) : 2/ # z(a), 2" € Z°}).  (22)

Since s is the unique subgame perfect equilibrium, we have that z(s(v)) =,u z(a’)
and z(a') %) 2(s(v)) for any o’ # s(v), @’ € A(v). Thus, we have (notice that P;(z, z*),
~ P)(z*,z) € Gp for any z € Z)

= AGp = (M Pi(2(s(v)), z(a) )N\ ~ Pi(z(a), 2(s(v))) : a # s(v),a € A}). (23)

We have for any a € A,

EG A (NMo(v) > drn (v, s(v)) 0" € Sub(v)})
= (SBest; sub(v),s, (v, a) & (M SDom;,(a,a’) : d # a,a’ € A}))

N(Best; sup(v) s, (v, a) & (AM{Dom;y(a,ad’) : a' # a,a’ € A})). (24)

Combining (22) and (23),

FGA{o(v) > drw) (v, s(v')) : v € Sub(v)}
= (N{SDom; ,(s(v),a) : a # s(v),a € A})
AN~ Dom; ,(a,s(v)) : a # s(v),a € A}). (25)
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Combining (24) and (25),

=G A (Mo(v) > dru (v, 5(v)) = v € Sub(v)})

= (SBest; sub(v),s|, (v, 5(V)) A (A~ Best; supw).s|, (V;a) - a # s(v),a € A})).

By (NEC), (K), (D), and lemma 3.1,

F Bi(G) A (A{Bi(o(v") > dr(y (v, 5(v))) : v" € Sub(v)})
= (B;(SBest; sup(w),s), (v, 5(v)))

NN~ B;(Best; sup(v) 5, (v, @) : a # s(v),a € A})). (26)

Now, we shall apply the decision criterion DC,. Since v € N, we have
-G = Sub(v’,v)
or v = v°, and so by lemma 3.2,

-G = (DC, = PC, N RC,).

By lemma 3.2,

= PC, ARG, A Bi(SBesti sup) sl (v 5(0))
AA{~ Bi(Besti suuy, (v, @) < a # 5(v),a € A})
ASub(v, Sub(v)) A PDy(Sub(v), 5|supw))
= D;(v,5(v)) A (M~ Di(v,a) : a # s(v),s € A}). (27)

Clearly we have
FG = Sub(v, Sub(v)).
Thus, combining these results with (26) and (27), it follows that
=G A DC, AN PD;(Sub(v), s|,) A Bi(G)

AN B;(o(v") > droy (v, 5(v))) : v € Sub(v)})
= D;(v,s(v)) A (AM{~ Dj(v,a) : a # s(v),s € A}). (28)
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Now, by definition:
F PD;(Sub(v), sl,)

= (MBi((0(v) > drwr) (v, (v"))) = 0" € Sub(v)}). (29)

Combining (21), (28), and (29),
F DC, A Bi(G)
ANMBYDCANG): k=0,..,K —1})

= D;(v,5(v)) A (AM{~ D;(v,a) : a # s(v),s € A}). (30)

Notice that, by definition and the the tautology ¢ A x = ¢,
F(MBY(DCAG): k=0,..,K —1}) = DC, A B;i(G),
it follows that, combining with (20) and (30),
F(AM{B¥(DCAG): k=0,...,K —1}) = Dy (s]y).

]

A corollary of this theorem is that common belief of rationality is not necessary for
Backward Induction decisions, and similar results have been reported in Clausing[(6)]
and Balkenborg and Winter[(3)]. Furthermore, as another corollary, common belief of the
game structure is not necessary either. This gives us a set of sufficient epistemic conditions
and decision criteria for Backward Induction decisions. The following theorem states
that these conditions are also essentially necessary for general extensive form games with

perfect information. This result, to the best of our knowledge, is novel to the literature.

Theorem 5.3. Suppose that dep(vy) = K > 2. Then
(MB*(DCAG):k=0,...K —2}) A (A~ Drg)(vo,a) : a € A})
1 a consistent formula.

Proof. See the appendix. n
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Corollary 5.1. Suppose that dep(v°) = K > 2 and suppose that s is a subgame perfect

equilibrium for g. Then

¥ (MBHDCAG) ik =0,... K —2}) = D,(s).

The corollary of the theorem states that any lower order of mutual belief of the game
and of every player following DC' than the length of the game minus 1 would not entail
any decision for the player in the initial node even if the player follows DC. This states
that without sufficient epistemic conditions, the decision criteria DC' are not able to entail
a particular decision. However, this does not exclude the possibility of making decisions
when the player use DC' together with others. For example, if the player decide to use a
strategy if it is dominant in the normal from representation of the game, then it is easy
to imagine a situation where this rule entails a definite decision given that the player
knows the game but knows nothing more. The story behind theorem 5.2 and theorem 5.3
are not about equilibrium strategies; the epistemic conditions may be satisfied because
of learning or judgement, but no belief of equilibrium play is assumed in deriving these

results.

One may also wonder if we impose stronger assumptions on the content of the belief,
whether we could lower the complexity of mutual belief. The following theorem states
that if there is mutual knowledge of following a particular strategy profile and the game
structure, and if every player follows DC, then the strategy profile must be a subgame

perfect equilibrium. We shall give a lemma before we present the theorem.

Lemma 5.1. Let (Ge,Gg, Gp) be a description that describes g. If there is model M and

a world w in it such that
(M,w) = G A Best(v),sub(v),s(V, @) A (M Dy (v, (")) : 0" € Sub(v)}),

then a s a sequential best response at v w.r.t. s.

