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Abstract

This paper generalizes the notion of common p-beliefs to situations of am-
biguity or Knightian uncertainty. When players have multiple prior beliefs,we
show that Aumann’s no-agreement theorem can be approximated. We also
provide conditions under which purely speculative trade does not occur in the

presence of ambiguity when players preferences are complete or incomplete.

1 Introduction

The notion of common belief was introduced by Monderer and Samet (1989) as a
way of approximating common knowledge. They developed this concept and ana-
lyzed its implications for interactive decision making when the players are faced with
situations of risk only. In scenarios of risk, each player forms beliefs over the possible
states of the world using a single probability measure and evaluates actions using

their subjective expected utility (Savage, 1954 and Anscombe and Aumann, 1963).
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However, there are situations in which the players distinguish between risk which
may be insured against by trading in markets and uncertainty, which may not. In
particular Knight’s (1921) description of uncertainty suggests that individuals may
be averse to situations where a probability distribution over the states of the world
is not objectively provided. Ellsberg’s (1961) experiments provided evidence of this
phenomenon and suggested that Savage’s (1954) sure-thing principle might not be
applicable in situations such as those described by Knight (1921), where a decision
maker faces cognitive or informational constraints that leave him uncertain about
what odds apply to the payoff relevant events.

There is now a large literature on individual decision-making under Knightian un-
certainty or ambiguity, starting with the multiple-prior models of Gilboa and Schmei-
dler (1989) and Bewley (1986) and the non-additive probability model of Schmeidler
(1989). In the multiple-prior models, individuals use a set of probability measures
rather than just a single probability measure to determine the expected utility from
actions. The implications of these alternative theories of individual decision-making
in interactive and market settings are now being analyzed by, inter alia, Ahn (forth-
coming), Bose et al. (2006), Lo (1996, 1999), Rigotti and Shannon (2005), Lopomo
et al. (2006).

In this paper, we extend the notion of common belief as an approximation of
common knowledge to settings when the players have multiple-prior beliefs. We then
examine whether the well known ‘agreeing to disagree’ theorem of Aumann’s (1976)
seminal work and the ‘no speculative trade’ results of Milgrom and Stokey (1982)
can be extended to the setting of Knightian uncertainty. Monderer and Samet (1989)
and Neeman (1996) generalized Aumann’s (1976) result when the asymmetrically
informed players have a common singleton prior and the posteriors held by the players
are commonly p-believed. Kajii and Ui (2005) established a version of the result that
holds when the players share common multiple priors and the set of posteriors is

commonly known.



A significant literature has focused on whether purely speculative trade exists
in complete markets and the answer is negative even in the presence of asymmetric
information. Milgrom and Stokey (1982) initiated this line of investigation by estab-
lishing that if such trade was common knowledge and the players were initially at a
Pareto-optimal allocation, then the players would be indifferent between trading and
not trading at all. Wakai (2002) extended the Milgrom-Stokey result to the Gilboa-
Schmeidler (1989) model of multiple-priors. Sonsino (1995) showed that such trade is
impossible if the players have singleton priors and it is commonly p-believed that all
traders want to trade. We establish that if the players have dynamically consistent
preferences, then even in the presence of multiple priors, purely speculative trade is
ruled out if the acceptance of trade is commonly p-believed.

The paper is organized as follows. We introduce the notion of common belief in
the presence of multiple priors in the next section. Sections 3 and 4 extend Aumann’s
(1976) no-agreement theorem and the no-speculation result of Milgrom and Stokey
(1982) to the case of common belief with multiple priors and section 5 concludes. All

proofs are presented in the appendix.

2 Beliefs and common beliefs

(Q,Y) denotes a measurable space where (2 is the space of states of the world, with
typical element w, and ¥ is the o-algebra of events. Let { 1 };.]:1 denote a (countable)
family of probability measures on (2, %) which are the extreme points of the closed
convex set of measures ji. The set of players is finite and is denoted I while II; is
player i's (measurable) information partition of 2 with countably many elements.
All elements in II; have positive measure with respect to each ;. Denote by F; the
o—algebra generated by Il;, i.e. F; is the collection of all unions of elements of II;.

