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Abstract

This paper studies the influence of trust in a bilateral trading problem by introduc-
ing trustworthy types of players. It shows that the effects of degree and distribution of
trust are notably different in direct mechanisms vis-à-vis k-double auctions. If either
the degree of trust increases or the distribution of trust changes so that high-surplus
types are now more likely among trustworthy types, then we can design direct mech-
anisms with higher probability of trade. In fact, with a high enough degree of trust,
it is possible to construct direct mechanisms that are ex-post efficient. None of these
results are true for k-double auctions.
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1 Introduction

Trust is a significant element in almost every economic interaction. Its importance is based on
the complexity of today’s economic environment in which individuals meet and undertake
decisions and the high transaction costs associated with writing and enforcing complete
contracts. Uncertainty about the future, asymmetric information (either adverse selection
or moral hazard) make it impossible to define a complete contract. Even when a potential
complete contract can be written, high fees of lawyers and cost of litigation make it very
expensive to write and enforce such a contract. In the absence of trust among the interested
individuals, the typical incomplete contracts that will be agreed upon under such situations
will be inefficient. A common perception is that if the individuals trust each other then such
inefficiencies will not be observed. Al-Najjar and Casadesus-Masanell [2] show that other
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incomplete but more efficient contracts may endogenously arise in complex environments
when there is enough trust.

Similar issues arise within the context of bargaining. Private information about the
valuations lead to uncertainty regarding the gains from trade that can be achieved through
negotiations. Most of the times this private information is not verifiable (e.g., valuation of
an object) or even if verifiable there is no court that has the authority to adjudicate the
matter (e.g., in international disputes over territory). If then players make claims (either
explicitly or implicitly though body language or other posturing) about their valuations or
if they have a reputation to be of a particular type, it is not always the case that others will
disregard such claims, often leading to disastrous consequences.

“...Barak’s actions led to a classic case of misaddressed messages: the intended recipi-
ents of his tough statements—the domestic constituency he was seeking to carry with
him—barely listened, while their unintended recipients—Palestinians he would sway
with his final offer—listened only too well...In short, everything Barak saw as evidence
that he was serious, the Palestinians considered to be evidence that he was not.”1

Inability to monitor the actions of players also raises the question of whether to trust the
other player with respect to, for example, implementation of the agreement—will she cut the
cake as she had agreed to? Similarly, uncertainty concerning the future (e.g., possibility of
strong opposition against an international treaty at home forcing the government to renege on
the treaty) will influence the strategies players adopt in bargaining. All these considerations
affect negotiations through the beliefs that players hold regarding them; neither do they
always trust nor are they entrenched pessimists.

I study the influence of degree and distribution of trust among traders in a specific
bargaining problem, a bilateral trading problem. A buyer and a seller of an indivisible
object engage in a trading mechanism, which determines whether they trade and at what
price. A player has incomplete information about the valuation type of the other player,
that is, a buyer does not know the valuation of the seller, she only knows its distribution.
Similarly, the seller only knows the distribution of buyer’s valuation. Each player can be
of either trustworthy disposition or strategic disposition but players do not know the true
disposition type of each other. The probability that a player is trustworthy type reflects
the degree of trust of the other player in the former. The distribution of valuation of a
trustworthy type reflects the distribution of trust, that is, which valuation type is more or
less likely among trustworthy types. This paper studies how the degree and distribution of
trust affects the probability of trade among strategic types.

I use the conventional definition of trustworthy disposition. A player is trustworthy with
respect to a claim made by her if what she claims is true to the best of her knowledge. A
player is trustworthy with respect to an action that positively affects truster’s welfare if she
can be relied upon to successfully perform that action.2

