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Abstract

The paper considers the repeated prisoner’s dilemma game under a network where
each agent interacts with his neighbors and he cannot observe the actions of others who
are not directly connected to him. In this setting, when agents are sufficiently patient
and the loss from being cheated is small enough, a trigger strategy that observing a
deviation causes a permanent punishment cannot be a sequential equilibrium. Also,
although the modification of the trigger strategy, following [Ellison! (1994)), can be a
sequential equilibrium supporting cooperation, it is not stable to mistakes in the sense
that a mistake to play defection causes that all agents play defection forever. In this
paper, we allow agents to communicate with their neighbors and construct a sequential
equilibrium which supports cooperation and is stable to mistakes when the discount
factor is high enough. Here, the role of local communication is to enable agent to

resolve the discrepancy of his neighbors’ beliefs on the punishment periods.
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1 Introduction

In this paper, we consider a society where each agent locally interacts and communicates
with others. The environment has the following features. Each agent is directly or in-
directly connected with the other agents and his payoff depends only on the actions of

himself and other agents who are directly connected to him. Each agent cannot take
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Figure 1: Car dealers in a village

different actions against different neighbors. Furthermore, information process is local so
that an agent does not observe the action of other agents who are not directly connected
to him. An example of this situation is producing local public goods such that the benefit
of a public good is shared by one’s neighbors but the cost is private. Another example is
local competition and collusion of firms, which is discussed in [Salop| (1979)) and [Syverson
(2004).

For a concrete example, consider a village whose map is described in Figure[Il In this
village, there are nine car dealers, labeled 1 through 9. Each consumer buys a car from a
dealer who offers the lowest price among the dealers which are close to him. For example,
a consumer who lives between 3 and 4 buys from 3 if 3’s price is lower than 4’s price, and
buys from 4 otherwise. In this setting, each car dealer plays the prisoner’s dilemma game
against his neighbored dealers. That is, he may either cooperate with his neighbors by
choosing a high price, or defect by choosing a low price. Notice that competition among
dealers is local, because each of them competes only with his neighbored dealers. Also,
since car dealers cannot discriminate consumers, each dealer has to choose the same action
against all his neighbors.

We assume that each dealer does not observe the price of others which are not adjacent
to him. This may happen when there is a cost to observe the prices which other dealers
offer. If there is a cost to monitor the others’ actions, each dealer may not want to pay the
cost to see the prices which is irrelevant to his profitl Also, we can imagine that, since
the price is a private offer to consumers, each car dealer cannot observe the others’ prices.
In the prisoner’s dilemma game, each agent can recognize his opponent action from his
realized payoff, even if he cannot observe his opponent’s actions directly. If this is the
case, then each dealer cannot recognize the prices of the other dealers which do not affect
his profit directly.

In the paper, we are interested in an infinitely repeated game where each agent inter-
acts with his neighbors by playing a prisoner’s dilemma game. Can efficient outcome be

supported by an equilibrium? To answer this question, we may consider a trigger strategy

"Monitoring cost is considered in [Ben-Porath and Kahneman! (2003) and [Miyagawa et al. (2004).



such that each agent chooses defection if and only if he observes defection in his past
history2 If the loss from opponent’s defection is sufficiently high, the trigger strategy is
a sequential equilibrium for sufficiently patient agents. If the loss is small enough, then
the trigger strategy cannot be a sequential equilibrium. The intuitive reason is that an
agent, when he observes a defection by his neighbor, is reluctant to punish the defector
and bear the loss for fear of losing the future gain from cooperating with other neighbors.
Indeed, when the loss is small, the trigger strategy can be a sequential equilibrium for the
agents who are not sufficiently patient. [Ellison| (1994) provides an idea of constructing
a sequential equilibrium for sufficiently patient agents by modifying the trigger strategy.
The idea is to dilute the game into a certain number of replica games so that agents are
not sufficiently patient in a replica game. After diluting the game, agents play the trigger
strategy in each replica game and ignore observations in other replica games.B]

Though it is not difficult to construct a sequential equilibrium which supports coop-
eration, the modification of trigger strategy has an undesirable feature. That is, it is not
stable to mistakes in the sense that if an agent chooses defection by a mistake in a replica
game, playing defection spreads over the network and cooperation is never recovered. |(Cho
(2007) shows that, if there is a small possibility of mistakes, the equilibrium which is stable
to mistakes can result in the more efficient outcome than the trigger strategy equilibrium,
though both the equilibria give the same payoffs in the limit as the possibility of mistakes
vanishes.

The usual way of handling this is to have punishment of fixed finite length. That
is, if an agent observes his neighbor playing defection, then he plays defection to punish
his neighbor in finite periods. However, the local observability may cause a discrepancy
between the expectations of agents on the period when their neighbor ends a defection
phase, which is a span of periods when he plays defection. If there is such a discrepancy in
some history, then the agent whose neighbors have different beliefs on his action may not
be able to satisfy the expectations of all his neighbors in any period. This may cause an
infinite repetition of defection phases, and so cooperation is never recovered. Furthermore,
the strategy described above is not a sequential equilibrium.

In [Chol (2007), we resolve this discrepancy by introducing a public randomization,
an idea from [Ellison! (1994). Since the realization of randomization is publicly known
to all agents in the society, agents can reestablish cooperation in the same period when
a specific event happens. However, to reestablish cooperation, we need a consensus of

the whole society on what the specific event is, or when they turn back to cooperation.

2Since defection spreads over the network, the equilibrium with this strategy is sometimes called a
contagious equilibrium.
3For details, see Section



Since it seems difficult to achieve a global agreement in a society with large population,
introducing a public randomization is not wholly satisfactory.

In this paper, we resolve the discrepancy of expectations by allowing agents to com-
municate locally and construct a sequential equilibrium which is stable to mistakes and
supports cooperation. In the model we analyze here, each agent can communicate with
his neighbors by sending a message without cost. The message does not affect the payoffs
directly. Indeed, the role of local communication is to enable agent to inform his neighbors
of the period when he starts a new defection phase. Thus, all his neighbors have the same
expectations on the period when he will turn back to cooperation after playing defection
in finite periods. The length of defection phase is related to the severity of punishment
and determined for the strategy to be an equilibrium.

The sequential equilibrium we construct in this paper has the following features. In
each period, each agent forms an expectation on his neighbors’ actions based on past
history. That is, if there is a surprise between linked agents in the previous period,
then each agent expects that the other starts a new defection phase of finite periods.
For an agent ¢, if his neighbors’ expectations on his action agree, then he follows their
expectations. If some of neighbors expect that agent ¢ starts a new defection phase, agent
1 starts a new defection phase and informs all his neighbors of it. Under this strategy,
cooperation will be recovered from any history in contiguous periods among the directly
connected agents. That is, an agent recovers cooperation in some period, then all his
neighbors play cooperation in the next period, and so on.

The related literatures for this paper is about the relationship between efficiency and
equilibrium. It is well known as the Folk Theorem that, in repeated games, an efficient
and individually rational outcome can be obtained as an equilibrium. The earliest work
on this issue is [Friedmanl (I971) who showed that, in a infinitely repeated game, any
outcome that Pareto dominates a Nash equilibrium in a stage game can be supported
in a perfect equilibrium for sufficiently patient agents. [Aumann and Shapley| (1976]) and
Fudenberg and Maskin| (1986]) extend this result to the feasible and individually rational
outcome. These studies consider infinitely repeated games. Benoit and Krishnal (1985
explore finitely repeated games and get similar results to [Fudenberg and Maskin| (1986))
when stage games are repeated in a sufficiently large number of periods.

All the above studies assume that monitoring is perfect, so that if an agent deviates
form supposed actions, all other agents can punish him immediately® However, it is
possible that agents do not have complete information on the past actions but receive
random signals. [Green and Porterl (1984), [Fudenberg et al| (1994), Mailath and Morris

4Fudenberg and Maskin| (I986) consider the incomplete information games as well as complete infor-
mation games.



(2002)) and Kandoril (2003), explore the situation where agents cannot observe the actions
of other agents but can observe a public random signal. [Sekiguchi (1997)), [Kandori and
Matsushimal (1998)), Bhaskar and Obara (2002)), Ely and Valimaki (2002]), Horner and
Olszewskil (2006]), and [Obaral (2007)) study the situation where each agent can observe a
signal which is private information and whose distribution depends on the past actions.
Almost of these studies verify that almost efficiency can be obtained as an equilibrium
when signals have enough information on agents’ actions. [Kandori and Matsushimal (1998)),
Kandori (2003)), and [Obaral (2007)) consider also the role of communication, which means
each agent can send a message to all agents.

There can be other environments where monitoring is not perfect so that immediate
punishment is not possible. [Kandori (1992b) and [Ellison! (1994) explore anonymous ran-
dom matching model in which agents are matched randomly in each period and agents
cannot observe the actions taken by agents in other matchings. [Kandori (1992b)) showed
that a contagious strategy can be a sequential equilibrium which supports an efficient
outcome. The contagious equilibrium is not stable to mistakes. [Ellison! (1994)) considers
a repeated prisoner’s dilemma game with public random device and shows that there is a
sequential equilibrium which supports cooperation and is stable to mistakes.

The overlapping generation environment is another one where immediate punishment
is not possible since old generation will die in the next period. With the overlapping
generation model, [Kandori (1992al) shows that almost efficiency can be obtained as an
equilibrium if overlapping periods are sufficiently long. [Bhaskar! (1998)) considers the
prisoner’s dilemma game between young and old generation and shows that efficient payoffs
can be obtained as an equilibrium in mix strategies.

The literatures which share the environment with this paper are [Ben-Porath and Kah-
neman (1996) and Xuel (2004) in the sense that, under a network, an agent can observe
the action of other agents who are directly connected to him. [Ben-Porath and Kahneman
(1996) allow agents to send a message about their observation to all agents, and show that
if each agent has at least two neighbors, efficient outcome can be supported as an equi-
librium. [Xue (2004) considers a repeated prisoner’s dilemma games under a line-shaped
network, and construct a sequential equilibrium in which cooperation is supported and re-
covered from any history. Although the equilibrium strategy in Xuel (2004) is interesting,
it has an undesirable feature that it is complicated and difficult to implement.

The remainder of the paper is organized as follows. In Section [ we explain the
environment and solution concept. In Section B we construct a strategy ¢* in which
cooperation is recovered in finite periods from any history. In Section [, we construct a
belief system which is consistent with ¢*. In Section [ we show that the strategy ¢* is a

sequential equilibrium with the belief system. Some discussions follow in Section [, and



we conclude in Section [Tl

2 The Model

There is a finite set N = {1,...,n} of agents who live in infinite periods. Agents are
connected by an undirected network G, which is a collection of links ij = {i,j} C N. We
assume that G is minimally connected. That is, G satisfies that, for all ¢ € N and j € N
with ¢ # j, there is a unique subset {ij,4,...,i5} of N satisfying i1 =i and iy, = j and
ijijpr € Gforl=1,...,L—1. We call such a subset {i,is,...,i5} a chain between i and
j and write as i < 75 For each agent i, we define a distance of j from i, denoted d(j;1),
by the number of links which consist of agents in ¢ < j.