We first note the notion that a player p-believes an event according to some measure

in the set {,uj };.]:1.



Definition 1 Player ¢ p-believes E € ¥ at w according to measure j if

pi (Bl (w)) = p

The event that player i p-believes E according to measure j is given by

By (E) = {w|p; (E|; (w)) > p} .

When players have multiple priors, the natural notion of p-belief is that a player
p-believe any event according to all the measures in the set of priors as noted in
the following. This notion of p-belief is also adopted by Ahn (forthcoming) for the
specific case of common 1-belief as a definition of common knowledge. In the case of
a singleton prior, Brandenburger and Dekel (1987, 1993) provided a detailed analysis

of why this ‘almost sure’ notion of knowledge is the appropriate one.

Definition 2 Player i p-believes E € ¥ at w if for all j

pi (Bl (w)) = p

This definition of p-belief is consistent with the Gilboa-Schmeidler (1989) repre-
sentation for complete preferences and with the Bewley (1986) representation for in-
complete preferences under Knightian uncertainty. The event that player ¢ p-believes

E at w is given by

B (E) = {w|u; (E|TL; (w)) > p for all j}

)

and clearly

B (E) = (i, B} (E).

We now note some properties of the operator BY that will be used in the results

of sections 3 and 4. The following generalizes proposition 2 in Monderer and Samet
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(1989) to the case of multiple-priors.

Proposition 1 For each p € [0,1] and E, F € X, the following hold.

(1) Bi (E) € Fi

(2) If E € F; then E C BY (E), with equality if p > 0 or if E =
(3) B/ (B} (E)) = Bj (E)

(4) If E C F then B (E) C B? (F)

(5)

(6)

If (E™) is a decreasing sequence of events then BY (N,E™) =N, B (E™)
For all j, p; (E|BY (E)) > p

Anevent E € X is called evident p-belief with respect to measure p; if E C B}, (E)
for all 7. So, an event E is evident p-belief if E C BY (F) for all i. The definition of
common p-belief for the case of multiple priors is then just the same as the case for

singleton prior.

Definition 3 An event C' € X is common p-belief at w if there exists an evident

p-belief E such that w € E and E C BY (C)

Monderer and Samet (1989) show that common p-belief can also be characterized
by an iterative prodedure, which is described in the following. First we define the

iterative process itself.
Definition 4 E? (C) = N,,,>1C™ where C° = C and form > 1, C™ = BY (C™1)

The following result, which is essentially the same as proposition 3 in Monderer
and Samet (1989) then shows that common p-belief is also characterized by the above

iterative procedure in the multiple-prior case.

Proposition 2 For any event C and p € [0,1], (i) EP (C) is evident p-belief and
E? (C) C BY(C) for all i and (i) C is common p-belief at w iff w € EP (C).

The second part of the above result establishes that E? (C') is the event that ‘C

is common knowledge’ as in the case of a singleton prior.
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3 Agreeing to disagree

Aumann (1976) showed that the posteriors formed over an event by players, who share
a common singleton prior, must coincide if they are commonly known. Monderer and
Samet (1986) and Neeman (1996) generalized this result to case of common beliefs and
showed that if the posteriors are common p-belief then they cannot differ by more than
(1 — p). We now note a generalization of this ‘agreeing to disagree’ result to the case
of multiple prior p-beliefs. Given an event F' € X, let f;; (w) = p; (F|I1; (w)) for all j.
Let r;; € [0, 1], we denote the fact that player ¢ has posterior beliefs r; at w by setting
{fij W)}, = {riy};_;. Let r; be the closed interval [min; ry;, max;ri;] = [ra,r]].
Since [i is a closed convex set, for every = € r;, there exists some p € i such that
p (F|IL; (w)) = z. Denote by f; (w) the closed convex hull of {f;; (W)};L:y Denote
by C the event that {f;;};_, = {rij}?zl or equivalently f; = r; for all ¢, i.e., C =

n
j:

Nuer {ul {£s @]} = ¥y | = Nier {olfi @) =

Proposition 3 Suppose C' is common p-belief at some w € €1, then there exist 7; € 1;

and Ty, € ry, such that |r; — 7| < (1 —p)

The bound can in general not be improved as shown by the example in Neeman
(1995). Also, the next example shows that we can not do better than the existence
of some 7; € r; and 7y, € ry such that |7; — 7| < (1 — p), i.e. it is not in general true
that either |ry; — 7| < (1 —p) or |rf —ri] < (1 —p).