Proof. By the definition of Best.(y), sub(v),s(v,a), we also have that

(M, w) = G N Dom(y) (v, a).
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Since (M, w) = G A (A{Dru(v',s(v)) : v" € Sub(v)}), by lemma 4.4, we have (M, w) |=
drw)(v,d") > o(z(a’)) for each o’ € A%, where z(a/) = Z(a';s'), s’ is any extension
of s to g. Let @ be any action in A% other than a. Then (M,w) = (d;u(v,d’) >
o(z(a"))N\(drwy(v,a) > o(z(a))). Since (M, w) = Domy(y)..(v,a), it follows that (M, w) |=
Pray(2(a), 2(@"). Since (M, w) = G, (M, w) |= Py (2(a), 2(a')) if and only if 2(a) v

z(a') or @’ ¢ A(v). Thus, a is a sequential best response at v w.r.t. sin g. O

Theorem 5.4. Given a game description (Go,Gg,Gp), the formula
BY(G A Dy(s)) A(DC NG A D,y(s))

1s consistent if and only if s is a subgame perfect equilibrium in the game g described by

(GC,GS,GP)-

Proof. The ‘if” part is proved in theorem 5.1. Suppose that B'(DC AG A D,(s)) A (DC A
G AN D,(s)) is a consistent formula. Then by theorem 3.1, there is a model M and a world
w in it such that (M,w) = BY(D,(s)) A (DC NG A Dy(s)). Let g be the game described
by (Ge,Gs,Gp).

We shall show that s(v) is a best move w.r.t. s|, at every node v € N. Let v € N be a
node such that Sub(v) = 0. Then (M, w) = DC NG A D,(s). This implies that (M, w) |=
G A Dry(v,5(v)) A RCyp, which in turn implies that (M,w) = G A Best () 0(v, s(v)).

By lemma 5.1, s(v) is a sequential best response at v.

Consider any v € N such that Sub(v) # 0. Then
(M, w) = PD:)(Sub(v), s|v) A Sub(v, Sub(v)) A Dy (v, 5(v)) A RCy sub(v)-

Thus, we have
(M, w) ): Br(v)(BeStT(v),Sub(v),s|v(vv S(U)))

Let wy € R () (w), then
(M, w1) = Best(v),sub(w),slv(V, (V) A G A (A D7y (v, 5(0")) v € Sub(v)}).
By lemma 5.1, s(v) is a sequential best response at v w.r.t. s. O]

33



Corollary 5.2. Let s be a strategy profile for a perfect information game g that is not a

subgame perfect equilibrium. Let G be its axiom. Then we have

F~ (BYG A Dy(3))V ~ (DC AG A Dy(s)).

Proof. By theorem 5.4,
BY(G A Dy(s)) A(DC AG A D,y(s))

is not consistent. Thus, its negation is provable. O

We interpret an equilibrium strategy as a strategy that is expected to be followed by
all the players. With this interpretation, the decision criteria DC' refines the equilibrium
to satisfy subgame perfectness. Theorem 5.4 shows any equilibrium strategy in an envi-
ronment with mutual knowledge of the structure of the game and every player following
DC implies that the equilibrium satisfies subgame perfectness. The condition here is sim-
ilar to the epistemic conditions for Nash equilibrium in Aumann and Brandenburger[(2)],
especially the preliminary observation there, but we do not consider mixed strategies here.
This result is also tight, since by Theorem 5.3, for any game g with dep(v°) > 1, DC AG

is consistent with any decision at v°.

6 Conclusion

In this paper we develop an epistemic logic with causality and prove its completeness and
soundness. We use this logic to formalize the notion of the structure of a game, and give a
set of decision criteria that entail Backward Induction decisions, given sufficient epistemic
conditions. We also prove that the set of epistemic conditions provided are also necessary.
Also, we provide some epistemic conditions for subgame perfect equilibrium. We give a
set of precise conditions, which may be tested empirically in many real applications.
However, one more possibility, that people do not possess sufficient inference ability, is
not investigated here. We conjecture that it is possible to estimate the complexity of the

inferences for Backward Induction decisions.
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Another line of extension may be the investigation of multi-stage games. We conjecture
that a generalization of Theorem 5.4 should hold for general multi-stage games. Also,
we have not touched the problem of belief revision in extensive form games, which is
extensively discussed in the literature. Our result suggests that if an agent who has
planned to play the Backward Induction actions observe an off-equilibrium action can
infer that at least one condition we give in Theorem 5.2 is wrong. However, there seems
no obvious way to say which one is it. Our approach, nonetheless, provides a framework in
which one could model the situation where the fault has to do with belief in the structure

of the game.

7 Appendix

We provide proofs of several theorems in the appendix.

Before the proof of theorem 3.1, we give a lemma first, and its proof can be found in

standard textbook for Modal logic.
Lemma 7.1. Let I' be a mazimal consistent set.
a. For each ¢ € L, either p € I' or ~ p € I', but not both.
b. pAx €T if and only if p € T and x € T.
c. @ implies p € T'.
d. ¢ = x € ' implies that if p € T, x € T

e. If for all maximal consistent I, ¢ € I" implies x € T, then - p = .
Proof of theorem 3.1:

Proof. (<) Suppose that {¢1, ..., pr} is a proof for ¢. We show by induction that for any
MeMand any w e W, (M,w) Ey¢;, j=1,.. k.

a. 7 = 1. Then ¢ is an instance of the axiom schemes.
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a.1 (PC1-3) ¢y is an instance of PC tautology. Then M = ¢; by lemma 3.4.

a.2 (Tran) o1 = (¢ > &) A (€ > 1) = (¢ > n). Suppose that (M,w) = ( > &)
and (M,w) | (¢ > n). Then f([¢],w) C [¢] and f([¢],w) C [n]. By (s-Tran), we have
f([¢],w) € [n) and so (M, w) |= (¢ > n).

a3 (K) o1 = (Bi(y) A Bi(¢ = x)) = Bi(x). Suppose that (M,w) = B;(y) and
(M,w) E Bi(¢ = x), i.e., Ri(w) C [p]N[p = x]. Now, (M,w') = ¢ and (M,w') E ¢ =
x imply that (M, w') = x. Thus, [¢] N[e = x] C [x] and hence (M, w) = Bi(x).