If ij € G, then agent j (resp. agent 7) is said to be a neighbor of i (resp. j)B For each
agent i, let G; denote the set of agent i’s neighbors. That is, G; = {j € N : ij € G} and
let G; = G; U {i}. Since G is undirected, ij € G is equivalent to ji € G, and j € G; if and
only if 7 € Gj. Agent i is an end agent, if he has only one neighbor. Thus, if agent 7 is
an end agent, then Gj is a singleton set. Note that since G is minimally connected, there
are at most n — 1 end agents which is obtained in a star-shaped network, and at least two
end agents which is obtained in a line-shaped network.

In each period t € {1,...}, agent i plays a prisoner’s dilemma game with communica-
tion against his neighbors. That is, in each period ¢, agent i chooses a € {C, D} which
generates the payoffs of a prisoner’s dilemma game. C and D represent the cooperation
and defection, respectively. In addition, agent ¢ can communicate with his neighbors by
sending a message m} € {0,1} which does not affect the payoffs directly. Then, we can
let al € {Cy, Cy, Do, D1} be agent i’s action in period t, where af = Cy, (resp. al = Dy,)
means that agent i plays C' (resp. plays D) and sends a message m € {0, 1} in period t¢.
@ The payoffs of prisoner’s dilemma game with communication between 7 and j are given
as in Table[Il Here, g > 0 and [ > 0. We assume that [ and g are so small that, for all
1€ N,

I(|Gi)] = 1) <1 and g(|Gi| — 1) < 1B (1)

°In some papers such as [Jackson and Wolinsky] (I996) and [Bala and Goyal (2000), a subset
{i1i2,4213,...,ir—19} of G where {i1,i2,...,ir} is a chain between ¢ and j is called a path in G con-
necting 7 and j. We avoid this definition to escape from the confusion with o-path we will define later.

In some papers such as [Hojman and Szeidl (2006), a neighbor refers to an indirectly connected agent
as well as a directly connected agent.

"Indeed, considering three actions (C, Dy, and D1) for each agent in each period is enough to construct
a sequential equilibrium which supports cooperation and in which cooperation is recovered in finite periods
from any history. That means, an agent are allowed to send a message only when he plays defection. In
this paper, we consider four actions (Co, C1, Do, and D1) to make choice on messages independent of
choice on cooperation and defection.

8For a set A, |A| denotes the number of elements in A.



i\ J Co, C1 Dy, Dy
Co, (4 1,1 —l,1+g
Do,Dy | 1+g,—1 0,0

Table 1: Payoffs in prisoner’s dilemma game with communication

Note that (IJ) implies g — I < 1 which guarantees that all agents playing C' is the efficient
outcome. Each agent has to take the same action against his neighbors. We simplify the
notation by letting a; = (a})72,, al, = (aj)jeK, and ax = (a%)2, for K C N.

Let w(a, a’) be agent i’s payoff in prisoner’s dilemma game with communication against
j € G; when i plays a and j plays a’. That is, w(C,C) =1, w(C,D) = -, w(D,C) = 1+4g
and w(D, D) = 0 where C € {Cy,C1} and D € {Dy, D1}. The stage game payoff of agent
i in period ¢, when agents play aly, is the sum of his payoffs in prisoner’s dilemma games

with communication against his neighbors.ng

u;(aly) = Z w(aj, af).

JEG;

The payoff of agent 7 in the repeated prisoner’s dilemma game with communication, when

ay is played, is the average of discounted stage game payoffs:

o0 o0

Uilay) = (1-06)) 6" u(aly) = (1-6)) 6" > w(al,dl),

t=1 t=1 jeG;

where § € (0,1) is a common discount factor. Note that the stage game payoff of agent i

in period t depends only on actions a,% of himself and his neighbors and so the payoft of

the repeated game depends only on ag. .
A history ht in period t is a profile of actions played before period ¢. That is, h' = @
and ht = (af\,)t*1 for t > 2. Let H® be the set of all histories h! in period t. In our model,

s=1

each agent ¢ can observe only the actions played by himself and his neighbors. Thus, for

t > 2, histories ht = (a%)!Z} and ht = (43)'Z} are in the same information set of of agent

i if and only if (a% = (d%_)i;ll 0 With a slight abuse of notation, we write o} = @

i

9We may want to normalize agent i’s stage game payoff by letting

uiay) = w(a;, aj).

This normalization does not affect the result.
1%Tn [Kandori and Matsushimal (T998) and Xuel (2004), a (joint or global) history refers to a history h'
and a private history of agent i refers to an information set of.



and o} = (a%i)i;ll for t > 2 for an information set o} of agent i in period ¢. Since agents are

finite and actions in each stage game are finite, each information set of has finite histories.
We write of(h') for the information set of agent ¢ which history k! belongs to. Let O} be
the set of agent i’s information sets in period t.

We restrict our attention to pure strategies. A strategy of agent i is a function o; :
U2, 0t — {Cy,C1,Dg,D1}. Under oy, agent i chooses action o;(o!) in period ¢ when
he observes of. Let o = (01,...,0,). Let ¥; be the set of all strategies of agent i and
Y = XienYi. Given a strategy o, a o-path conditioning on ht, denoted ay(o;ht) =

(e (0; ")), )ien, is the string of actions which agents actually play under the strategy

t—1

o, given that h' is reached. Formally, ay(o; k') is defined as follows. Let ht = (af;)'Z]

with ¢ > 2 (or, h* = @ for t = 1) be a history and o be a strategy. Consider an
agent i. Then, of(o;h') = af for s < t — 1, and al(o;h!) = 0;(0l(h?)) for s = t. For
s >t+1, af(o;h') is determined iteratively as af(o;h') = 0;(0f) where of = of(h') and
0 = (027, (a2 (o3 1)) )

In the paper, we are interested in a sequential equilibrium. A belief system p is a
function which assigns each information set to a probability distribution on the histories
t

) as a distribution on of which u assigns to of.
A M g A

in the information set. We denote pu(-;o;

Note that, since o} has finite elements, h! € supp(u(-;0!)) if and only if p(h';0!) > 0 and
pu(ht; o) with ht € of is a probability of h* when of is reached I

A belief system p is consistent with o, if it is the limit of a sequence of belief systems
which are generated by Bayesian updating of fully mixed behavioral strategies converging
to @ A strategy o is a sequential equilibrium if, for some belief system p which is

consistent with o, it satisfies that: for each i and for each of,

Z w(ht; o) Ui(an (o5 hY)) > Z w(ht; o) \Us(an (ol 0_i; hY)) for all o) € £;. (2)

t ¢
hteol hteot

If a strategy o satisfies (2)) for some p, then it is said to be sequentially rational under ,u.lm

Given an information set of and a strategy o, we define a continuation payoff CU; of

A pair of belief system p and a strategy o is called an assessment.

2A sequence {1, }32; of belief systems converges to p if, for each of, un(h';0l) — u(h';ol) for all
ht € of. A fully mixed behavioral strategy 3; of agent i is a function which assigns each information set of
to a distribution B;(-;0!) on {Co, C1, Do, D1} where B;(a;ol) > 0 for all a € {Co,C1, Do, D1}. A sequence
{Bin}e1 of fully mixed behavioral strategies of agent i converges to 3, if for each o}, 3;(a;0}) — Bi(a;0!)
for all a € {Co,C1, Do, D1}. If there is some a} € {Co,C1, Do, D1} for each of such that 3;(al;0f) = 1,
then the behavioral strategy (3; is equivalent to the pure strategy o; such that o;(o!) = a! for each of.

3 Although [Kreps and Wilson| (1982) define a sequential equilibrium for finite extensive form games, we
can extend their definition to infinite extensive games without any conceptual innovation. Many previous
studies, such as [Kandoril (1992b), [Sekiguchi (1997), and Xuel (2004), adopt sequential equilibrium as a
solution concept for infinite extensive form games.



agent i at o} by

CUi(o;08) = > p(h's0)) [(1=0)) 67" Y w(af(o;h'), af(0; b))

hteot JEG;

Let of = (af, aa_)i;ll. Since, for all h' € o} and for all o € 3,

Z w(ht; o) )U;(an(o; hY))

ht€o§
t—1
= > uhol) |(1=0)> 671 w(af,af) | + 6" 'CU (o3 hh),
ht€ot =1 JEGi

@) holds if and only if CU;(o;ht) > CU;(o},0_;; ht) for all o} € %;.

3 Strategy o*

In this section, we define the phase for each information set, and then construct a strategy
o* in which action at each information set oﬁ depends on the phase of 05.

A phase of information set o} is represented as
P(Og) = (Xltci’ Agk)kEGiv

where XL X € {0,1,...,A}. We will determine A in Section [l for which the strategy o*
we construct in this section is a sequential equilibrium in the repeated prisoner’s dilemma
game with communication. Indeed, A is the length of periods when an agent plays defection
to punish a deviator, and so it determines the strength of punishment for deviation.

To define a phase P(o!) for each of, we first define an expectation function E :
{0, .. ,A} — {{Cg,cl}, {Do}, {Dl}} by

{Co,C1} ifA=0
E()\) = {Do} ifA=1,....,A—1
{Di} ifA=A

Given an information set of, let P(o}) = (At AL )keq,. We can interpret E(NL.) (resp.
E(X,)) as agent k’s (resp. agent i’s) expectation on agent i’s action (resp. agent k’s
action) in period ¢. For example, if E(X}.) = {Cy,C1} for k € G;, then agent k expects
that agent i plays Cy or C; in period t. Furthermore, Af. (resp. A%,) can be interpreted as



agent i’s (resp. agent k’s) expectation on how long agent k (resp. agent i) keeps playing
D (D or Dy) after period ¢ (including period ¢). For each ¢ and j with ij € G, if )\fj #0,
then agent j is said to be in defection phase under i’s expectation, and if X;j = 0, then
agent j is said to be in cooperation phase under i’s expectation.

In period 1, P(o}) of agent i satisfies
(Akis Aig.) = (0,0) for all k € G;.

For each t > 2, let of = (C%,)Zzy The phase P(0!) of o! is defined iteratively as follows.
Let P(ol™) = (A\l;1, Ao Y)ke, be the phase for the information set of ™! = (a%i)éjl
¢

7"

in

which agent ¢ observes the same actions as in o
(P1) In a case that af_l € E()\}:l) and az_l € E()\ggl),

if A € {0,1}, then A, =0
if )\Zl—,l €{2,...,A}, then X}, = )\2;1 1

and

if A\t € {0,1}, then XY, =0
if At € {2,... A}, then A = A — 1

(P2) In a case that a! ' ¢ E(\i-1) and o}, * € B\,

if al~! # Dy, then (\f,,\)) = (A, A)
if al~! = Dy, then (\L;, \f,) = (A —1,A)
(P3) In a case that a! ™' € E(X,:l) and ai:_l ¢ E()\f;,:l),
if at~! # Dy, then (A, \)) = (A, A)
if at~! = Dy, then (AL, \,) = (A, A — 1)
(P4) In a case that a! ' ¢ E(Ai-1) and o}t ¢ E(\ ),
(/\Ziv /\fk) = (A A)
Given a history hf = (a%)'Z], if af & E(\3,) (resp. af ¢ E()\;,)), we say that agent k
resp. agent 1) surprises agent i (resp. agent in period s. Furthermore, 1if a ),
' ' ' k) i iod s. Furth if aj, & E(\S,
then we call aj, a surprise to agent 7 by agent k.
In (P1), there is no surprise between ¢ and k in period ¢ — 1. In this case, suppose

that agents ¢ and k do not surprise each other after period ¢. If Af, # 0 , which means

k is supposed to play D in period ¢, then agent ¢ expects that agent k will keep playing

10



D for X!, periods and play C thereafter. If A}, = 0, which means agent k is supposed to
play C, then agent i expects that k will play C forever.