1Aga and Malley (2001).
2Dasgupta (2000) and Gambetta (2000) define trust as a belief over actions of others. Good (2000) says

that trust is based on claims made by individuals. Hardin (2002) stresses the relationship between trust and
trustworthiness of an individual.
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In a direct trading mechanism players are required to submit a report about their types.
I assume that trustworthy types are trustworthy with respect to their reports and hence
report their type truthfully. A k-double auction is another trading mechanism that has been
studied both theoretically and experimentally due to its similarity to real world bargaining
procedures.3 In a k-double auction, players simultaneously submit sealed bids. For this
trading mechanism, I assume that trustworthy types are trustworthy with respect to bidding
truthfully, that is, they bid equal to their valuation. In fact, these assumptions about
trustworthy types are motivated by behavior of players observed in experiments on 1/2-
double auctions conducted by Valley et al. (2002) and McGinn, Thompson and Bazerman
(2003). In these experiments, some players truthfully reveal their valuation when they are
allowed to communicate, for instance, McGinn, Thompson and Bazerman (2003) find over
50% of individual communications in which players revealed truthfully. McGinn, Thompson
and Bazerman (2003) also find players bidding truthfully both when allowed to communicate
(30% of individual bids) and when not allowed to communicate (44% of individual bids)
before the double auction.

A common perception is that trust among individuals involved in an interaction is better
for their welfare. This paper shows that this is indeed the case when we can use direct
mechanisms to solve the bilateral trading problem. For any given distribution of trust, if
there is an increase in the degree of trust, then we can design incentive compatible4 and
individually rational direct mechanisms with at least as high probability of trade among
strategic types as before. However, this is not true for k-double auctions. If valuations of
all types are distributed uniformly on [0, 1], then the probability of trade among strategic
types in any equilibrium outcome of any k-double auction when there is a positive degree of
trust is strictly less than the highest achievable probability of trade using k-double auctions
when there is no trust. Hence, trust is not necessarily an elixir that, if present, can improve
the welfare of individuals in the society. Unless all the individuals involved in an interaction
are trustworthy, those who are strategic will take advantage of such trust to further their
self interest, which might prove detrimental to well-being of the society.‘...if trust exists only
unilaterally cooperation may also fail, and if it is blind it may constitute rather an incentive
to deception’ (Gambetta (2000), p. 219).

In fact, for any distribution of trust, there exist ex-post efficient, incentive compatible
and individually rational direct mechanisms if and only if at least one player has high enough
degree of trust in the other player. Also, the threshold on the degree of trust of a player
necessary to achieve ex-post efficiency decreases as the degree of trust of the other player
increases.

For the bilateral trading problem with only strategic types of players, Myerson and
Satterthwaite (1983) prove that, under some mild assumptions about the distribution of

3For theoretical analysis see Chatterjee and Samuelson (1983), Farell and Gibbons (1989), Mathews and
Postlewaite (1989), Leininger, Linhart and Radner (1989) and Satterthwaite and Williams (1989). Radner
and Schotter (1989), Valley et al. (2002) and McGinn, Thompson and Bazerman (2003) conduct experiments
on a k-double auction.

4Incentive compatibility for trustworthy types is trivially satisfied since trustworthy types report truth-
fully.
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valuations, there does not exist an ex-post efficient mechanism that is incentive compatible
and individually rational. They show that any ex-post efficient and incentive compatible
mechanism will require some minimum ex-ante subsidy to ensure voluntary participation by
all valuation types of players. This subsidy can be provided exogenously by a third player,
like the mechanism designer or a broker. This paper shows that this ex-ante subsidy can also
be generated endogenously if there is high enough degree of trust and therefore, we get the
above mentioned positive result. Trustworthy types provide the subsidy through the ex-ante
gains from trade they generate by being truthful in communicating their type. In the ex-
post efficient direct mechanisms, these ex-ante gains of trustworthy players are used to make
lump-sum transfers to strategic types in a manner that ensures individual rationality for all
types and truth-telling by strategic types in a Bayesian-Nash equilibrium of the mechanism.

With only strategic types of players in the trading problem, Myerson and Satterthwiate
(1983) result implies that any k-double auction with or without any form of pre-play com-
munication is ex-post inefficient. This paper shows that for any distribution of trust, any
k-double auction with or without pre-play communication is ex-post inefficient irrespective
of the degree of trust among players (except when at least one player is for sure trustworthy
type). Unlike the direct mechanisms that can be constructed to achieve ex-post efficiency
when there is positive degree of trust, the k-double auction with or without pre-play com-
munication cannot use the ex-ante gains from trade of trustworthy types to subsidize the
strategic types. These gains can be transferred to strategic types only if the trustworthy type
of buyer (seller) bids above (below) her valuation in the bidding stage, which cannot happen.
Hence, the real world trading mechanisms where the final stage is a k-double auction are
not well designed from the perspective of achieving ex-post efficiency by adequately “using”
the trust among players.