a.4 (D) p1 =~ Bi(pA ~ ¢). There exists some w' € R;(w) by (s-D). Then v’ ¢
el N~ ol = 0.

a.b (4) v1 = Bi(v) = Bi(Bi(p)). Suppose that (M, w) = Bi(¢). Then R;(w) C [¢].
Let w' € R;(w), then w” € R;(w’) implies that w” € R;(w). Therefore, w” € [p]. Thus,
Ri(w) € [¢], and so Ra(w) € [Bi()]

a.6 (Det) p1 = (¢ >~ ¢) =~ (¢ > ¢). Suppose that (M, w) = (¢ >~ ¢). Then, there
exists some w' € f([¢],w) C W — [¢] since f([¢],w) # 0 by (s-Det). Thus, f([¢],w) € [¢]
and so (M, w) ¥ ({ > ¢).

b. Suppose that (M, w) = ¢, for all j =1,..,k — 1. Then:

b.1 ¢y is an instance of the axiom schemes. This case is covered by a.

b.2 (MP) ¢y is a result of MP from ¢y, oy = ¢ = ¢y, [, " < k. By induction hypothesis,
= ¢ and | ¢ = . Thus, we have = ¢.

b.3 (NEC) ¢y is a result of NEC from ¢; and ¢y, = B;(¢;). By the induction hypothesis,
= ¢ and so [p;] = W for any model M. Thus, R;(w) C [¢].

b.4 (RCEA) ¢y is a result of RCEA from ¢; = ( < £ and ¢ = (( > ¢) & (£ > ¢).
By the induction hypothesis, = ¢; and so [(] = [¢]. Thus, f([¢],w) = f([¢],w), and so

(> )] =1[(€> )]

b.5 (RCK) ¢y is a result of RCEA from ¢; = p1A... Ay, = x and ¢ = ((C > @1)A.. A
(¢ > om)) = (¢ > x). By the induction hypothesis, Ex ¢; and so [¢p1] N ... N [pn.] C [x].
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Now, if w € [(( > ¢1) A ... A(C > )], then f([C],w) C [¢1] N ... N [pm] C [x] and so
w € [(¢>X)].

b.6 (CN) ¢y is a result of CN from ¢; and ¢y = (¢ > ;). By the induction hypothesis,
= ¢ and so [p] = W for any model M. Thus, f([¢],w) C [¢i].

Thus, by mathematical induction, any provable formula ¢ is L is also valid.

(=) It suffices to show that, for every consistent formula ¢, there is a model M and
a state w such that (M, w) = . This proves that ¥~ ¢ implies F~ . For any x € L,
we have |= y if and only if =~~ y, and F y if and only if F~~ y. Thus, if we have [ ¥,
it follows that =~ (~ x), and so we have F~ (~ x), which implies F x.

We shall construct a canonical model M such that if ¢ is consistent, there is a state
w such that (M, w) = ¢. First we shall enumerate formulas in L, and then we shall show
that, given a consistent formula, the set of maximal consistent formulas containing it
exists. Since every atomic formula is consistent, it follows that the collection of maximal

consistent sets is not empty.

Since the set L is denumerable, let ¢y, ..., ¢k, ... be a enumeration. We claim that
if p € ®, then there is a maximal consistent set § that contains p. This fact is easily
verifiable using the usual techniques. Notice that this works for any consistent formula
@ € L instead of p, and hence there is always a maximal consistent set that contains a

particular consistent formula ¢.

Now, if we define W = {w C L : w is a maximal consistent subset of L} and define
be the smallest algebra generated by {|p| CW : |p| = {w € W :p € w}, p € &}, then we
have that for any A € 3, there is a formula ¢ € L° such that A = |¢| = {w € W : € w}.
To see this, any A € ¥ can be expressed as U, N Ay, where Ay, is of the form |py|
or | ~ pp| for some py € ®. Let ny be py if A = |pri| and let ng be ~ py; otherwise. It
is easy to check that A = | Vi, (A ng)|. Clearly, for any ¢ € L°, |¢] € X.

Define M =< W, f, Ry, ..., R,,V > as follows:

a. W ={w C L: w is a maximal consistent subset of L.}.
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b. ¥ is the smallest algebra generated by {|p| CW : |p| ={w € W : p € w}, p € ®}.

c. for each w € W, define w/¢ ={p € L : (( > ¢) € w} and then define f(|¢],w) =
{weW :w/{ Cw'};

(Since every set in ¥ can be represented as || for some n € L°, we identify a set in 2
with its representation. Notice that by (RCEA), - { < £ implies that - (¢ > ¢) < (£ >
p)and soif - ( < & w/¢ = w/. Since F ¢ < & implies that |¢| = ], f is well-defined.)

d. for each w € W, define w/B; = {¢ € L : Bi(¢) € w}, and then define R;(w) =
{weW :w/B;, Cuw'}li=1,.,n;

e. for each p € ® and w € W, V(p,w) = T if and only if p € w.

We define an operator [ ] : L — 2" as before such that for all ¢ € L, V(p,w) = T if
and only if w € [p]. Define |p| = {w € W : ¢y € w}, for all p € L.