In (P2), agent i makes agent k surprised but agent k& does not make agent ¢ surprised
in period t — 1. In this case, if there is no other surprise between ¢ and j in the future,
then agent ¢ expects that agent k will play D for A periods (D; in period ¢ and Dg for
following A — 1 periods). Furthermore, if agent ¢ played D; in period ¢ — 1 then agent
k expects that agent ¢ is in defection phase for A — 1 periods, and if agent i played Dy
in period t — 1 then agent k expects that agent ¢ starts a defection phase in period ¢. In
(P3), we just change the roles of agents ¢ and k in (P2).

In (P4), agents ¢ and k surprise each other in period ¢ — 1. In this case, if there is no
other surprise between ¢ and k in the future, each of them expects that the other agent
plays D for A periods (D; in period ¢ and Dy for following A — 1 periods) and C' thereafter.

Note that (AL, Al.) depends only on i’s and k’s past actions. So, for each i and for
each period ¢, (AL, AL, ke, depends only on (C%i)z;lp so P(o}) is well defined for each of.

From the construction of P, it is not difficult to see that, for any of, P(of) = (AL, AL )kec,
satisfies that, for each k € G,

)‘ik - )‘21 € {_11 Oa 1} (3)

Also, Lemma [l provides another property of P which is used in constructing o*.

Lemma 1. Let t > 2. For an information set of, let P(o}) = (AL, Ny keq,- If AL, # A
and X,,; # A for k € G; and k' € G;, then

t __
A= AL,

Proof. Let of = (a%i)';zl with ¢t > 2. For s < t, let P?(0f) = (A};, \jy)keq, Where of is
the information which is consistent with of. Let A, # A and A}, # A with k € G, and
K € G; and let j € {k,k'}.

Suppose that {s : aj = Dy, s < t} = &. Suppose in addition that aj # E(A};) for
some s < t. By the construction of P, )\;f;rl = A. Since ai™' ¢ {D1} = E(A) = E(A?jl),
we have )\jgﬂ = A. Then, since a5™? ¢ {D1} = E(A) = E()\jf), we have )\jf’ = A.
Continuing this procedure until s + 7 = ¢, we have >‘§'i = A, which is a contradiction.
Thus, aj € E()};) for all s < t. Suppose that af ¢ E()};) for some s < t. Since aj # D1
and a;j ¢ E()Aj;), we have A?jl = A. Then, since ai™' ¢ {D1} = E(A) = E()\;jl), we
have )\;;FQ = A. Continuing this procedure until s + 7 = ¢ leads us to )\;i = A which is a
contradiction. Thus, aj = E(A};) for all s <t. Since af = E(A};) and a] = E()};) for all

s < t, by construction of P, we have /\E-Z- = 0.

11



Suppose that {s : aj = D1, s <t} # @. Let § = max{s:a] = D1, s <t}. Ifa} ¢
E();) for some s with § < s < t, then )\;jl = A. Since i ¢ {D1} = B(A) = E()\jjl),
we have )\;i+2 = A. Then, since ai*? ¢ {D1} = E(A) = E()\jlﬂ), we have )\jf' = A.
Continuing this procedure until s+ 7 = ¢, we have )‘E'i = A which is a contradiction. Thus,
a; € E();) for all s with § < s < t. If aj ¢ E(A};) for some s with 5§ < s <, then a # D,
and af ¢ E()\3), which imply A% = A. Then, since aj*! ¢ {D1} = E(A) = E(X3),
we have )\jf;rZ = A. Continuing this procedure until s + 7 = t, we have >‘§'i = A which is
a contradiction. Thus, aj € E(A};) for all s with § < s < t. Furthermore, aj € E(A};)
and af = D imply that )\?jl = A — 1. Since @] € E()\};) and aj € E()};) for all s with
5 < s <t, by construction of P, we have A}, = max{A — (t — 5),0} for j € {k,k'}. 1

Now, we are ready to define the strategy profile * = (07);en. Consider an agent i in
an information set of with P(o}) = (AL, A}, )keq,. Lemma [l implies that P(o!) satisfies

one of the followings:
(S1) for some k € G;, Ai, = A.
(S2) for all k € G;, A, = X for some X € {0,1,...,A —1}.

That means, agents ¢ faces with only two situations: the situation (S1) where at least one
neighbor expects that agent i plays Dy, or the situation (52) where all his neighbors have
the same expectation on his action.

The strategy of of agent i is defined as follows: for each information set of,

e when P(0!) satisfies (S1), agent i plays Dy. That is, o*(o}) = D;.

)

e when P(o}) satisfies (S2), agent i plays Dy if E(\) = {Do}, and Cp if E(\) =
{00,01}. That iS, O'*(Og) = Do if E()\) = {Do}, and J*<O§) = C() if E()\) = {00,01}.

In other words, agent ¢ employing o} chooses D if there is a neighbor who expects that
agent ¢ plays D1, and follows his neighbors’ expectation if his neighbors have the same
expectation on agent i’s action.

Let agents employ o* and consider an information set o} with P(o}) = (AL, M )kec;-
Suppose that A, = A for some k € G;, and af € E()\5,) and af € E(\},) for all k € G; and
for all s > t. That is, there is an agent k € G; who expects that agent ¢ plays D; in period ¢
and there is no surprise between ¢ and k for all kK € G; after period t. Then, agent ¢ plays Dy
in period ¢, Dy in periods t+1,...,t+A—1, and Cj thereafter. If X, =X € {1,...,A—1}
for all k € G; and there is no surprise between ¢ and k € G; after period ¢, then agent
1 plays Dg in periods t,...,t + A — 1, and Cy thereafter. Figure [2 provides examples
of o*-path conditioning on history A% under a line-shaped network. In Figure B (a),
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A Dy Dy Dy Dy Dy Dy Do Do Do Do Dy Do
A+1:Dy Dy C Dy Dy Dy . Dy Dy Dy Dy Dy Do
A+2 Dy Cy Cy Cy Dy Dy : Dy Co Co Co Dy Dy
A+3 Co Co Co Co Co Dy Co Co Co Co Co Dy

(a) (b)

Figure 2: o*-path conditioning on history h?

agent 3 surprises agents 2 and 4 by playing D; in period 1, so (A33,A3,) = (A — 1,A)
and (A\35,0%,) = (A — 1,A). Thus, agent 3 plays Dy and agents 2 and 4 chooses Dy in
period 2. In Figure 2 (b), agent 3 surprises agents 2 and 4 by playing Dy in period 1, so
(NZ,\2) = (A, A) and (M3, N3) = (A, A). Thus, agents 2, 3, and 4 play D; in period 2

Note that if agent 7 is an end agent with G; = {k}, then o (o}) = E(\L,;) for any of.
In other words, an end agent ¢ employing ¢* will not surprise his neighbor at any history.
Also, for any history A, Cy is never played in period s > t along the o*-path conditioning
on ht.

Lemma [2] states that, under o*, Cy is recovered in finite periods from any history. To
prove Lemma 2 we need to define h*¢ for each s > 1 which is the history in period s when
o* is played given that h! is realized. Given a history h! = (ay\,)t;:ll and the strategy o*,
let

h*t =@, and h* = (aj(o*;h'))5] for s > 2. (4)

Note that, since h*S = (a;\,)‘;’;ll for each s with 2 < s <t, h*® with s <t does not depend

on o*.

Lemma 2. Given the strategy o*, for any ht, there exists T > 0 such that for all i € N,
it (0%, ht) = Cy for all T > 7.

5

where h*¢ is defined as in ). Let x;(0) = {i} and k;(x) = {k € N\{i} : d(k;i) = =}

Proof. Fix a history ht = (a%)'Z] € of. For each s > 1, let P(05(h**)) = (Af;, A3 ) ke
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for z = 1,..., M where M = max;cy{max{d(k;i) : k € N\{i}}}. Thus, ;(x) is the set
of agents who has distance z from 4. Since G is minimally connected, M > 1 and N is
partitioned into x;(0), ..., k;(M).

Consider agents 7 and k with ik € G. We first show that there is no surprise between
i and k after t + M. Since ik € G is arbitrary, there is no surprise between i and his
neighbors after ¢ + M. Then, by the construction of o*, agent i will play Cj after period
t+M +A. Since M and A do not depend on i and k, letting 7 = M + A, we will complete
the proof.

If M = 1, then there are only two agents in N and every agent i € N is an end
agent. Thus, for each 7 > 0, o} (o " (K*F7)) € E(A7) for all k € G;. Let M > 2.
Suppose that there is a surprise to i by k in period ¢ + M + 7 for some 7 > 0. That
is, a/i;f’M-‘rT ¢ E(AE;M”). Since a}th“LT _ O_Z(O§+M+T<ht+M+T))’ a2+l\7[+r — D, and
)\ZjM *7 £ A. Thus, there is an agent ko € G}, such that ky # i and Af;r,ﬁ\?[ *7 = A. Notice
that ko € k;(2). Then, in period t + M + 7 — 1, we have either (i) agent k surprises ka by
playing a',ﬁM +7=1 £ Dy, or (ii) agent ky surprises k. Since (i) implies the contradiction
that o (of T (I £ Dy and o (of T (WAL ¢ BOGEITET) ()
cannot be the case. Thus, agent kg surprises k in period ¢t + M + 7 — 1. Then, from the
same argument as before, there is an agent k3 € Gy, with k3 € £;(3) who surprises ko
in period t + M + 7 — 2. Continuing this procedure, we have that k,, € x;(m) is an end
agent so there is no agent ky,+1 € Gk, with kp,41 # kpy—1 who surprises ky, in period
t+ M + 7 —m —1. Thus, k,,, does not play ok (O};:CLMJ“T_m) in period t + M + 71 — m,
which is a contradiction. Therefore, there is no surprise to i by k in period ¢ + M + 7 for
some 7 > 0. Similarly, we can show that there is no surprise to k by 4 in period t + M + 7
for some 7 > 0. Then, since ik € G is an arbitrary link, there is no surprise between 7 and
his neighbors after period ¢ + M. Therefore, by construction of o*, agent i will play Cp
after period ¢ + M + A. Letting 7 = M + A, we complete the proof. |

Kandoril (1992b) introduces global stability as a desirable property for equilibrium.
An equilibrium is globally stable if, for any finite history A, the continuation expected
payoffs of agents eventually return to the payoffs the equilibrium sustains. In our notion,
a equilibrium strategy o is globally stable if, for any h?,

lim CU;(o;05(h**)) = CU;i(o; 0l (1)) for all i € N,

S§—0Q
where h*® is constructed as in (@) for ht. Since CU;(c*;0'(h!)) = > jec, w(C,C), Lemma
obviously implies that the strategy ¢* is a globally stable equilibrium if ¢* is an equi-

librium.
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4 Belief system

In this section, we construct a belief system p which is consistent with ¢* and provide a
property of p.