Example Let a,b € (0,0.2), a # b.Let Q = {1,2,3,4,5}, & = 2% and define
i {p €A p=Apr +(1— A pa}, where py (4) = a for A € {{1},{2},{3}}.
p1(A) = 2a for A € {{4},{1,3}}, p1 ({2,4}) = 3a, and p; ({5}) = 1 — 5a and
p2(A) =bfor A e {{1},{2} ,{4}}, p2(A) = 2b for A € {{3},{2,4}}, p2({1,3}) =
3b, and py ({5}) = 1 —5b. Let the information partitions for player 1 (II;) and player
2 (IIy) be ITy = {{1,3},{2,4},{5}} and II, = {{1,2,3,4},{5}} .Then for the event
F ={1,2}, it is common 1-belief at state 1 that f; (1) =r; =[1/3,1/2] and f2 (1) =
ro = {2/5}. So, r1 N1y = {2/5} and we also have that |r.; — 72| = 1/15 > 0 and
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lry — 13| =1/10 > 0.
In the above example, if the set of priors is not closed, i.e., if we just consider the
extreme points {py, po} of 1 as the set of priors, then the players have no posterior

beliefs in common even when these are commonly 1-believed.

4 Impossibility of speculative trade

We now consider whether it is possible for players to engage in speculative trade
after the arrival of private information if it is common p-belief that all traders want
to trade. Our presentation follows those of Milgrom and Stokey (1982) and Sonsino
(1995).

Consider a (random) pure exchange economy comprised of the I players with L
commodities in each state of the world with RZ denoting the consumption set of
each player i € I in every state of the world. The (ex-ante) preferences of player i
are denoted by 7-; and the F;-measurable function U; : §) X Ri — R denotes her
von-Neumann-Morgenstern utility.

In what follows, 7=; are represented by the Gilboa and Schmeidler (1986) structure
with i as the closed and convex set of prior probabilities which is common across all
players. In addition, following the work of Epstein and Schneider (2003) we assume
that g is rectangular with respect to all the elements A € ¥ and that the priors are
mutually absolutely continuous, i.e., for any A € X\(, if there exists j; € J such
that p; (A) =0 then p; (A) =0 for all j € J.

If =-; are represented by the Gilboa and Schmeidler (1986) structure, then for any

F;-measurable consumption contracts x,y : {2 — RJLF,

r 7y < min B, [U; (r)] > min E,, [U; (y)] .
HET HET

Monderer and Samet (1989) established that in the case of Bayesian games with a

singleton prior p, when the game being played is common p-belief among the players



then for any Nash equilibrium strategy profile in the complete information game,
there exists an equilibrium strategy profile in the incomplete information game that
is very close to equilibrium strategy profile which would be played when the game is
common knowledge. In particular Monderer and Samet (1989) prove this when the
players behave as e-maximizers for some ¢ € R (suitably restricted), i.e., each player

i has preferences 77; . where

T Ziey & E, Ui (2)] =2 E, Ui (y)] + e

We adopt the same approach to players preferences in the case of p-beliefs. So, in the

case of multiple priors [,

T Ziey< minE, [U;(z)] > min E, [U; (y)] +¢.
nER ER

If x ;. y, then player ¢ weakly e—prefers contract = to contract y.
When players have private information in the form of the partitions {IL},_,, we

denote the conditional (or ex-post) preferences of player i at w € Q by 77, ., so that

T Ziwy & min £, [U; (2) [T (w)] > min £, [U; (y) [ (@)] -

KER HER

Also, we define 77, ,, . in the obvious way, i.e.

T Ziwe y & min E, [U; (x) |TL; (w)] > min £, [U; (y) [IL; (w)] + €.