The distribution of trust also affects trading outcomes since it is a belief that a player
holds regrading which valuation type is more or less likely given that the other player is
trustworthy type. I prove that for any degree of trust, it is possible to design a direct
mechanism with at least as high probability of trade among strategic types as before if we
change the distribution of trust so that high surplus types (high valuation types of buyer and
low valuation types of seller) are more likely among trustworthy types. With this change in
distribution of trust, there are more ex-ante gains from trade generated by trustworthy types
and hence at least as much subsidy as before can be provided to strategic types.

However, this result does not hold for k-double auctions. I consider two bilateral trad-
ing problems with the same uniform distribution of valuations of strategic types but with
different distributions of trust. In the first trading problem, the valuations of trustworthy
types are also distributed uniformly. In this case, as mentioned above, the probability of
trade among strategic types in any equilibrium of any k-double auction when there is pos-
itive degree of trust is lower than the highest achievable probability of trade when players
do not trust each other. In the second trading problem, I change the distribution of trust
so that high surplus types are less likely among trustworthy types. In this case, however,
there exists an equilibrium with probability of trade among strategic types higher than the
highest achievable probability of trade when players do not trust each other.
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For a bilateral trading problem with only strategic types and valuations distributed uni-
formly on [0, 1], Myerson and Sattethwaite (1983) show that a 1/2-double auction is an
optimal mechanism since when players play the Chatterjee and Samuelson (1983) linear
strategies (C-S equilibrium), the outcome of the 1/2-double auction attains both the maxi-
mum ex-ante gains and ex-ante probability of trade relative to any other equilibrium outcome
of any trading mechanism that satisfies incentive compatibility and individual rationality.
Satterthwaite and Williams (1989), however, prove that with only strategic types, k-double
auctions are not optimal for generic distributions of valuations. In a similar vein, the results
of this paper show that the set of outcomes attainable using direct mechanisms differ from
the the set of outcomes of k-double auctions if we perturb the disposition type of players.

Saran (2006) shows that when valuations of strategic types are uniformly distributed on
[0, 1], then by adding behavioral types whose valuations are also uniformly distributed on
[0, 1] and who play the Chatterjee and Sameulson (1983) linear strategies if they hear the
“right” message, it is possible to achieve a higher probability of trade among strategic types
in a 1/2-double auction with pre-play communication than the maximum attainable without
such behavioral types (As mentioned above, this maximum value equals the probability of
trade in the C-S equilibrium). However, the probability of such behavioral types has to be at
least 11% to do better than the C-S equilibrium. Similarly, the equilibrium of the 1/2-double
auction in section 4.2, in which high-surplus types less likley among trustworthy types, also
achieves a higher probability to trade among strategic types than the C-S equilibrium value
for all degrees of trust less than 50%.

This paper is related to the literature on reputation beginning with the seminal papers
of Kreps et al. (1982), Kreps and Wilson (1982), Milgrom and Roberts (1982). Sobel (1985)
studies the effect of introducing honest type of sender in a model of strategic information
transmission and Dasgupta (2000) studies the influence of honest type of salesman in the
market for lemons. However, it must be emphasized that this paper does not focus on
the issue of strategic types building a reputation of being trustworthy type in a repeated
interaction.

The next section outlines the bilateral trading problem and the assumptions about trust-
worthy disposition. It then characterizes the set of direct mechanisms satisfying incentive
compatibility and individual rationality. The third section presents the results related to
the degree of trust while the fourth section presents the results related to the distribution of
trust. I conclude in the the final section. Tables pertaining to the 1/2-double auction with
high-surplus types less likely among trustworthy types are in the appendix.

2 Bilateral Trading Problem

A buyer (denoted by b) and a seller (denoted by s) engage in a trading mechanism to trade
an indivisible good. Each player can have two possible dispositions (di), trustworthy (tr)
and strategic (st). The probability that a buyer is trustworthy type is εb ∈ [0, 1], which is
independent of seller’s valuation and disposition. Similarly, the probability that a seller is
trustworthy type is εs ∈ [0, 1] which is also independent of buyer’s valuation and disposition.
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Valuations of strategic and trustworthy types of buyer are distributed on some interval
[ab, āb] independently of the seller’s valuation and disposition. Valuations of strategic and
trustworthy types of seller are distributed on [as, ās] independently of the buyer’s valuation
and disposition. Let Fdi

, i = b, s & di = tr, st, be the distribution of valuations. The
associated density functions and fdi

are continuous and positive on their respective domains.
Players know only their own type (vi, di). All the other information is common knowledge.
(εi, Fsti , Ftri

)i=b,s defines a bilateral trading problem.
An outcome of a trading mechanism specifies the following for all pairs of valuation types

(vb, vs):

1. Probability of trade:

• if both players are strategic, p(st,st)(vb, vs).