In history h', an action af, € h' is a mistake if af, # o (o (h*7)) where h** is defined as
in ). Given the strategy o*, the number of mistakes in history h! = (a N) _, is denoted
as p(ht). That is,

p(h') = {ag € h' : af # 0} (0} (R")), k € N}|.

Let p. be a belief system which is generated by Bayesian updating from behavioral
strategy which assigns (1—3¢) to o7 (o}) and € to each of other actions at each information
set of. Let p be the limit of . when € — 0. Trivially, u is consistent with o*

For each information set of and history h' € of, we have

eP(h) (1 — 3¢)Iht1=p(k)
D iteot pe (ht; 0f)

Ms(htS 02) =

Given an information set of, let h € of and h € of satisfy p(ht) < p(h?). Then, since

pe(hlsop) _ eI —3e)M IO (o)
_ = _ = — — U= ——— — U,
pe(ht; o) ep(h)) (1 — 3¢)lhtl=p(ht) pu(h; of)

we have pu(h';of) = 0. Therefore, to conclude that a history h' € o! does not belong to
the support of pu(-;0!), denoted supp(u(-;0!)), it is enough to find another history ht e ol

which has the smaller number of mistakes than h!. This argument will prove Lemma Bl

and history ht = (a%)'Z] € of.

Lemma 3. Consider an information set o! = (a s

For each s > 1, let

E
ag)et

P07 (h™)) = (A%s Ak ke,
where h** is defined as in ({]). Suppose that h' € supp(u(-;ot)). Then, for each T > 0,
o (T (RT)) € E(\GT) for all k € G;.

The formal proof of Lemma [l is found in the Appendix [Al Here, we provide a sketch
of proof.

Sketch of Proof. Suppose that, for some 7 > 0, of (0,7 (R**7)) ¢ E(A;T) for some
ki1 € G;. In Steps 1 and 2, we show that if there is a surprise aj, to ¢ by k1 € G; in
period s > 1, then there is a mistake ai,m where k,, is an agent who has distance m from

iand s =s—m+1or s =s—m. For example, consider an agent i and a history h’
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Figure 3: histories h! and ht

described in Figure B (a). Suppose that a}tﬂ is a surprise to agent i. Since it is not a
mistake, aj, = o;(0j(h")) = D1 and A}, # A. Thus, there is an agent ky € Gy, such that
ko # i and X,;le = A. By the construction of P, there is a surprise between ko and ky
in period ¢t — 1. Suppose that k; surprises ks in period t — 1. Since /\',22,‘:1 = A, we have

a',;;l =# Dy. Since afgl is a surprise to agent ¢ and azl # D1, by the construction of ¢*,

a}:l is a mistake. Suppose that ko surprises k1 in period ¢ — 1. Then, agl is a mistake, or
there is an agent k3 € Gy, such that k3 # k; and Mg, = A. Continuing this procedure, it
ends when t —m = 1 or k,, is an end agent. Therefore, for a surprise azl to agent ¢ by ki,
there is a mistake which induces a}fﬂ in shaded area A. In this case, we say that a surprise
a';€1 to agent ¢ is induced by the mistake which we find. Similarly, if a',:?) is a surprise to i
by k;, then there is a mistake which induces a',:?’ in shaded area B.

In Step 3, we show that a mistake can induce at most one surprise to agent i. Since
there is no mistake in period s > t, mistakes in the history h’ are more than the actions
which are agent i’s mistakes, surprises to agent ¢ by k, or C'1 played by k € G;.

In Step 4, we construct a history i = (a%)iZ] in which (a)'Z} = (a3)!Z] for k € G;
and (a5)'Z] = (U}:(oz(ﬁ*s)))i;ll for k ¢ G;, which is described in Figure B (b). Trivially,
ht is in the same information set as h'. Furthermore, surprises to agent ¢ by k € G; and
aj € ht with a; = C for k € G; are mistakes. We also show that there is no other mistake
in h'. Then, since an action of agent 7 in A is a mistake if and only if it is a mistake
in ﬁt, the number of mistakes in A? is equal to the number of actions which are agent i’s
mistakes, surprises to i by k € G;, or (' played by k € G;. Therefore, the number of
mistakes in A! are smaller than that in A*. The argument before Lemma [3] implies that

pu(h;0f) = 0. "

Lemma Bl means that at any information set, agent i believes that none of his neighbors
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will surprise him in the future under o*. Thus, for each information set of, the future
actions of his neighbors are uniquely determined from any history in supp(u(-; of)), which

makes it possible to calculate the continuation payoffs.

5 Sequential Equilibrium

In this section, we will show that ¢* is a sequential equilibrium with the belief system u.
Given an information set o with P(o}) = (AL, A )req;, define K (A, X;0!) for each
AN €{0,1,...,A} by

K\ N0l ={k€Gi: A, =X\ Xy =N}

If k € K(\, X;0l), then agent k expects that agent i will play a! € F()\) and agent i expects
that agent & will play a}, € E(\'). For notational convenience, given an information set

/ . . .
o!, we denote K f\‘ as K (X, X;ol) if there is no confusion.

Given an information set of and the strategy of of agent i, we denote a;|25 as a
strategy such that o ]25(05) = a and it agrees with ¢} at all other information sets.
By the one deviation property of sequential equilibrium, to see that o is a sequential
equilibrium, it is enough to see that, for each o}, CU;(c*;0l) > CUi(aﬂgﬁ, o* ;;ob) for all
a < {Co, C1, Dy, Dl}.

Because of (@) and Lemma [ each information set o} satisfies one of the following

seven cases.
Case A. P(o}) = (AL, A, )keq, with AL, = A for some k € G;.

Case 1. G; is partitioned into Kﬁ, K/[\X_l, K}, and KJ.

Case 2. (G} is partitioned into Kjt, K/[\X_l, K;}‘H, K/)\‘, and K/{\_l, where A\ =3,...,A—
1.

Case 3. G is partitioned into K%, Kﬁfl, K3, K2, and K3.

Case 4. () is partitioned into K//\\, Kj\\fl, K2, K{, and K?.
Case B. P(o!) = (AL, AL ke, with AL, = X # A for all k € G;.

Case 5. G; is partitioned into K¢, and K{.
Case 6. (G; is partitioned into Kﬁ‘“, K)A\, and Kﬁ‘_l, where A € {2,...,A —1}.
Case 7. G is partitioned into K7, K{, and K?.
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Note that, in Cases 1 ~ 4, Kk U Kf\\fl # @. Also, it is possible that K} UK = @
in Case 1, Ki‘“ UK U Ki‘_l = @ in Case 2, K3 U K3 UK} = @ in Case 3, and
K?UK] UKY =@ in Case 4. Also, in Cases 5 ~ 7, K}, K, Ki‘“, K))\‘, K;}fl, K2, K{,
and K can be empty

Under o* and y, recall that, for any of, agent i believes that he will not be surprised
by his neighbors in periods s > t. For example, consider Case 1. Since there is no surprise
to agent ¢ by his neighbors under ¢* and pu, agent ¢ believes that agent k € K ﬁ’ plays Dy
ifN=A Dyif N €{1,...,A—1}, and Cp if N’ = 0 in period ¢. If agent i follows o7, then
he plays D; in period ¢ which surprises agents in K} U KJ. Thus, ()\’,;j.l, )\f.kJrl) =(A—-1,A)
for k € K} UK. Also, for agent k € Kj\\UKﬁ_l, agents ¢ and k do not surprise each other
in period ¢. So, (A\F1, A1) = (A—1,A—1) for k € K{ and (\LF1 A = (A—1,A—2)
for k e K ﬁ_l. After then, since there will be no more surprise between i and k£ € G; in
the future, the future actions of himself and his neighbors are uniquely determined along
the o*-path conditioning on any history in supp(u(-;ol)). Therefore, we can calculate
continuation payoffs of agent i for o* at of. Similarly, we also can derive the future actions
of agent 7 and his neighbors and so calculate the continuation payoff of agent i at of
when agents employ strategy (a;‘|25, o*,) for each a € {Cy, C1, Dy, D1 }. For each case, the
actions in periods s > t under (o}, 0% ;) and (o;\ff, o*,) are described in the Appendix [Bl

Claims 1 ~ 7 state that, in each of, for sufficiently high d, there is A for which
agent i’s continuation payoff of (¢,0*;) is greater than that of (o |Zﬁ,oii) for all a €
{Cy,C1, Dy, D1}. All the proofs of Claims 1 ~ 7 are found in the Appendix In the
proofs, for each case, we calculate the continuation payoffs for (¢7,0*;) and (03\25, a*;)
where a € {Cy,C1, Do, D1} and compare them to find the condition on § and A under
which CU;(0%;0!) > CUZ'(O';‘Zﬁ,Uii; 0!). Then, by the one deviation property of sequential

equilibrium, we can prove Proposition [I] which is the main result of this paper.

Claim 1. In Case 1, if |K}|(1 4 g) + |KQ| — (IK&| + |KY7Y 4 |[K3) < 0, then there
is 01 € (0,1) such that for all § € (8}1,1), CU;(c*;0!) > CUi(O'ﬂgﬁ,O'ii;O?) for all a €
{Cy,C1, Do, D1}. In Case 1, if |[KE|(1+g) + |KS| — (|K{| 4 |[KX 7Y 4 |K3|) > 0, then for
some 0;; € (0,1), there is a function F;1 : (§;1,1) — R such that A < Fj1(9) implies that
CU;(o*;0!) > C’Ui(aﬂgg,a*i;ot) for all a € {Cy,C1, Do, D1}, and lims_,; Fj1(5) = oo.

-1 7%

Claim 2. In Case 2, there is 0;5 € (0,1) such that for all § € (d;9,1), CU;(c*;0L) >
t
CUi(o}|ai, 0% ;0 for all a € {Cy,Cy, Do, Dy }.

—1i0 7

Claim 3. In Case 3, for some d;3, there is a function Fyz : (d;3,1) — R such that
A < Fi3(0) implies that CU;(o*;0t) > CUi(Jz‘|Zi,0*i;0§) for all a € {Cy,Cy, Dy, D1}, and

1im5_>1 Flg((s) = 0OQ.
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Claim 4. In Case 4, for some §;4, there is a function Fyy : (0;4,1) — R such that
A < Fy(8) implies that CU;(c*;0k) > CUi(aﬂZﬁ,oii;og) for all a € {Cy,C1, Dy, D1}, and
lim(;_q Fz4(5) = Q.
Claim 5. In Case 5, for some d;5, there is a function Fys : (0;5,1) — R such that
F5(8) < A implies that CU;(c*;0k) > CUZ‘(O'?‘Zz,O'iZ-;OD for all a € {Cy,Cy, Dy, D1}, and
limg_q Flg,((s) < 00.

Claim 6. In Case 6, CU;(c*;0!) > C’Ui(aﬂgg,a*i;ot) for all a € {Cy,C1, Dy, D1 }.

Claim 7. In Case 7, for some §;;, there is a function Fy7 : (0;7,1) — R such that
t
FEi7(8) < A implies that CU;(0%;0t) > CUi(oF o', 0% ;3 0%) for all a € {Co,C1, Do, D1}, and

—i Y

limg_,q FZ'7(5) < 00.

In Proposition Il we show that the strategy o* with the belief system p can be a
sequential equilibrium for sufficiently high §. Then, because of Lemma [2] it is trivial that

cooperation is recovered from any history in this equilibrium.