First we show that for all ¢ € L, || = [¢]. We will show by induction on the structure
of ¢.

a. Let p € ®. Then, |p| = [p] by definition.
b. We then show that |¢| = [¢], for all ¢ € L° by induction.

b.1 By lemma 3.4, w € [p A x] = [¢] N [x] = |¢| N |x] if and only if both ¢ and x
belong to w if and only if ¢ A ¥ € w if and only if w € |p A x|, for all p, x € L°.
b.2 By lemma 3.4, w € [~ ¢| =W — [p] =W — || if and only if ¢ ¢ w if and only if

~ ¢ € w, for all p € LO.
c. Suppose that || =[], |x| = [x], and |¢] =[], for all , x € LF~1 and ¢ € L°.
c.1 Let ¢ € L*1. We show that |B;(¢)| = [Bi(y)] and |(¢ > 9)| = [(¢ > ¢)], ¢ € L°.

c.1.1 Suppose that w € [B;(¢)]. If w/B; is consistent, then R;(w) C [p] = || and so
w/B;U{~ ¢} is inconsistent. (for otherwise, there exists w’ € W and w/B;U{~ ¢} C /',
which contradicts to the fact that R;(w) C |¢|.) Therefore, either w/B; being consistent
or not, there is a subset {x1, ..., X} C w/B; such that F~ (x1 A... A xx) V. (Notice that
k may be 0, and {~ ¢} is inconsistent, i.e., F~~ ¢) Then by (NEC) and (K), we have
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F (Bi(x1) A ... A Bi(xx)) = Bi(p). Thus, B;(¢) € w.
¢.1.2 Suppose that w € |B;(p)|. Then ¢ € w/B; and so R;(w) C [p].

c.1.3 Suppose w € [(¢ > ¢)]. If w/( is consistent, then, w/(U{~ ¢} is inconsistent, for
otherwise w/¢ U {~ ¢} C w' for some w’ € W. Thus, either w/( being consistent or not,
for some {x1, ..., xxs} € w/¢ we have F~ (x1 A... Axx) V@, that is, Fx (X1 Ao AXk) = ©.
(Notice that & may be 0, and {~ ¢} is inconsistent, i.e., F~~ ¢.) By (RCK) or (CN)
(in case when k = 0), we have Fx ((( > x1) A .. A (C > X&) = (€ > ¢). Now,
{x1, s Xx} € w/¢ implies that (¢ > x1),...,(( > xx) € w, and so ({ > ¢) € w. Thus, if
w € [(¢ > )], then w € [(C > ¢)].

c.1.4 Suppose w € |( > ¢)|, then ¢ € w/(, and so w/¢ C w' implies that ¢ € w'.
Thus, f([¢],w) = f([¢],w) € ¢, and hence w € [(¢ > ¢)].

c.2 Suppose that ¢,y € L¥, and suppose that [p] = |¢| and [x] = |x|.

c.2.1 By lemma 3.4, w € [p A x] = [¢] N [x] = |¢] N |x if and only if both ¢ and x
belong to w if and only if ¢ A x € w if and only if w € |p A x|

c.2.2 By lemma 3.4, w € [~ ¢| =W — [p] = W — |p if and only if ¢ ¢ w if and only

if ~ ¢ ew.

Thus, we have shown that (M, w) | ¢ if and only if ¢ € w. Since any consistent
formula belongs to an element in W, it follows that for any consistent formula ¢, there is
a state w such that (M, w) = . It remains to show that M € 9 and we shall show that
M satisfies (s-Tran), (s-Det),(s-D), and (s-4).

a. (s-Tran) Suppose that f(A,w) C B and f(B,w) C C, A,B,C € ¥. Let A = [(],
B = [{] and C = [n]. Then we have ( > { € w and £ > n € w. By (Tran), we have
¢ >n € w. Thus, for all w' € f(A,w) n € w, ie., f(A,w)CC.

b. (s-Det) Let A = [(]. Then if w/( is inconsistent, there are formulas xi, ..., xx €
w/¢ such that Frg~ (x1 A ... A xx). By (CN), we have then { >~ (x1 A ... A xx) € w.
Now Fr (¢ > x1) Ao A(C > xx)) = (€ > (x1 A ... Axg)) holds by (RCK) and so
(¢ > (x1 Ao A xg)) € w. But by (Det), ¢ >~ (x1 A ... A xx) is not consistent with
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(¢ > (1A ... Axx)). Thus, w/( is consistent and so f(A,w) cannot be empty.

c. (s-D) Let w € W. Suppose that w/B; is inconsistent. Then we have F~ (x1A...Axk)
for some x1,...,xx € w/B;. Thus, we have F B;(~ (x1 A ... A xx)) by (NEC) and so
Bi(~ (x1 A ... A xx)) € w. Now, since B;(x1), ..., Bi(xx) € w, Bi(x1 A ... A xx) € w.
Therefore, B;i(~ (x1A... AXk))ABi(x1A...Axx) € w, which contradicts to the consistency

of w.

d. (s-4) Let v’ € R;j(w) and w” € R;(w'"). Then w/B; C w' and w'/B; C w". Let
¢ € w/B;, then B;(p) € w/B; Cw' and so ¢ € w'/B; C w". Therefore, w/B; Cw". O
Proof of theorem 5.1:
Proof. Let Z = {z,...,zs} and suppose that, without lost of generality, z; is the path
derived from the subgame perfect equilibrium s.

Define a model M = (W, f, Ry, ..., R,, V) as follows:

a. W=2ZU{(v,a):v €N, a+#s(v),buta € Al), t;*(a) ¢ Z} U{z*}.

b. We define V' as follows:

b.1. For any z € Z, let v(z) € N satisfy (1) there exist v(z) = vy, ..., v = 2z such that
to_ (0) = s(vi—1), L =2, .. k; (2) tw(v(z)) # s(v'), where v' < v(2).

b.1.1. If v(z) exists, define V(d,)(v,a),z) = T if and only if v € Path(v(z), z) and
a=3s(),veEN,z€Z ac Aanddefine V(o(v),z) =T if and only if v € Path(v(z), 2),
ve NUZ.

b.1.2. If v(z) does not exist, then define V(o(v),2) = L = V(d;w)(v,a),z) for all
v e N and a € A, and define V(o(z'),z) = T if and only if 2/ = z for all z € Z.

b.1.3. For all z € Z, V(o(%'),2) = T if and only if 2’ = z.