• if only the buyer is strategic, p(st,tr)(vb, vs).

• if only the seller is strategic, p(tr,st)(vb, vs).

• if both players are trustworthy, p(tr,tr)(vb, vs).

2. Payment from the buyer to the seller:

• if both players are strategic, x(st,st)(vb, vs).

• if only the buyer is strategic, x(st,tr)(vb, vs).

• if only the seller is strategic, x(tr,st)(vb, vs).

• if both players are trustworthy, x(tr,tr)(vb, vs).

Trustworthy types communicate truthfully or act in ways that is not detrimental to the
welfare of the truster. Hence, in the context of trading, it is natural to interpret trustwor-
thiness as a behavior that facilitates trade. This interpretation is the motivation behind the
following assumptions about trust.

Assumption 2.1 Assumptions about Trustworthy Types:

1. in any equilibrium outcome of any trading mechanism, the expected payoff of any val-
uation type of trustworthy player is non-negative, that is, individual rationality for
trustworthy types.

2. if players are asked about their type (valuation or disposition), then a trustworthy type
answers truthfully. Therefore, in any direct trading mechanism in which each player is
asked to report her type, a trustworthy type of player will report truthfully.

3. if players have no agreements prior to submitting their final bids, then a trustworthy
type bids equal to her valuation. Shading by a buyer or exaggeration by a seller reduces
the likelihood of trade and hence has a negative consequence on the truster’s welfare.
Therefore, in any k-double auction trustworthy types bid equal to their valuation.
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Define the following for all types (vi, di),
5

p̄(b,db)(vb) ≡ (1− εs)

∫
[as,ās]

p(db,st)(vb, vs)fstsdvs + εs

∫
[as,ās]

p(db,tr)(vb, vs)ftrsdvs

p̄(s,ds)(vs) ≡ (1− εb)

∫
[ab,āb]

p(st,ds)(vb, vs)fstbdvb + εb

∫
[ab,āb]

p(tr,db)(vb, vs)ftrb
dvb

x̄(b,db)(vb) ≡ (1− εs)

∫
[as,ās]

x(db,st)(vb, vs)fstsdvs + εs

∫
[as,ās]

x(db,tr)(vb, vs)ftrsdvs

x̄(s,ds)(vs) ≡ (1− εb)

∫
[ab,āb]

x(st,ds)(vb, vs)fstbdvb + εb

∫
[ab,āb]

x(tr,ds)(vb, vs)ftrb
dvb

The payoffs of the players for an outcome of a trading mechanism are

U(b,db)(vb) = vbp̄(b,db)(vb)− x̄(b,db)(vb)

U(s,db)(vs) = x̄(s,db)(vs)− vsp̄(s,db)(vs)

Definition 2.2 IC∗: An outcome of a trading mechanism is incentive compatible* for strate-
gic types if

∀ vb, v
′
b, U(b,st)(vb) ≥ vbp̄(b,st)(v

′
b)− x̄(b,st)(v

′
b)

∀ vs, v
′
s, U(s,st)(vs) ≥ x̄(s,st)(v

′
s)− vsp̄(s,st)(v

′
s)

An IC∗ outcome is such that no valuation type of strategic player will prefer to imitate
the strategy of another valuation type of that strategic player. The following lemma gives an
important necessary condition that any IC∗ outcome of a trading mechanism must satisfy.