Proposition 1. There is 6* € (0,1) such that for any 6 € (6*,1), there is a sequen-
tial equilibrium which supports cooperation and in which cooperation is recovered in finite

periods from any history.

Proof. From Claims 1 ~ 7, we know that, for all i € NV,

lim(;_,l Fil ((5) = 00, lim(;_d F13(5) = 00, lim5_>1 FZ4((S) = o0

lims_,1 Fi5(0) < oo, and lims_; Fi7(J) < oo.

Thus, there exists 6* € (0,1) such that, if § € (6*,1), then, for all ¢, § > §;, 6 > 0,9, and
there is A such that

The one deviation property of sequential equilibrium and Claims 1 ~ 7 imply that for
d € (6%,1), o* with A satisfying (H) is a sequential equilibrium. From Lemma [2] under o*,
cooperation is recovered in finite periods from any history. |

6 Discussions

In the previous section, we show that ¢* is a sequential equilibrium in which cooperation

is recovered in finite periods from any history. The role of local communication in ¢* is
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to enable agent to inform his neighbors that he starts a new defection phase. That is,
an agent informs his neighbor that he will play D in A periods by sending a message 1
with playing D. Someone may be interested in a sequential equilibrium which supports
cooperation under an environment without communication.

Consider a repeated prisoner’s dilemma game without communication. That is, each
agent has only two actions {C, D} in each period. The payoffs of prisoner’s dilemma game
between two linked agents are given as in Table [l Agent ¢’s payoff in a stage game and
his discounted average payoff in the repeated game are the same as those in the repeated
prisoner’s dilemma game with communication. In this environment, suppose that each
agent employs a trigger strategy a; O That is, each agent plays D if and only if he observed
D played by himself or his neighbor in the past history. In the environment without
communication, one can show that the trigger strategy & is a sequential equilibrium if
d€g/(1+9),9/(1+g)+1/((|Gi]| —1)(1+g))] for all 7. Trivially, & supports cooperation.
Also, one can show that if [ is small enough and g/(1+¢)+1/((|Gi| —1)(1+g)) < d < 1 for
some i, then & cannot be a sequential equilibrium. The intuitive reason is that an agent
who observes a defection by his neighbor has an incentive to play C to block the spread
of defection which spoils the future gain from cooperating with other neighbors.

Although the trigger strategy & cannot be a sequential equilibrium for small [ and
high 0, Lemma 2 in [Ellison| (1994)) provides an idea to construct a sequential equilibrium
supporting cooperation for sufficiently high §. That is, agents divide the game into T
replica games where tth replica game is played in periods t,T + ¢,27 + t,..., and they
play the trigger strategy & in each replica game and ignore observations in other replica
games. Here, T is chosen to satisfy 7 € [g/(1+ g),g/(1 + g) +1/((|Gi| — 1)(1 + g))] for
all 7. Although & supports cooperation as an equilibrium, it is not stable to mistakes.
That means, if an agent deviates from cooperation by a mistake in a replica game, then
cooperation is never recovered in that replica game. This may not be a desirable property
of equilibrium.

One may be tempted to find a sequential equilibrium which is stable to mistakes by
considering a strategy with finite periods of punishment. For instance, consider a strategy
6; for each agent 7 such that he plays C' when he did not observe D in his past history.
If he is surprised by his neighbor in period ¢, then he plays D in following A periods
and C thereafter. If he makes his neighbor surprised by playing D, then he plays D in
following A — 1 periods and C thereafter. If he makes his neighbor surprised by playing
C, then he plays D in following A periods and C' thereafter ™ However, & is not stable

MXuel (2004) discusses a trigger strategy under an environment where agents are located in a line-shaped
network, while agents in our model are located in a minimally connected network. The argument in [Xue
(2004) can be applied to the environment with a generalized network.

15We can define & formally in a similar way to define the strategy ¢*. That is, we first define the phase
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Figure 4: 6-path conditioning on h3

to the mistake, and moreover, it not a sequential equilibrium. For example, consider a
network and &-path conditioning on k3 which is described in Figure @ Here, right-arrow
(resp. left-arrow) represents that the agent in the left side (resp. right side) surprises the
agent in the right side (resp. left side). In period 1, agent 2 makes agent 3 surprised by
playing D and there is no surprise between 2 and 3 until period A. So, agent 3 expects
that agent 2 plays D until period A and C in period A + 1. However, agent 1 makes
agent 2 surprised by playing C in period 2. So, agent 2 will play D in period A + 1 to
satisfy agent 1’s expectation. This makes agent 3 surprised again and so agent 3 starts a
defection phase in period A 4+ 2 again. Since there is no period in which agent 1’s and 3’s
expectations on the period when agent 2 ends the defection phase, C' is never recovered
after history h®. To check the sequential rationality of &, notice that there is only two
mistakes ai and a? in hAT3. Also, we can see that kA3 is the only history which can
survive in supp(ji(-; 0f T3 (hA13))) for any belief system fi consistent with 6. Thus, hA+3
has the probability one under fi(:; 011\+3(hA+3)). Given the strategy 6_1 of the others,
playing C' in period A + 3 cannot be the best response for agent 1, because agent 2 never
plays C' is after period 3.

In the paper, we assume that G is minimally connected. Thus, given that agent ¢’s
information set of is reached, his neighbors’ continuation actions along the o*-path are not
random under p(+; 0!). This makes it possible to calculate the continuation payoffs for each
strategies and to compare them. If we drop the assumption that G is minimally connected,

the continuation actions may not be uniquely determined among the histories which are

P(0}) = (AL, Miw)keg,; of each information set o} in the same way as for o* with an expectation function
E :{0,1,...,A} — {C,D} given by E(0) = C and E(\) = D for A # 0. Notice that Lemma [ does
not hold in this case. The strategy &; is as follows: if E‘(AZZ) = D for some k € Gj, he plays D, and if
EA'()\ZZ) = C for all k € Gj, he plays C.
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Figure 6: a(0*; h?)

in the support of u(-;0!). Too see this, consider a network G = {12,23,34,45,51} and
o*-paths conditioning on h? and h® which are given in Figure [fl Notice that histories
k3 and h® are in the same information set o% of agent 3 and each of them has only one
mistake. Since og cannot be reached without mistake, A% and h3 should be in the support
of u(-, og). However, as seen in Figure Bl actions after period 2 are different, which makes
it difficult to calculate the continuation payoff for each strategy. Moreover, if the network
is not minimally connected, then cooperation may not be recovered from some history
under o*. Figure [6] provides an example of a network which is not minimally connected
and history h? for which cooperation is not recovered under ¢*. In this example, the
pattern of actions in periods 3 ~ 6 are infinitely repeated along the o*-path conditioning

on h2.
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7 Conclusion

In the paper, we consider the repeated prisoner’s dilemma game with imperfect monitoring
under a network. Since each agent cannot observe the action of other agents who are not
directly connected to him, he cannot distinguish defections his neighbor plays between
deviations and punishments. In this situation, it is already known that cooperation can
be sustained as a sequential equilibrium. A trigger strategy such that observing a defection
causes permanent punishment can be such an equilibrium. Although the efficient outcome
can be obtained as an equilibrium in trigger strategy, it is not stable to mistakes. That
means, if there is a small possibility for agents to choose defection by mistake, cooperation
cannot be sustained any more.

The main contribution of this paper is to construct a sequential equilibrium which
supports efficient outcome and is stable to mistakes by introducing local communication.
Under the strategy we construct, cooperation is recovered in finite periods whatever the
history is. The role of local communication is to enable agent to inform his neighbors that
he starts a new defection phase, which makes it possible for cooperation to be recovered
in contiguous periods. In the strategy we defined, agent’s expectations on the actions of
his neighbors plays an important role in the strategy, since a digression from expectation,
called surprise, induces punishment in finite periods even if it is not a deviation.

As discussed in Section [0, the assumption of minimally connected network is crucial to
show that the strategy is a sequential equilibrium. However, this assumption is somewhat
restrictive, since we frequently observe that social networks in the real world are not
minimally connected. The other assumption in this paper is that the benefit and the loss
from defection are sufficiently small. If a prisoner’s dilemma game does not satisfy this
assumption, then the strategy we construct is not a sequential equilibrium. Thus, we may
want to relax the assumption on the payoff in the prisoner’s dilemma game. Furthermore,
we can consider other games between two agents who are linked in the network instead
of prisoner’s dilemma game. It seems interesting to find a sequential equilibrium which
results in an efficient outcome and is stable to mistakes under the model with general

networks or with general two person games.
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A Proof of Lemma [3

= (a% )2} and a history h' = (a3)'Z] € of. For convenience, let

Fix an information set o a,

h* = (a (0% h))2, = (a%)2; and P(o$(h**)) = (A;, A5 ) ke, for each s > 1I8 Suppose
that, for some 7 > 0, of (07 (h*'*7)) ¢ E(A}T) for some ki € G;. If we find ht € of such that
p(h') < p(h'), then the argument before Lemma B] implies that h' ¢ supp(u(-;o!)), which will
complete the proof.

Let #;(0) = {i} and k;(z) = {k € N\{i} : d(k;i) = x} for x = 1,...,M where M =
max;e y{max{d(k;i) : k € N\{i}}}. Thus, k;(z) is the set of agents who has distance z from i.
Since G is minimally connected, M > 1 and N is partitioned into #;(0),...,x;(M). If M = 1,
then Gy = {i} for each k # i, which means k is an end agent. Then, we have, for each 7 > 0,
o (0t (h*HT)) € E(AST) for all k € G; which is a contradiction. Thus, M > 2.

t
0;

Step 1. Let kpy_1 € ki(m — 1), ky € ki(m), and kp,_1k,, € G where 2 < m +1 < M. Suppose
that ap, & BN, _ . ). If there is no agent kpyy1 € Gy, such that kpy1 € wki(m + 1) and
ak s & E(/\Z }cm“)’ then either

m

7 Ok (Ok,, (7)), 0 (6)
L Fon (o T (T 1)) and ay t € BT ). (7)

Proof. Suppose that, for some m with 2 < m+ 1 < M aj, ¢ E(A; . ) and there is no
agent k,+1 € Gy, such that k41 € ki(m + 1) and ak o ¢ B\ }ﬂ +1). In addition, suppose
that aj, = o} (of (h*?)). Since o}, (op (k™)) = a; ¢ E(N. . ), by the construction of

o, op (o (h**)) = Dy and Aj # A. Thus, there is an agent kp,+1 € Gy, such that

km+1 # km—1 and )‘zmHkm = A. Then, only two cases are allowed in period s — 1:

—1km

ag L BN L) (8)

kml ¢ E()\imilkm) and az;l # D; (9)

Since (8)) contradicts our assumption, we have aj ' ¢ E ()\Z}CH) and as_l # D;. By the construc-
tion of o, ay g E()\Zm}ﬂmﬂ) and aj, L4 D, 1mply that a 1+ o, (on (h*s 1)). Furthermore,
since aj, -1 ¢ E( o1k, ) and az;l # D1 imply Aj . =A contradlctmg ALk, 7 A, we have
0 # o, (ol (h 1)) and af € B ). '

Given an agent i, for each k € G;, we denote ~;(k) as the set of agents j such that the chain
between ¢ and j contains k. That is, j € ~;(k) if and only if k¥ € ¢ < j. Since G is minimally
connected, N can be partitioned into {¢} and ;(k) for k € G;.