BER BER

The endowment of player i is denoted by the F;—measurable function e; : Q2 —
RY . An allocation of consumption contracts © = (x;),; is feasible iff z; : Q@ —
RY is F;—measurable for all i and >, ,z; (w) < >, ;e (w) for all w € Q. An
allocation y is ex-ante Pareto optimal iff there is no feasible allocation = such that
(a) ming,ep £, [U; (x)] > min,eq £, [U; (y)] for all ¢ and (b) there exists i € I with
mingep By, [Uy (2i)] > minyen B, [Us (yo)].



A feasible allocation z is e—preferred to the endowment allocation e by the players
at state w, denoted = >, . eiff (a) min, ez £, [U; (x) |[II; (w)] > min,ez £, [U; (e) [IL (w)]+
¢ for all i and (b) there exists ¢’ € I such that min,e; E,, [Uy ()] > min,e; E,, Uy (e)]+
e. Denote by A (¢) the event that the players e—prefer z to e, i.e. A(e) = {w|z =, €}
and using the result of proposition 2 denote by EP [A ()] the event that A (¢) is com-
mon p-belief. We assume that esssup, Ui (; (w)) — Uj (e; (w)| < M < oo for all
j € Jandalli € I, where M > 0. The following result shows that purely speculative

trade can be ruled out under Knightian uncertainty if p is high enough.

Proposition 4 Let e be the ex-ante Pareto optimal endowment allocation and let x

be a feasible allocation. For 1/2 <p <1 ande > (1—p)M,
p; (EP [A(e)]) = 0 for all j.N

As a consequence of proposition 4 we can also rule out the possibility of speculative
trade when players perceive ambiguity in the sense of Bewley (1986) and have incom-

plete preferences, =7 | i.e. any F;-measurable consumption contracts x,vy :  — Rﬁ,

) o~ )

7

vl ye E, U (2)] > E, (U (y)] forall p € p.

We can then define (>B =B =B )ie ; in the obvious way.

~1,E) Ni7w’ N’L‘7(IJ76

Defining the F;—measurable function z = x — y, we have that

¢ =Py & minE, (U, (2)] 2 0
HER

If we normalize U; for all ¢ so that U; (0) = 0, this observation allows us to obtain

the following result for an exchange economy, called the Bewley economy, where

!/

the players preferences are (*B and the endowment allocation is ¢’ = (¢});c;,

~t )iel

e — Ri is F;—measurable for all 7. Let x be a feasible allocation in this economy

and denote by A’ (¢) the event that the players e—prefer x to €, i.e. (a) £, [U; (z;)] >



E,[U;(€))] + ¢ for all p € Vi for all ¢ and (b) E, [U; (z;)] > E, [U; (€;)] + ¢ for all

1 € i for some 1.

Corollary 1 Let €' be the ex-ante Pareto optimal endowment allocation in a Bewley

economy and let x be a feasible allocation. For 1/2 <p <1 ande > (1 —p) M,

py (EP[A €)]) = 0 for all j

5 Conclusion

We extend the notion of common belief to settings of ambiguity and showed that
some results from the settings of risk would continue to hold in the former. We do not
consider our analysis as suggesting that the distinction between risk and uncertainty
is moot. In fact, our analysis shows that when ambiguity exists it can cause significant
departures in outcomes of interaction among players unless fairly strict conditions are
satisfied.

Our analysis is a first step toward analysing the robustness of equilibrium actions
of players under Knightian uncertainity when common knowledge is approximated by
common belief. We also propose to further generalize the notion to common belief
under Knightian uncertainty when the players’ beliefs are smoothly ambiguous, i.e.
the players have a probability measure over their set of priors (see Klibanoff et al.
(2005) for an analysis of decision making in this setting). This extension will allow
for us to analyze a question that arises naturally in the case of multiple priors - what

happens when players only p-believe an event with a subset of their set of priors?

6 Appendix

Proof of proposition 1

(1) B} (E) = N;B}; (E) € F; since B}; (E) € F; for all j. Note that Bj; (E) € F;
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follows from the fact that if w € Bj; (E) then II; (w) C By (E) and II; is a countable
set.