b.1.4. Define V(o(v),2*) = L for all v € N, and define V (d,)(v,a),2*) = T if and
only if a ¢ A(v) for all v € N.

b.2. For any (v,a) € W, define V(d(,) (v, d’), (v,a)) = T if and only if (v/,a") = (v, a)
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and define V(o(v'), (v,a)) = L for all v/ € N.

b.3. For each w € W, V(P;(z,7'),w) = T if and only if (2, 2") €=;, i = 1,..,n, for any
2,2 € Z; V(Py(z,2%),w) =T and V(P(z*, 2),w) = L for all z € Z; V(P,(#,2),w) = L
forall 2,2/ € Z° — Z.

b.5. V(S(v,v"),21) = T if and only if v < ¢’ for all v,v" € N and V(S(v,v’),21) = L
forallv € N, and v' € N° — N.

b.6. For nay w € W, V(d,()(v,a),w) = L = V(o(v),w) for any v € (N°UZ%) — (N U
ZU{z*}) and any a € A.

c. Let ¥ = 2W. Define f({z},2z1) = {z} for all z € ZU {z*}, f{(v,a)},z1) =
[o(t; ' (a))] for all (v,a) € W, and define f(X,2) = X for all other X € X, X # 0.
f@,21) ={=}.

d. For each i = 1,...,n, we define R;(z1) = {z1}.

(s-Det) is true. Notice that V(o(v),z) = T if and only if v € Path(v(z),z) by
(b.1.1.) and since s gives a unique path from each v € N, [o(v)] is a singleton and is
a subset of Z. To check (s-Tran), it suffices to notice that f(X,z;) C Y implies that
f(X,z1) C f(Y,z1) =Y by (c.) forall X,Y € 3.

Then we claim that (M, z) = DC A G. Since, by (b.5.), (M, z) | S(v,v’) if and
only if v < v, and (M, z) E~ S(v,v') for all v € N, v/ € N° — N, it follows that
(M,z) &= NGg. 1t is easy to check that (M, z;) = AGp by (b.3). We shall show that
(M, z1) = NG¢ also. Suppose that a = t,(v).

Case (1): a = s(v). Then, by (b.1.) and (c.), [dr@)(v,a)] = Z(v;s) =45 {2}, and
so o(v') € Path(v(z), z). Thus, f([d-()(v,a)],21) = {2z} = [o(v')]. Therefore, (M, z) |=
dr ) (v, @) > o(v').

Case (2): a # s(v) and a € A(v).

(2.1) v" € N. Then, by (b.1.), [d,)(v,a)] = {(v,a)} and f([d- ) (v, )], z1) = [o(t;*(a))].
Thus, we have (M, z1) = dru)(v, a) > o(v').
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(2.2) v' € Z. Then, by (b.1.), [d;u)(v,a)] = {v'} and so, by (c.), f([drw)(v,a)],21) =
{v'} = [o(v")] Thus, we have (M, z1) = d-()(v,a) > o(v').

Case (3): a ¢ A(v). Then, by (b.1.), [dr(v,a)] = {z*} and so by (c.), f([d-@)(v,a)], 21) =
f{#*}, 21) = {#*} = [o(2*)]. Thus, (M, 1) |= drw)(v,a) > o(z").

Moreover, for any z # 2’ € ZU{z*}, f([o(2)],z1) = {z} CW — {2’} = [~ o(2')] and
so we have (M, z1) = o(z) >~ o(2’). Thus, we have (M, z) E G.

Notice that R;(z1) = {#1} for all 4, and so

(Mv Zl) |: Y= Bi(gp)? (31)

for any ¢ € L.

For any v € N, f([o(v)],z1) = Z(v;s) = [drw)(v,5(v))]. Moreover, Z(v;s) € W —
({(v,a")} U{z"}) €W = [drw) (v, @)]. Thus,

(M, z1) = M(o(v) > drw) (v, 8(v)))A ~ (0(v) > dr)(v,a)) :v € N,a# s(v),a € A}. (32)
Moreover, since R;(z1) = {21} and so (M, z1) = A{PD;(N,s) :i € I}.
Therefore, by (7)-(12),

(M, 1) = M{(RC, A PC,) &

Best:(v),subv),s), (U, $(v)) A (A{~ SBest-(v) sub(v),s, (U, @) a # s(v)}) :v € N} (33)

Combining (32), (33), (31), (5), and (6), it follows that for all v € N,

(M,z1) =
(AN Domr) w(s(v),a) : a # s(v)})
AN~ SDom (v v(a,s(v)) : a # s(v)}) = A(RC, A PC,).

By lemma 4.4 and (32), we have (M, 1) = d;)(v,5(v)) > o(2(v)) (2(v) is such that
Z(v;s) = {z(v)}) and (M, z1) = d-)(v,a) > o(z(t;"(a))) for any v € N. Moreover, by
(Det) and theorem 3.1, it follows that (M, 2z1) =~ (dr) (v, s(v)) > o(2)) for any 2’ # z.
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Since s is a subgame perfect, it follows that for any v € N, z(v) =« 2(t,*(a)) for any

a € A(v). Thus, for any o’ # s(v),

(M, z1) | (drw) (v, 5(v)) > 0(2(0))) A (dry (v,0) > 0(2(t, " (@))) A (Pruy (2(v), 2(8, ' (a)))

and so

(M, z) |~ SDom,(v).(a, s(v)).
For any a # s(v), (M, z1) = (drw(v,s(v)) > 0(2)) A (drw (v,
z=z(v), and 2’ = z(t,(a)). Since (M, z1) = Prv)(2(v), 2(t, *(a))) for any a € A(v) and
since (M, 21) = Prw)(2(v), 2%), it follows that

a) > o(2')) if and only if

(M, z1) = M Dom(v),0(s(v),a) : a # s(v)}.