6By the definition of an(c*;h'), we can let h**° = (a})32; without conflicting with h* = (af):Z}.

That is, h**° agrees with h' for periods s <t — 1.
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Step 2. Letky € Gi. Ifaj, & E(\j,,) then, for some m with 1 < m < M, there is an agent
km € Ki(m) N~y (k1) such that

ap, " A of, (op M (RTTY) and o ™ ¢ BOY ML) or (10)
ap, ™ #F oy (op "(hWT™)) and ap ™ € E(AL ™). (11)

Proof. Let ay ¢ E(Xj,,) for some k; € G;. If {I0) and (II) do not hold for m = 1, then Step
1 implies that there is an agent ko € Gy, such that ks € k;(2) and af. ' ¢ E()\Zlkl ). Then,
if ([0) and (II) do not hold for m = 2, there is an agent ks € Gy, such that ks € k;(3) and

a;? ¢ E(/\‘Z_k2 ). Continuing this procedure, we eventually have a contradiction that there is no
agent km € ki(m + 1) such that aj m“ ¢ B\ ’,?tl ) because s —m +1 =0 or m = M. This
proves Step 2. |

Let af ¢ E()\j;,)- From Step 2, we know that there is a mistake azfmﬂ such that az;mﬂ #

oy, (05 erl(h*s’m“)) and a; il g B(X smm;;in), or a; " such that aj ™ # o} (op "™ (h**7™))
and aj ™ € E(Ap ™, ), where ky, € ki(m) N ~;(k1). In this case, we say that a surprise aj is
induced by mistake aj - mtl op a;. "™, respectively.

Step 3. Letk e G; and k' € Gy, and let aj, € h*>® and af, € h*> satisfy that a3 ¢ E(\S,) and
a3, ¢ E(\5,). Let ai be induced by ai and a, be induced by aill. Ifs# s ork £k, then § £ §

or k #+ k'. That means, a mistake can induce at most one surprise to agent i.

Proof. Suppose that k # k', then k € ~;(k) and k' € (k). Since ~;(k) N (k') = @, we have
k # k'. Suppose that k = k’ and s # s'. Without loss of generality, let s > s’. In addition,

suppose that k=1k and § = & , SO al; = a:' Since G is minimally connected, there is a unique

N N k! R R
chain k =« k =k < k' = {ki,...,kn} such that ky = k =K, k,, = k = k', and kiki1 € G
for all I = 1,. — 1. Then, aj ™ = ak = ai = az —m+1 " From Step 2, we have ak =
ay, ,m € E()\‘smmlkm) ()\S .k, ) and ak = ak’ —mtl g E()\é_"f,‘:l) ()\s .k, ), Which is a
contradiction. |

From Steps 1 ~ 3, we know that for each surprise aj € h**° to agent i by k € G, there is a
mistake which induces aj and does not induce any other mistake. Furthermore, since C; is never

played under o*, af € h' for k € G; satisfying aj = C} is a mistake. Therefore, we have

p(h') = Hai € h':ai # 07 (0] (W)} + {aj € B : af, ¢ E(X},). k € Gy}
+{a; € h' 1 af = C1 € E(\5,), k € Gi}
> af €ht:af # o7 (0] (W)} + {af € B' 2 af, ¢ E(AG,), k € Gy}
+{a; € h' : af = C1 € E(\5,), k € Gy}
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Step 4. There is a history ht = (a%)1Z} such that h' € of and p(ht) < p(ht).

Proof. We construct a history h* = (a%)iZ} for each s with 1 < s < ¢ iteratively as follows: Let
=g and, for each s satisfying 2 < s <,
ils _ (hs 1 d?\/‘ 1)
where
a; = ai_l if k € Gy,
ay "t =of(oy M(heTY) if k¢ G

By the construction of A?, we have h* € of(h'). For each s, let P(0f(h*)) = (A, A% )keq, -

Notice that a “‘”71 € htis a surprise to agent ¢ if and only if azfl € htis a surprise to 1.
Furthermore, since there is no mistake for agent k ¢ G;, Step 2 implies that any surprise ay” Leht
to agent i is a mistake. That is, if a5 ' ¢ E(AS 1), then ai~! # o5 (0; " (h*~1)). Also, since C}
is never played under ¢*, an action a; € ht satisfying aj € E(;\fk) and af = Cy for k € G, is a
mistake.

Now, we want to show that, if af € ht for k € Gy is a mistake, then aj ¢ E(}fk) or a; =
Cy € E(),). Suppose that aj € h for k € G; is a mistake where A%, = As,, = A € {0,...,A — 1}
for all k' € G%. Suppose in addition that a; € E(X{,). Since a; € E(X;,,) for all k" € G}, and
a; # o (05 (h®)), we have a; = Cy € E(A;;). Suppose that there is a mistake a; € h' for k € G;
such that a; € E(A5,) where A7, = A for some k' € Gj. Let 5 denote the earliest period when
such a mistake exists. Let k; € G; be an agent who makes the mistake aj in period § and ko € Gy,
be an agent with Aj , = A. Note that 5 > 1 since AL , = 0. Since 4} # o, (0f, (h%)) = Dy and
aj, € E(S\f_,ﬁ)7 we have S\fkl # A, i # ky. Since j\izlﬁ = A, by the construction of P, we have
either (i) a5 ' ¢ E(\ L) or (i) aj ' ¢ E(\;,}) and af ' # Dy. If (i) is the case, then Step 2
implies that there is a mistake by some agent k ¢ G; in ﬁﬂ which contradicts the construction of
ht. If (ii) is the case, then a ag ! is the mistake and &,;1_1 € E(;\fk_ll) since ;\fkl # A. Then, by the
definition of 35, we should have )\f,;l = S\ifkll =Xe€{0,...,A—1} for all ¥’ € Gg,, which implies
di le E(j\i,_kll) for all ¥ € Gy,. However, this contradicts that (ii) is the case. Therefore, if

L € ht for k€ G, is a mistake, then it is a surprise to agent ¢ or it satisfies a; = C € E(;\fk)

Furthermore, since of (h*%) = of (h®) for all 7 < ¢, a$ is a mistake in ht if and only if af is a

mistake in h*, and for k € G; and for s <t —1, a3 ¢ E(\S,) if and only if af ¢ E()\3,). Therefore,

p(h') = [a; € bt a; # o7 (o} (W)} + [{a; € B = a3 # of (0} (h*)), k € Gi}|
= [{a; € ht:ay # o7 (o5 (W)} + {ag € b 2 4 ¢ E(N;,), k € Gi}l|
Ap) k€ Gy

= Hai € b’ :af # 07 (0] (W*)} + {ag € 1" 2 a & E(Ny), k € Gi}

)
)
+{a; e bt a3 = €1 € B(
)
(As), k € G}

+{a; €eht:aj =C1 € F
< p(hY).
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This completes the proof. |

B Actions in period s >t for each strategy

Case A. For an information set of such that P(of) = (A\L;, A\ )keq, and, for some k € G,
A=A,

Case 1. G, is partitioned into K3, Kf\\fl, K}, and K.

aj, s2>1
strategy ke t t+1 t+2 -+ t+A-1 t+A t+A+1 t+A+2
{Z} D Do Do ce DO CO Co CD
(U;‘7 Uii) Kﬁ Dy Do Do s Do Co Co Co
K11\\71 Do Do Do cee Co Co Co Co
K | Do D1 Dy - Do Do Co Co
Kg Co D Do s Do Do Co Co
{’L} D() Dy D[) s D() DU Co Co
(g;|;§o,gii) Ky | D1 Dy Do - Do Do Co Co
K'Y | Dy D1 Dy - Do Do Co Co
K} Dy  Di Dy .- Dy Dg Co Co
K§ Co D Dy .- Dy Dy Co Co
{i} C D Do Do Do Co Co
(Uf\ocf,ffii) Ky | D1 Di Do .- Do Do Co Co
KA ™' | Do D1 Do Do Do Co Co
K& DO Co Dy Do DO Do Co
K§ Co Co Dy Dy Dq Dy Co
Ce {COa Cl}

Case 2. G is partitioned into K2, Kﬁ_l, K;\"’l, K?, and Ki_l, where A =3,...,A — 1.
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ag, s>t
strategy ke t t+1 t+2 t+A—1 t+A t+A+1 t+A+2
{Z} Dy Do Do Do Co Co Co
(o7,0%,) Ky | D1 D Dy Do Co Co Co
K//\\71 Do Do Do Co Co Co Co
K} | D D1 Do Do Do Co Co
K} | Do Di Do Do Do Co Co
KY™'| Do Dy Do Do Dg Co Co
{7,} Dy D1 Do Do Dg Co Co
(aﬂgo,afi) Ky | D1 D Dq Dq Dq Co Co
Ky | Do D1 Do Do Do Co Co
K| D Dy D Do Do Do Co
K} | Do Do Dy Do Do Do Co
KY™'' | Do Dy  Di Dy Do Dy Co
{i} C D Do Do Do Co Co
(o} \g’ L0 ,) KR D, Dy Dy Dy Do Co Co
KU | Do D1 Do Do Do Co Co
K| D D1 Do Do Do Co Co
K} | Do Di Do Do Do Co Co
K}™' | Dy D1 Dy Dy Do Co Co
C e {Co,C1}
D=D;if A\=A—1and D = Dg otherwise
Case 3. G, is partitioned into K7, Kf\\fl, K3, K2, and K3.
aj, s21
strategy ke t t+1 t+2 t+A—1 t+A t+A+1 t+A+2
{Z} D1 Do Do DO CO CO CD
(oF,0%,) KR Dy Do Do Do Co Co Co
K11\\71 Do Do Do Co Co Co Co
K3 | Do D1 Do Do Do Co Co
K? | Do D1 Do Do Dy Co Co
K} | Do D1 Do Dy Dy Co Co
{i¥ | Do D1 Do Do Do Co Co
(011%,.0%) | KA | D1 D1 Do Do Do Co Co
KA ' | Dy D1 Do Do Do Co Co
K3 Do Do D; Do Do Do Co
K? | Do Do D Do Do Do Co
Ky | Do Co Dy Dy Dy Dy Co
{’L} C Dy D[) D() DU C() Co
(Ui*‘oci’gii KL D, D, Do Do Do Co Co
K\ | Do D1 Do Do Do Co Co
KS’ Do Dy Do Do Do Co Co
K2 Do D; Do Do Do Co Co
K} | Do D1 Do Dy Dy Co Co

Ce {C(),Cl}

Case 4. G, is partitioned into K3, Kj\\_l, K%, K{, and KY.



strategy k€ N
t t+1
. t+2
{i o
(o7,0%) ’]; oo b Ba
| ; : +A+1
) z ; - - t+A+2
s o Do . 8
A Dy D o ¢ 0 CO
2, o Do . 8
i Do D D o o CO CO
K%) Do Dy DO o o CO .
K9 | co Dy . o » 0 CO
, WD n ; - :
(O”fF |0i * ’ o v O z g 0
ilDgr 9 — ) KA 0 O
0 i A Dy D ” » :
KA1 ' Po 0 B :
: oD Do D :
! 1 o 0 Co
11 o o 0 Do Do C o
K%) Do Co D1 o o DO CO
Kj Co C 1 o 5 0 .
" {i} c ’ o 5 0 o C
(0’* ‘0-; * Dl N O DO D
o) ot 0 D, Dy C
[ A Dy D O » 0
0, 1 o 0 Co
| oD Do D .
2, 1 Do . o
i Do D1 D o o i CO
K%) Do D1 D0 o o CO .
K% | Ccy D . o » 0 CO
1 Dy Dy . o .
Dg C :
0 C
0