(2) E € Fi = FE = Ugegpll; (w) and since II; is countable, £ is a union of at most
countably many events. Then w € F = II; (w) C E, so p; (E|ll; (w)) = 1 > p for
all j and hence w € B} (E). If w € BY (F) and p > 0, then w € F since w ¢ E
= E NI (w) = 0 so that y; (E|Il; (w)) = 0 for all j. If p =0 and E # Q then for
w € Q\E, p; (E|II; (w)) = 0 for all j so that w € By (E).

(3) Let w € BY; (Bl (E)). Then p; (BY (E)|IL; (w)) > p. If p > 0, then II; (w) N
BI(E) £ 0 = iy (Bl (@) > p = w € BL(E). Ifp =0, then s, (E|IT; (w)) >
0= w e B (E). Let w € B (E). Then p; (E|Il; (w)) > p = II; (w) C B, (E) =
p; (B (E) | (w)) =1 > p = w e By (B! (E)). Now consider w € B (E). Then
p; (B (W) > p for all j = II;(w) C Bj; (E) for all j = II; (w) C B (E) =
p; (BY (E) |1l (w)) = 1 > p for all j. So, w € By (B} (F)). Now, suppose w €
B} (B} (E)). Then p; (B} (E)|IL; (w)) > p for all j. If p > 0, then II; (w) N B} (E) #
0= p; (E|IL; (w)) > pforall j = we By (E). If p=0, then y; (E[II; (w)) > 0 for j
= w € BY(E).

(4) w € BY (E) = p; (E|lI; (w)) > p for all j = p; (F|II; (w)) > p for all j since
ECF =we B’ (F).

(5) Let w € N,B}; (E"). Then pu; (E"|II; (w)) > p for all n. By continuity of
the (conditional) measure (and the fact that weak inequalities are preserved in the
limit) po; (N, B (W) = limy, o0 pr; (E™ 1L (w)) > p, s0 w € By (M, E"). If w €
Bj; (N £™) then p; (E™|11; (w)) > p for all n since N,,£™ C E™ for all n. Now
consider w € B} (N, E™), then for all j, p; (E™|Il; (w)) > p, so that w € N, B} (E").
If w e N, B (E™), then for all j, p; (E"|II; (w)) > p and so using continuity we have
that for all j, p; (N, E"|IL; (w)) > p = w € BY (M, E™).

(5) B (E) €Fi = BJ;(E) = Upekll; (wy) where K is countable since II; is
countable. For any II; (wr), p; (E|IL (wi)) > p & p; (BN (wr)) > ppy (T (wr)).
S0, Do per iy (BN (wi)) > p e i iy (i (wi)) = p; (E|BY; (E)) > p. Now con-
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sider BY (E) € F; so that B (E) = Ugegll; (wy,) where K is countable. For any
IL; (W), p; (B (wg)) > p for all j < p,; (E NI (wg)) > ppy (T (wy)) for all j. So,
S eer by (EOTL (1)) 2 p Sy iy (T () for all j = g, (BB (E)) > p for all
j.m

Proof of proposition 2

(i) Note that C™ is a decreasing sequence since for all ¢ and m > 1, C™ C
B (C™1) = BY(C™) C BY(BY(C)) = BY(C) so that for all m > 1, O™ =
Nier BY (C™) C Ny BY (C™~1) = C™. Now, for allm > 1, EP (C') C C™*1 C BY (C™)
= EP(C) C NMerBY (C™). So, for all i, E? (C) C Nyp>1BY (C™) = BY (Ny>1C™) =
BY (E? (C)) . Also, E? (C) C C' = BY (C) by definition.

(ii) If w € EP(C), then using (i), we have that C' is common p-belief at w.
Suppose C' is common p-belief at w. Then there exists an evident p-belief £ such
that w € F and E C Nie;BY (C) = C'. Suppose E C C™, then BY (E) C B (C™)
for all i. So, E C N;ie;BY (C™) = C™*!. Hence, E C C™ for all m, i.e., E C E? (C)
=we k()N

Proof of proposition 3

If C is common p-belief at w then there exists an evident p-belief £ with w €
E and E C Nie/BY (C). Now BY (E) € F;, so there exists a countable collection
of Fi-measurable sets {Il;},., such that B} (E) = Uilly. Also, E C B} (C) =
BY (E) C BY (BY(C)) = B (C). So, for every j,