Therefore, we have (M, z;) = A{RC, A PC, : v € N}.

Combining the results, we have (M, z;) | DC A G. By (32), we also have (M, z;) |
D,(s). These give us that (M, z,) = DC A G A Dy(s). From (31), it follows that

(M, z) ENBY(DCANGAD(s)):k=0,.. K}

We give a general proof for the theorem 5.3.

Theorem 7.1. Suppose that dep(vy) = K > 2. Then
(MB*(DCAG) : k=0,..., K —2}) A (A{~ Dr(u)(vo,a) : a € A})
s a consistent formula.

Proof. Suppose that 7(v°) = 1. Let z; be the terminal node such that there are v° = vy,

V1, U1 = 21 and vy < vgy1, k=0, ..., K. Consider a model M as follows:
M= (W, f Ry,....,R,, V), where

a. W= ZU{(v,a) : v € N,a # s(v),a € Av), t;'(a) ¢ Z} U {wy,...,wxg_1} U

{w*} U{z*}, wy,...,wg_1, and w* are assumed to be different from any z € Z° and any
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(v,a) € N x A and from each other. We also enumerate Z as {z1, ..., 2k, ..., 2x+ }, where

K*=|Z| > K. W.lLo.g., we assume that z is lead by s.
b. V is defined as follows:

b.l. (w e ZU{z*}, Pgr, Pnz) For any z € Z, let v(z) € N satisty, if any, (1) there
exist v(z) = vq,...,uy = z such that t,, (v) = s(v_1), | = 2,....,k; (2) ty(v) # s(v'),

where v/ < v.

b.1.1. Case 1: v(z) exists. Assign V(d,w)(v,a),2) = T = V(o(v), 2) if and only if
v € Path(v(z),z) and a = s(v) forall v € NUZ and a € A. For all other p € OrU Py,

assign V(p,z) = L.

b.1.2. Case 2: v(z) does not exist. Assign V(d,(v,a),z) = T = V(o(2'),2) if and
onlyifv < z,t,(2) = a,and 2/ = z, forallv € N and 2’ € Z. For all other p € ®crUPy 7,

assign V(p,z) = L.

b.1.3. Case 3: z = z*. Assign V(d;(v,a),z") = T = V(o(z*),2") if and only if
a€ A aé¢ A), for all v € N. For all other p € ®gr U Py, assign V(p,z*) = L.

b.2. (w = (v,a) € W, ®gr, Pnz) Assign V(d.)(v',d'), (v,a)) = T if and only if
(v',a") = (v,a) for all (v,a) € N x A. For all other p € PgrUP Nz, assign V (p, (v,a)) = L.

b.3. (w=wy k=1,... K — 1, and w*, ®gr, Pnz) Define N* = {v € N : dep(v) =
k} N Path(z), k = 1,..., K. Since dep(v°) = K, N¥ # ( for all k = 1,..., K, and clearly
IN*| = 1. Let N¥ = {v;}. Assign V(o(vp),wy) = T if and only if &’ > k for k' =1,..., K.
For all other p € ®gr U Pyyz, assign V(p,wg) = L. For all p € &g U Pyyz, assign
V(p,w*) = L.

b.4. (Pp and dg) For each w € W, z,2/,2" € Z, and for each i € I, assign
V(P,(#,7"),w) = Tifand only if 2’ >=; 2", and assign V(P;(Z/, z*),w) = T, V(Pi(z*, '), w)
1. Assign V(S(v,v"),w) = T if and only if v,v" € N and v < v'. For all other p € ®sUPp,
assign V(p,w) = L.

c. Let ¥ = 2W. We consider the construction of f for z,..., zx and w* only. For

any v # v, k=1,.., K, [o(v)] = Z(v; $) =aer {z(v;9)}. [o(vi)] = {z(vk; s), w1, .., we—1}
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Moreover, [d-)(v, s(v))] = {z(t, (a); 5)}, [drw)(v,a)] = {(v,a)} if a # s(v),a € A(v) and
Sub(v) # 0, [drw)(v,a)] = {z*} if a ¢ A(v), and [d,)(v,a)] = {t,; (a)} if Sub(v) =0 and
a € Av).

c.1. We define f(X,w*) = {w*} for all X € X.

c.2. For 2/ = z9,..., 2k, define f({z},2") = {2} for all z € Z, and f({(v,a)},?) =
lo(t;(a))] for all (v,a) € W.

(%

c.3. Consider z, € W, k = 2,..., K. We define f({z(vp;$), w1, ..., wp_1},2x) =
{z(vg; )} it K < k and f({z(vi; $), w1, ..o wpr—1}, 2k) = {z(vpr; 8),w*} if &' > k. For any
subset Y C {wy, ..., wx_1}, let f(Y,2,) = {z1}. For all other nonempty X € ¥, we define
f(X, z) = X. Let f(0,2) = {21}

d. Let iy = 7(v), k = 2,...., K. We define Ry, ..., R, to be the partitions of
{z2, ..., 2z, w*} as follows: (d.1) R;,(w*) = {z,w*}, and R;(w*) = {w*} for all other
i #ig. (d.2) Rij(22) = {23, 22}, Ri(22) = {22} for all ¢ other than iy and i3. (d.3) Suppose
that R;(z,—1) has been defined for all 4, k& > 2. Then define R;,, (2x) = {2k, 2x+1} and
define R;(zx) = {zx} for all ¢ other than i, and iy.

First we check that M is a model that satisfy (s-Tran) and (s-Det). (s-Det) is clearly
true. Now, (s-Tran) holds at w* since f(X,w*) = f(Y,w*) for any XY € X. Fix
some k € {2,..., K}, and consider z;. Suppose that f(X,z;) C Y and f(Y,z) C Z. If
Y C f(Y,2), then f(X,2;) C Z. Suppose that Y ¢ f(Y,z). Then, by (c.), Y has the
form {z(vg; $), w1, ..., wp—1} or is a subset of {wy,...,wx_1} or is {z} for some z € Z.