Ce {Co,cl}
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Case B. For an information set o} such that P(of) = (AL;, A} ke, and, for all k € G;, AL, =
A£A,

Case 5. G, is partitioned into K}, and K.

ag, s>t

strategy ke t t+1 t+2 -+ t4+A-1 t+A t+A+1 t+A+2
(0;k ,foii), {i} C Co Co cee Co Co Co Co
(olg 0% | K& | Do Co Co - Co Co Co Co
KY | Co Co Co e Co Co Co Co
(i} | b. Do Do - Do Co Co Co
(UZ|OD§1 o) | K§ | Do D1 Do .- Do Do Co Co
K9 | Co D1 Dy - Do Dy Co Co
{iy | Do D1 Do - Do Do Co Co
(J:|0D§O7J:i) K& | Do Dy Do Dy Dg Co Co
Kg Co Dy Do cee Do Do Co Co

C =Cy for (o},0*,;) and C = C; for (o}

t
94 *
0170—1')

Case 6. G; is partitioned into K))\"H, K3, and Ki_l, where A € {2,...,A —1}.

ag, s>t

strategy k€ tot+1 t+2 o t+A—2 t+A—1  t+X  t+A+1
{'L} Do Do Do ces Do Do Co Co
(o7,0%)) | K3™' | D Dy Do - Do Dy Do Co
K} | Do Do Dy - Do Do Co Co
K" | Dy Do Dy - Do Co Co Co

strategy k€ t t+1 t+2 o t+A—1  t+A  t+A+1 t+A+2
{’L} D1 DO Do she Do Co Co Co
(UZ‘|OD§1 ot | KXY D D, Dy - Do Do Co Co
K} | Do Di Dy - Do Do Co Co
K" | Dy D1 Dy - Do Do Co Co
{'L} C Dy Do ces Do Do Co Co
(0?|g701i) K3 | D Dy Doy .- Do Do Co Co
K} | Do Di Dy - Do Do Co Co
Ky '| Dy Dy Dy - Do Do Co Co

Ce {00,01}
D=D;if A\=A—-1and D = Dy otherwise
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Case 7. G, is partitioned into K7, K, and K?.

ag, s>t
strategy ke t t+1 t+2 t+A-1 t+A t+A+1 t+A4+2
{i} | Do Co Co Co Co Co Co
(07,0%,) K} | Do Do Co Co Co Co Co
Kll Do Co Co Co Co Co Co
KY | Co Co Co Co Co Co Co
{i} | D1 Dg Do Do Co Co Co
(0';|OD£170'*_1') K% Dy Dy Do Do Do Co Co
Kl | Dy D Dy Dy Do Co Co
K) | Co D Do Dy Dy Co Co
{’L} C Dy Do Do Do Co Co
(Uf|oc§701i) K} | Do Di Do Do Do Co Co
Ki | Dy D Dy Do Do Co Co
KY | Co Dy Dy Do Do Co Co

Ce {Co,cl}

C Proof of Claims in Section

For convenience, let m;(0!) be a partition of G; generated by of. For example, if of satisfies Case
1, then m;(0f) = {K{, KA™' K}, KJ}. Recall that K3 depends on of. We denote II;(Z) as the
set of all partitions of G; in Case Z. For example, if a partition 7; is in II;(4), that is m; € II;(4),
then 7; can be represented as m; = {K2, KA ™!, K?, K1, K?}. Since G, is finite, I1;(Z) is finite for
each w. Also, note that for each of, m;(o!) € I1;(Z) if and only if o! satisfies Case Z.

Proof of Claim[d. Note that

CUi(a%;0}) = (1=0)|KQ|(1+g)+ (1 —8)8* KL '[(1+9)
+(1 = O)MIKR| + KR = (| K5] + KGN + 64 |Gl

Dy 0ti30f) = (L= 0)|KQ|(L+g)+6*Gi], and

(1= ) (K| — (IER|+ KR + K5 )0
+(1 = 0)o(1Kq| + |KGDH (1 + 9)
(1= O)FM (KR + KR ) — (K| + [KG)) + 842Gl

t
CUi(07] ¢, 0% 5;.05)

where C' € {Co, 01}
Since |[K4| + [KA™Y — (|K§) + K9 > 1 — (|G4| — 1)1 > 0, we have

[KR (1 + g) + O(IER| + KR = (1Kq | + KT > 0.

This implies that CU;(c*;0!) > CU,;(oﬂono,oii; ob).
To compare CU;(c*;0t) and CU; (o}

92;

Gsot), suppose that [K3|(1+g)+|K§| — (| KA |+|Ky '+
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IKL|)l < 0. Then,
CUi(o*;0t) > CU (7|5, 0% 3 o)
= (1=K (1+g)+ (1 - 65 LKL (1 +g)
+ (1= )N(KA] + [KY) = (IKY] + KON + 631Gy
> (1= 8)(IKS| — (IKA] + KA1+ [KED) + (1 — 8)5(1KE| + | KIN(1 +g)
+ (1= )N KA + [KAY) — (IKY] + KON + 632Gyl
KL+ g) + (1= 6)S((KL] + KA — (K| + KDL + 62| Gal)
> 5(—|KQg — (|KA| + KLY + | KD + 62( K|+ [KS)(1 + ).

Since

KR+ 9) + (1= )S(IKR| + |KA ™ = (K5 | + K3 + 6%IGil)
— |KR|(1+9) +|Gi| > 0,and

5(—|KQlg = (IKR| + KA~ + K DD + 6% (1Kg| + [KS)) (1 + g)

— Kl (1+g) + |KQ| — (KR |+ KX+ Kol <0

*

as & — 1, there is &/, € (0,1) such that CU;(c*;0!) > CU; (o} Ocﬁ,a_i,oﬁ) for all § € (d};,1).

Suppose that |Kg|(1+ g) + |K§| — (|K2| + [KA™! + | K§])l > 0. Then,

o} * t
i .
¢ 02;30})

CU;(c*;0t) > CU; (o}

—  Ad WKL+ g) + (1 8)S((KR] + KA — (K| + [KIDY) + 62G]
> I [5(~|KQlg — (IKA + (KA + KD0) + 62(1K3] + KL + g)]

— AL

1 [\Kk|<1+g>+<1—6>5<<u<2|+\K2*1|>—<\K3\+|K8|>z>+62|ci|}
—Ins S(—1Klg—(IK A+ KA~ +HIKAND+62(| K [+ KD (1+9)

where § is sufficiently large so that In(-) is well defined.
Since |KR|(1+9) +1Gi| = 1+|K§| + K| > (|Gil = Vg + | K§| + | K| = [Kglg + | K§| + [ K| =
|K3(1 4 g) +|KJ| — (/K| + |[KA ™Y 4 |K§))l, we have —Ind — 0 and

In [\Kﬁ|<1+g>+<175>6<<u<2|+\K£*1|>7<\Ké\+|z<8|>z>+a2|ci|}
8(<IKSla— (KA FFIKR - THIKEDD+6 (| KE [+ Kg ) (1+9)

|KA1(149)+]Gil }
— In [ — >0
[K31(1+9)+IKG|— (| KR+ K3 [+ KD

as & — 1. Thus. ——1n {IK/’\\\(1+g)+(1—5)5((|Kﬁ\+|K271\)—(IK01|+\K8\)1)+52\G7:\} v ooas§ — 1. Let

=100 S (I RKRlg— (KR KA T+IKg D)0 (|3 [+ KG ) (1+9)
Fi(6) = min { ! [|K£|<1+g>+<1—6>5((|1<2|+\K2*1|>—<\K3\+|K8|)1>+62|G,:|}}
' meetty(1) L8 0 LS (Kl (KR IEY T HHKEND +62 (1K KFD(1+9)

for sufficiently large §. Here, the minimum is taken over the set {m; € IL;(1) : |KJ|(1+g)+ |K§|—
(IKR| + KA 4 | K3 < 0}. Then, Fjy(6) — oo and A < F;;(0) implies that CU;(0*;0) >
CU;(of|a’, 0% ;;0t) for all a € {Co, Cy, Do, D1} |
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Proof of Claim[2 In Case 2, agent i’s continuation payoff for each strategy is as follows:

CUi(o%;0f) = (1=8)8* KR Y(1+g)
(1= OO (KR + K3 = (T + KR+ [T )0 + 08 Gl

t
CU;(o} %O,aii;oﬁ)

%

(1= )M (ER] + KL = (K3 + [ER] + K7D

+5A+2|Gi|, and

CU(0t (%, 0% 0t) = —(1— )|yl + 71 |Gy|

i

where C € {Cy, C1}.

Since
CU(0%;0!) > CUs (o 33,5 00)

= (1-8)§ MK (1 +g)
+ (1= )M (ER| + KR = (I + KR+ KD + 644Gy
> (1= 0)oM KR+ (KT = (B + Q]+ [K3 T DD + 082Gl

SMHERTH( 4 ) + (1= 9N (ER] + [KR Y = (KT + KR+ KR + MGl 2 0

e
= MK+ g) + 0G| + (1= 8)S( KA+ [ Ky~ — (BT + K|+ Ky )] =0
and

[KR (L + )+ 0°(Gil + (1= )8 (KR + [ER ™ = (K3 + (K] + K3 D)
— KRN+ g) +1Gil >0

t
7

as § — 1, we have CU;(c*;0%) > CU; (o %O,Uii; ob) for sufficiently large 6.

Since

CUi(o*;0t) > CU(07 | 0)

= (1=8)5 K (1 +g)
+ (1= )M (KR + KR~ = (K3 + KR+ KR + 641Gyl
> —(1 = 0)|Gill + 4Gy
= UK+ g) + SN (B H KA = (KT + K3+ KX > —|Gill

= ATHKRT (14 g) + (RN + KL = (KX + KR+ KR + [Gall > 0

and |K}

+ KA = (KT + | KR+ Ky~ > 1 — (|G — 1)l > 0, we have CU;(0*;0t) >
]

i
t
O % .t
a,0r 5 08).

s YV —10 Y
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Proof of Claim[3 In Case 3, agent i’s continuation payoff for each strategy is as follows:

CU;(o*;0h)

(1-8)8* KR (1 +g)
(1= O)OMER] + [Kx T = (K3 + [K3] + [K3)D) + 84 |Gil,

t
CU;(o} %O,Uii;oﬁ)

i

(1= 6)3|K3|(1+g)
(1= )M KR| + KR = (|K3] + [K3] + [K3))1) + 6442|Gif, and

—(1=9)|Gs|l + 621Gy,

CU (o718, 0% 0)
where C € {Cy,C1}.