1 (Nker By, (E) L) > p; (E[IL;) > p for every
= 1 ((Mker By (E)) N1Ly) > pp; () for every [
= > er My (Meer B (E)) NTLy) > p ) ey sy (i)
= 1y ((Mwer Bj; (E) N BY (E))) = pp; (B (E))

= p; (Meer By (E) | B} (E)) = p.
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Also, for all 7,

Twi < pj (F|Iy) <} for every |

= Tty () < py (F O ILy) < ripg () for every |

= T ZZGL g (Iy) < ZleL Hj (FNILy) <! ZleL g (i)
= 1ty (Bi (E)) < py (F N B} (E)) < rjp; (B (E))

= Ty < U (F|BY (E)) <rr.

Since r; is a closed interval for all i, the only case we need to focus on is when for
ik el i#k, rf <ryg. Let p, (i) € argmin;r;, ie., p, (i) (F|II; (w)) = ry and
p* (k) € argmax; ry, i.e. p* (k) (F|II (w)) = ry.

Now, for all j and any G € X,

pi (GIB} (E)) = p; (G| By (E) N By (E)) p; (B (E) |B} (E))
> p(G|B} (E) N B (E)) p-

In particular, min {y; (F|B} (E)),p; (F|By (E))} > p,; (F|BY (E) N B} (E)) p for all
- Now, 1, (i) (FIB () < 1} and p, () (FIB () > p. (i) (F|B! (E) 0 B () p.
Also, rx < g, ) (FIBL (B)) < . () (FIBY (B) 0 B (E)) p--(1 — p) so that (rus — 17) <
(1-p)H

Proof of proposition 4

Assume that p; (E?[A(¢)]) > 0 for some j € J, then given mutual absolute
continuity we have u (E? [A(g)]) > 0 for all 4 € f. From proposition 2 we know
BPA(e)] € it B (<)) and BP[A ()] € Miet BY (B [A (<))

Since II; (w) N A(g) # 0 for all w € BY (A(e)), given that p > 0, we get that
for all w € BY(A(e)), i Ziwe €. Then EP[A(e)] C NiesBY (A(e)) = for any

w e EP[A(e)], i Ziwe € for all 4.

We also know that for every w € EP [A (¢)] and every u € ji, u ((E? [A (€)])° |IL; (w)) <
(1 —p). Now, consider w € E?[A (¢)], such that yu; (II; (w) \EP [A (€)]) > 0 for all
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j € J. Then, for all i/ € 1

[min e B (U () [T () \E? [A (6)]) — minuep B, [Us (e:) [IL () \E? [A (2)]]] “0lenEr4C)
<(1-pM

However, we also know that
{Hﬂﬁfitﬂﬁ($0|IL(aﬁ]—'Hﬂﬂfﬂtﬂﬁ(60|fh(w)] >e>(1-pM
pER HER

Since [i is rectangular, we get

pER pER

{min E, Ui (z;) |I1; (w) N EP [A(¢)]] > min E, [U; (e;) [II; (w) N EP [A (5)]]}
Then using the rectangularity of i again, we have for all ¢

[min B, [Us (2;) |E? [A()]] > min B, [U; (e;) | 7 [A <e>ﬂ] .

pER pER

Now, if p1; (A () N EP[A (¢)]) = 0 for any j € J, then for any w € E C B} (A (¢)),
w1 (A(e) |IL; (w)) < (1 —p) < 0.5, which is a contradiction. Then i (A (e) N EP[A (g)]) >
0 for all 4 € fi. So, by definition of A (¢), there exists w € A () N EP [A(g)] such that

for some ¢’ € I
)

{min E, Uy (xy) IL; (w) N EP [A(e)]] > min E,, [Uy (ey) |IL; (w) N EP [A (5)]]}

HEH HEH

and using rectangularity of /i again, we get that

i B, [0 () | [A2)] > i B, [0 () B2 [4 <))

pEf

This contradicts the ex-ante Pareto optimality of e since the allocation z* =

(a:il EP| A(g)])i ¢ ex-ante Pareto dominates e given the rectangularity of n.1
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