Case (1): Y has the form {z(vy;$),wq,...,wp_1} for some k’. Since f(X,z;) C Y,
by (c.), X = {z(vgr;s), w1, ..., w1} for some k" < k and z(vgr;s) = z(vg;s). Then
X z) = {z(uw; )} C (Y, 2) € Z.

Case (2): Y C{wy,...,wg_1}. Then there is no X such that f(X,z;) CY.

Case (3): Y ={z}. Then f(X,2,) =Y C Z.

Thus, we have that M satisfy (s-Tran) and (s-Det). We shall show that (M, z) = G, for
each z = 29, ..., zx. Fixsuch a z;. By (b.4.), it is easy to check that (M, z) = A(GpUGg).
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By (b.), we have [o(z)] = {z} for any 2 € ZU{2*}, and [o(z)] = 0 for all z € Z°—(ZU{z*}).
Thus, it is to see from (c.) that (M, z;) E A{o(z) >~ o(7') : z,2' € Z°}. We shall show
that (M, z) = AGe also. Suppose that a = t,(v').

Case (1): a = s(v). Then, [d-()(v,a)] = Z(v;s) =qey {2}, and so o(v') € Path(v(z), 2).
Thus, f([d:w)(v,a)], z) = {2} = [o(v")]. Therefore, (M, z,) |= d-@(v,a) > o(v').

Case (2): a # s(v) and a € A(v).

(2.1) " € N. Then, by (b.2.), [d;)(v,a)] = {(v,a)} and f([d () (v, a)], z) = [o(t; " (a))].
Thus, we have (M, z,) |= d-)(v,a) > o(v').

(2.2) v" € Z. Then, by (b.1.2.), [d;u)(v,a)] = {v'} and so, by (c.), f([d-()(v,a)],2) =
{v'} = [o(v")] Thus, we have (M, z) = dr)(v,a) > o(v').

Case (3): a ¢ A(v). Then, by (b.1.3.), [d;)(v,a)] = {z"} and so by (c.), f([drw)(v,a)], z) =
F{z ) 2) = {27} = [o(27)]. Thus, (M, 2) | d-)(v,a) > o(2%).

Moreover, we claim that V(D,u(v,a),z) = L for all v = v, ..., vk, a € A, and

V(D;wy(v,a), z,) = T if and only if a = s(v) for all other v € N, a € A.

(1) Consider any k' = k, ..., K. Then, [o(vy)] = {z(v; $), w1, ..., w—1 } and f([o(vi)], zx) =
{z(vp;s),w*}. Since (M,w*) E~ dru)(vi,a) for any a € A, (M,z,) =~ (o(vw) >
dr(v)(w, @) for any a € A.

(2) Consider any k' = 2,...k—1. Then, [o(vy)] = {z(vg;s),wy,...,w_1} and
f(lo(vw)], zk) = {z(vw; )} Since (M, 2(vps;8)) | drw) (0, $(0r))A ~ driy (vrr; @) for
any a # s(vy), a € A, it follows that (M, z;) = o(vy) > drw)(vw,a) if and only if

a=s(vy), ac€ A.

(3) Consider any v # v, ...,vx, v € N. Then [o(v)] = {z(v;s)} and f([o(v)],zx) =
{z(v;s)} and (M, {z(v;s)}) E drw)(v,5(v))A ~ dr@)(v,a) for any a # s(v), a € A.
Therefore, (M, ;) = o(v) > dr)(v,a) if and only if a = s(v), a € A.
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Therefore, we have the following, for k =2, ..., K,

(M, z) = G AN (M(o(v) > drwy(v, 5(v))A ~ (0(v) > dr)(v,a))

veN,a€ Aa+#s),v#vg, ..., vk}). (34)
and
(M, z1,) = (M~ (o(v) > drv)(v,a)) :a € Ajv = v, .0k }). (35)
But we have
(M,w*) =~ G. (36)

Now we shall show that for each k = 2,.... K, (M, z) = DC. For all k =2, ..., K, we
have (M, z;) =~ Sub(v°,v) for any v € N° — N, it follows that for each k =2, ..., K,

(M, z,) E (MDC, :veN}) = DC.) (37)
Since we have
(M, 2) = Sub(v, Sub(v)) A (A{~ Sub(v, N') : N' C N, N’ # Sub(v)}),

it follows that
(M, Z) |: PC, N RC, & PCU,Sub(’U) VAN RC’U,Sub(’U)' (38)

Since s is a subgame perfect equilibrium, and by (34), it is easy to check that for each

k=2, ..,K and for all v € N, v # vy, ..., v,

(M, z1,) = Bestr(v),5ub(w).sl. (V, 5(V))

NN~ SBest(v),subv),s|, (v, a) : a # s(v),a € A}), (39)
and for v = vy, ..., v, since by (35),
(M, 24) eme (Mo(t') > dyioy (0, 5(t/)) - v/ € Sub(v)}),
it follows that

(M7 Zk) ): /\{BQStT(v),Sub(v),sh (Ua CL)
/\SBGStT(v),Sub(’U),S|U (v, a) ja € A}) (40)
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Similarly, since, for any v € N,

(M, w*) B~ (Mo(v') > dry (v, 5(0")) s v € Sub(v)})

AN~ (dry(v,a) > 0(2)) 1 2z € Z°,a € A}),
it follows that
(M, w*) = AN{Bestrw),subv) s, (Vs @)
NS Best (), sub(v) s, (V, @) 1 a € A}). (41)
Thus, for each k =2, ..., K and for each v € N, v # v, ..., vk,
(M, z1,) = (M~ Bi(SBestr(v),sub(v),sl, (v, @) 11 € I,a # s(v),a € A}). (42)
Combining (39), (40), and (41) with (d.), for z = 21, ..., zx_1, for all v € N,

(M, Z) ): (/\{Bi(BestT(v),gub(v),s“ (U, S(U))) 11 € I}) (43)

For v € N such that Sub(v) = 0, by (38),
(M,Zk) ): PCU /\RCU ~

{(D7)(v,a) = Best @ 0(v,a)) A (SBest () 0(v,a) = Drw)(v,a)) :a € A}

Since V(D-)(v,a),z) = T if and only if a = s(v) for z = 25, ..., 2k and for all v € N such
that Sub(v) = 0, by (34), it follows from (39) that, for k =2, ..., K,

(M, zx) E N{PC, AN RC,, : v €V, Sub(v) = 0}. (44)

Fix a k € {2,..., K}, and consider any v € N such that Sub(v) # (.