Note that

o} * t
D07U—i70z’)

CU;(c*;0!) > CU;(o;}

= (105K (1 +g)
+ (L= OMER| + KR = (K| + [K3| + K3 + 8+ Gl
> (1= 0)0|K3[(1+g) + (1= §)FM (K| + KR ™| = (IK3| + | K3| + [K3 1) + 64F21G|
= MERTA )+ (1= 80N (KR + KR - (K3 + [K3| + [K3])) + 6% Gyl
> 0% K3|(1+ g)

— AWS I [[KA (4 g) + (1 O)SKR] + KA — (K3 + 3|+ K3 +62|Gi]
> In [§2|K3](1 + g)]

A< 1 ln[|K2*1\(1+g>+<1—6>6<u<2\+\K£*1|—<|K§|+|K§|+\K;\>l>+62lca}

< —1Iné 52|K3|(1+g)

where § is sufficiently high so that In(-) is well defined.
Since |Kx (1 +g) + |Gil > [K3| +1 > |K3| + (IGi| = 1) g = [K3| + |K3lg = | K3[(1+g), we
have —Iné — 0 and

A-1 B A A—1) 3 2 1 21, A-1 )
In [ K 10+9)+01 5)5(\KA\+\K,1\ | = (K [+ K, [+ K DD+7IGHT |y 1K) |1(1+9)+\Gz\ >0
02| K;|(1+g) [K31(1+9)
. 1 |KR " (A49)+(1=8)6 (| KA [+ Ky~ = (K3 |+ K3 |+ K3 ))+5%| Gl .
as 6 — 1. Thus, ——1In 2RI 19) — oo as d — 1.

Furthermore, since

t
0 * .t
Cao'fivoi)

CU;(c*;0t) > CU; (o7

= (1=K (1+yg)
+ (1= 0)M(KR [+ Ky~ = (K| + | K3 + | K3])1) + 621Gy
> —(1—6)|Gill + 621Gy

= OMUERT (L g) + ONER] KR = (KE] + [ K3| + [ K3DD) +[Gill > 0

o;. b,

and [KR|+ Ky~ — (K| +|K3| + |K3|)l) > 0, we have CU;(0%;0!) > CU;(07| G5 0!
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Letting

(S) — i 1 (KA (49 +(1=8)5(| KA [+ KL = (1 K3 |+ K31+ K3 D) +8%| G|
Fia(9) = eIl (3) { —ts In [ : ) [ E— } }
for sufficiently large §, we complete the proof. |

Proof of Claim[f] In Case 4, agent i’s continuation payoff for each strategy is as follows:

CUi(0%;0f) = (1=0)KD|(1+g)+ (1 —8)8* M ER(1+g)
(1= SN KR+ [KR Y = (IK?| + K1 + [P + 681Gl

(1= O)EPI(L+g) + (1= )KL + KN+ g)
(1= )6 (KR + |KR ™ = (K| + | KT + [P + 6*2|Gyl, and

t
CUI(Uz* ‘%07 Uti; 012‘/)

CUi(o7|g 0% 508) = (1= 0)(IKY| — (IKR| + [KR 71|+ [KF| + [KT DY) + MGl

g

where C' € {Co, 01}
Noth that
CU(0%;0) > CU (07|, 043 0)
=  (1=0)|KY(1+g)+ (1 -85 Ky (1+g)
+ (1= 0)A(IKR |+ KA~ = (K3 + | KL + | K)I) + 621Gy
> (1=0)|KP|(1+g)+ (1 —8)5(KT|+|KP)(1+g)
+ (L= 8K+ Ky = (K7 + [ KL+ KD + 62F2|G,|

= OMERT )+ (1= O)OM(ER+ KR = (KT + K|+ KD + M2 Gyl
> O*(|KT| + K7D+ g)

= A+ [[KR7H(1+g) + (1= 8)S(KR|+ KLY = (IKF| + | K|+ [KP)) + 6°(Gil
> In [0*(| K1 + K1 + g)]

A < oy In [ A s A IR G Gl
— —Ind

S2(IKI+IK?)(1+9)

where § is sufficiently large so that In(-) is well defined.
Since |[K3 ™' (149) +[Gil > [K}[+|KP|+1 > |K{ |+ KD+ (|G| = 1) g > (IKT[+|K?])(1+49),
we have —Ind — 0 and

|K£—1|(1+g>+<1—6>6<u<2\+\Kﬁ—1|—<|K%|+|K%|+\K?\>l>+62lci\} {|K£—1|<1+g>+\ciq
In P RIHR (1 +g) —In | RrET e | > 0

1 [ER T )+ (=) SRR L KR | — (G K |+ KD D)+62|G|

as 0 — 1. Thus, 5 SRR (1)

}%ooasé%l.
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*

t
To compare CU;(0*;0t) and CU;(of|4, 0% ;;0!), note that

CU;(c*;0t) > CUZ'(O'ﬂOCg,O'ii; ot)

= (L=0)IKY|(1+g)+ (105" KR (1+g)
+ (L= 00N ER|+ [KR ™ — (|KF| + | K|+ [KPDD) + 641Gl
> (1= ) (|K7| = (IR |+ [ KR+ K|+ KA + 644Gy

= SMNERT(+g) + OMKR] KR - (KT + KL+ [KDDI)
> =6 KR+ K7 + KT+ [K{)) - 6| KTy

Since |KA| + |KA7Y — (IK?| + |K}| + |K?|)l > 0, we have CU;(0*;0t) > CUZ'(UﬂOC;,O'* o!) for

—17)

sufficiently large 4.

Letting
‘ . 1 \Kﬁ‘l\<1+g>+<176>6<|1<£\+|K2-1\7<|Kf|+u<i\+|K?|>l>+62|c;i|} }
Ful0) = min | {,M In [ S (IKT+ KN (1+9)
for sufficiently high &, we complete the proof. |

Proof of Claim[Q In Case 5, the payoff for each strategy is given as follows:

CUi(J*;Ot) = CUZ‘(JNOE,CNU* .Ot)

% —10 71

(1= O)(IKE| — [Kgl) + 0] Gil,

CU(or|% 0% 0) = (1= 8)|KJ(1+g) — (1 — 8)5M Gyl + 68+1|Gy], and

(1= 8)|KJI(1+ g) + 641Gl

t
94 * ot
DDvU—iaOi)

C’Uvi(O';<

%

t
First, we want to compare CU;(c*; 0}) and CU; (077, , 0% ;; 0). Note that

o} * t
i .
D07U—i70i)

CU;(c*;0!) > CU;(o;}

= (1-08) (K| — Kl + d|Gs| = (1= 6)|KQ|(1 + g) + 6T |G,
— 0G| — (1=08)(|KGlg + |K§|l) > 64T Gy
< Alné <In[d|Gi| — (1= 6)(|KQlg + |K{ )] — Inéb|Gy
0|G4|
= A> 5 {5\Gi|—(1—6)(\K8\g+lKéIl)} ’

for sufficiently high ¢ for which In(-) is well defined, and that

. 0 1
! ed | - ol

In
—Ino [5G¢—(1—5)(|K8|9+K3|l) |Gl
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as § — 1. Since CU;(07 ot py, 0% ;5 05) > CUi(07 ot p,» 0% 55 0F), letting
1 §|Gil
Fi5(6) = ma In
0= e {5t e SRSy + |K(}l)} }
for sufficiently high &, we complete the proof. |

Proof of Claim[@ In Case 6, the payoff for each strategy is as follows:

CUi(0%;0f) = (1-0)8 K3 '(1+g)
+(1 = QMK + K| = KD + 3Gl

CUo7 (5,0 500) = (1= 8)3MGi| (1) + 621G amd

t
CUZ(J: |g ) Uii; Of)

(1= 9)|Gil(=1) + 64 |Gil,

where C € {Cy,C1}.
Since A1 — AL > 0, |Gy + KT + |KR| — 6 K3 > 0 and
CUi(0%;0!) > CU;(of[3%,.0% 35 0)
= (1=K (1 +g) + (1= 6K+ K| — [K3FHD) + 6 Gyl
> (1= 8)6%Gy| (=) + 681Gy

— (1 -8 YKy (1 +g)
+ (1= 0) (|G| + | K37 + |[KR]| = SMELT )+ (M — 641)|Gy

20,
t t t
.ot %i PN 3 9; N7 0 .ot
we have CU;(0*;0f) > CU;(o} |5, ,0%;07). Furthermore, since CU; (07|, , 0% ;;0;) > CUi(o7 |, 0% ;5 0f),
t
*. ot #1105 k.t
we have CU;(0*;05) > CU;(07 |4, 0% ;5 05). |

Proof of Claim[7 In Case 7, the payoff for each strategy is as follows:

CUi(0%;07) (1= O)EDI(1 +g) + (1= 0)d(| K| + |KT| — [KF[) + 0%|Gi]

t
CUi(0{|p,, 030}

—

(1= 0)KY|(1+g) — (1 = 0)6™Gill + 6*+1|Gi], and

t
CUl(Uz*'Oé ) 0*—1’; 05)

(1= 0)(|KP| = (IKF| + [Ki))I) + 64+ Gl

Note that

CUi(0%;0%) > CU (7|5, 043 o)

= L= OKI(L+g)+ (L= O)S(KL| + K9] - |K2]0) + %G
> (1= KL+ g) - (1 - 8)5MCult + 5+
= (1= 0)S(KL| + KV — |K2)D) + 62(Gy| > 6M61GH] — (1 — 6)[Gill]

1 _In 0|Gi|—(1=9)|G:l
—Iné (A=8)3(| K |+|KY[-[KZ[D)+62|Gal |

— A>
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where ¢ is sufficiently high so that In(-) is well defined, and

L 51G4|=(1-6)|G, !
—tns | T=0)5(K[+IK Y= K2 [D+571C]

|G| =K |- | K7 |+ K |1- |Gl

- |Gl < 0.

Also,

o} * t
G102 0})

CU;(c*;0t) > CU; (o}

= (1=K +g)+ (1= 0)S(Ki|+ KT — [KF|D) + 6% Gl
> (1= 0)(IKY| = (IKF| + [Ki D) + 644Gy

= MG
< (1-0)|KP|g+ (1= 0)(| K|+ |Ki|)l
+ (1= 0)o(IK{| + |KY| — [K?|I) + 0%|Gi
= Alnd +1nd|G;]
<In[(1- 8K + (1 - 8)(|K2| + KL
+(1 = 0)d(| K|+ |KT| — |KF[1) + 6| Gil]

A 3]Gy
> 1
Az o5 [(1—5)|K(f|9+(1—5)(|K12|+\K11\)l+(1—5)5(|K11|+\K§)\—|K12|l)+52\Gi\]

where ¢ is sufficiently high so that In(-) is well defined, and

1 3|Gil
Ty R [(1*5)|K?|g+(1*5)(|K12|+\K11\)l+(1*5)5(|K11|+\K?\*|K12|l)+52\Gz‘|}

|Gl = IKP|(1+g)— (1K |+ KT )~ | K7 |l

— €A < 00,
as 0 — 1.
Letting
1 d|G4i|—(1-0)|G:]l
—Ino (1=8)s(IK{[+IKT[-[KT[D)+82]Gy] | 2
Fi7(0) = max { max
m €11;(7) 1, 3]Gl
—1Ino (1=0)IKPg+A=8)(IKF I+ K7 DI+(1-8)6 (| KT [+ K| |K7|)+6%[Gil

for sufficiently high &, we complete the proof. |
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