Case (1): v # vy, ..., vk. Since, by (34) and (35), (M, zx) = D-()(v',a) only if a = s(v')
for all v € N, it follows that (M, z) = PDyqy(Sub(v’),t) only if ¢ = s|supe). Thus, by
(43) and (38), (M, z;) = RC,; by (34), and (39), (M, z;) = PC, < Dyu)(v,s5(v))V ~
PD;)(Sub(v), s|,). Therefore, for such v, we have

(M, z,) = PCy A RCy < (Drw)(v,5(v))V ~ PDyiy (Sub(v), sly)). (45)
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By (38) and (34),

(M, z) = (N{PC, ANRC, : v # vg,...,ug }). (46)

Case (2): v = vg,...,vx (notice that Sub(vy) = (). For each k' = 3,..., K, by (d.),
Ri(zr) C{zk-1,..., 2k} for all i € I, and R;(zx) C {2y, ..., 25} for all i € I other than
i. Moreover, R;,(22) = {z,w*}. By (34) and (35), (M, z) = D;w)(v,s(v)) A (A{~
Drwy(v,a) :a# s(v),a € A}) for v =1, ...,v4_1, and (M, z) = A{~ Dy (v,a) :a € A}

for v = vy, ..., vg. Thus, we have

(M, z) = (AM{~ Bik(DT(vk—l)(vk_l’a)) ta € A}), (47)

(M, z1,) E (M~ Bi(Drw)(v,a)) : v = v, ..., vk, € I,a € A}), (48)
(M, Zk’) }Z Ple(N - {Uk:—la ...,’UK},S), (49)

(M, z) E N{PD;(N — {vg, ..., vk },8) : 1 # i)} (50)

By the same reason as in Case (1), we have (M, z;) = RC,. It remains to show that
(M, z,) = PC,. Notice that by (39), for v = va, .., vp—1, (M, 2) = Dy)(v,s(v)) = PC,
and for v = vy, ..., vk, (M, 2zi) E~ PD;)(Sub(v), s) = PC,.

For any v = vy, ..., vp—1, (M, 2;) = Dr)(v,5(v)) and so (M, z,) = PC, A RC,. For
vV = Ug, ..., Vg, by (47) and (48), it is easy to check that

(M, Zk) ):N PDT(U)(Sub(U), 3|Sub(v))
and so, (M, zx) = PC, A RC,. Finally, consider v = vy. By (47),
(M, Zk) ):N PDZk (Sub(’uk), 5’Sub(vk))

since (M, z;) = (N~ B;, (vg-1,a) : a € A}). Thus, (M, z) = PC,, N RC,

e

We have shown that, for k =1,..., K — 1,

(M, z,) = AN{PC, A RC,, : v € N°}. (51)
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Combining (34), (37), and (51), we have for k =1,..., K — 1,

(M, 2.) = G A DC. (52)

We show by induction that, for £ =2, ..., K, and for ¥’ > k,
(M, 2,) = AM{B;(B*"2(DC AG)) A B¥2(DC ANG) : i # ix}.
Consider k = 2. For all £’ > 3, and for each i € I, R;(z) is included in {zs, ...., zx }.

Moreover, for all ¢ other than iy, and for all &' > 2, R;(z) is included in {zs,...., zx }.

Thus, for &' > 2,

(M, Zk/) IZ (/\{BZ(DC/\ G) 1 el 7& 22}) A\ (DO/\ G)

Suppose that the claim holds for all [ < k, k£ > 1. Then we have for all £’ > k,
(M, z) = (MBi(B*2(DC A G)) i # 4, }) AN BF"2(DC A G).
Now, k" > k + 2 implies that R;(zx») C {zk+1, ..., 2K }, and so for such £”,
(M, z1) = (N Bi(B*¥"3(DC AN G)) i € T}).

This implies that
(M, Zk//) ): Bk_l(DC A G)

Moreover, by (d.) and the assumption iy # i54+1, Ri, (2k+1) € {211, ..., 2k }, and so we

have

(M, zp41) | Biy(B**(DC A G)).
Combining this with the induction hypothesis, we get
(M, z41) = B¥"Y(DC A G).

Finally, £” > k + 1 implies that R;(zx/) C {241, ..., 2} for all i € I other than iz, it
follows that
(M, 2) = (MBi(B*"H(DC A G)) 24 # i1 }).
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This finishes the induction.

Thus, at zx, we have
(M, 2x) = (MBy(BX2(DC ANG)) :i #1}) A BE2(DC A G).

By (35),
(M, zg) = (M~ Di(v%,a) : a € A}.

Combining these results we get

(M, zi) = BE72(DC A G) A (AN~ D1(v°,a) : a € A}).

Since we have (M, zx) = B;(p) = ¢, it follows that
(M, 2x) = (MB*(DCAG): k=0,..., K —2}) A (AM{~ Di(v°a) :a € A}).
By theorem 3.1,
(MBY(DCAG):k=0,...,K —2}) A(A{~ Di(¢°,a) : a € A})

is a consistent formula. O
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