Lemma 2.3 For any IC∗ outcome of a trading mechanism it must be that p̄(b,st) is weakly
increasing, p̄(s,st) is weakly decreasing and

(1− εb)(1− εs)

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
−
[
vs +

Fsts(vs)

fsts(vs)

])
p(st,st)(vb, vs)fstsfstbdvsdvb

+ εb(1− εs)

∫
[ab,āb]

∫
[as,ās]

(
vb −

[
vs +

Fsts(vs)

fsts(vs)

])
p(tr,st)(vb, vs)fstsftrb

dvsdvb

+ εs(1− εb)

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
− vs

)
p(st,tr)(vb, vs)ftrsfstbdvsdvb

+ εbεs

∫
[ab,āb]

∫
[as,ās]

(vb − vs)p(tr,tr)(vb, vs)ftrsftrb
dvsdvb

=(1− εb)U(b,st)(ab) + (1− εs)U(s,st)(ās) + εb

∫
[ab,āb]

U(b,tr)(vb)ftrb
dvb + εs

∫
[as,ās]

U(s,tr)(vs)ftrsdvs

(1)

5I sometimes drop the argument vi of the function fdi
to simplify notation.
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Proof : IC∗ implies that for all vb and v′b

U(b,st)(vb) = vbp̄(b,st)(vb)− x̄(b,st)(vb) ≥ vbp̄(b,st)(v
′
b)− x̄(b,st)(v

′
b)

and

U(b,st)(v
′
b) = v′bp̄(b,st)(v

′
b)− x̄(b,st)(v

′
b) ≥ v′bp̄(b,st)(vb)− x̄(b,st)(vb)

Therefore we must have,

(vb − v′b)p̄(b,st)(vb) ≥ U(b,st)(vb)− U(b,st)(v
′
b) ≥ (vb − v′b)p̄(b,st)(v

′
b)

Hence if vb > v′b then it must be that p̄(b,st)(vb) ≥ p̄(b,st)(v
′
b). This then implies that

dU(b,st)

dvb
= p̄(b,st)(vb) at almost all vb. Therefore we get

U(b,st)(vb) = U(b,st)(ab) +

∫
(ab,vb]

p̄(b,st)(yb)dyb.

Similarly we can show that if vs > v′s then it must be that p̄(s,st)(vs) ≤ p̄(s,st)(v
′
s) and

U(s,st)(vs) = U(s,st)(ās) +
∫

[vs,āb)
p̄(s,st)(ys)dys.

Any mechanism that satisfies IC∗ for the strategic players must be such that

(1− εb)(1− εs)

∫
[ab,āb]

∫
[as,ās]

(vb − vs)p(st,st)(vb, vs)fstsfstbdvsdvb

+ εb(1− εs)

∫
[ab,āb]

∫
[as,ās]

(vb − vs)p(tr,st)(vb, vs)fstsftrb
dvsdvb

+ εs(1− εb)

∫
[ab,āb]

∫
[as,ās]

(vb − vs)p(st,tr)(vb, vs)ftrsfstsdvsdvb

+ εbεs

∫
[ab,āb]

∫
[as,ās]

(vb − vs)p(tr,tr)(vb, vs)ftrsftrb
dvsdvb

=(1− εb)

∫
[ab,āb]

U(b,st)(vb)fstbdvb + εb

∫
[ab,āb]

U(b,tr)(vb)ftrb
dvb

+ (1− εs)

∫
[as,ās]

U(s,st)(vs)fstsdvs + εs

∫
[as,ās]

U(s,tr)(vs)ftrsdvs

=(1− εb)

(
U(b,st)(ab) +

∫
[ab,āb]

∫
(ab,vb]

p̄(b,st)(yb)dybfstbdvb

)

+ (1− εs)

(
U(s,st)(ās) +

∫
[as,ās]

∫
[vs,ās)

p̄(s,st)(ys)dysfstsdvs

)
+ εb

∫
[ab,āb]

U(b,tr)(vb)ftrb
dvb + εs

∫
[as,ās]

U(s,tr)(vs)ftrsdvs
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=(1− εb)U(b,st)(ab) + (1− εs)U(s,st)(ās)

+ εb

∫
[ab,āb]

U(b,tr)(vb)ftrb
dvb + εs

∫
[as,ās]

U(s,tr)(vs)ftrsdvs

+ (1− εb)

∫
[ab,āb]

p̄(b,st)(vb)(1− Fstb(vb))dvb + (1− εs)

∫
[as,ās]

p̄(s,st)(vs)Fsts(vs)dvs (2)

However,

(1− εb)

∫
[ab,āb]

p̄(b,st)(vb)(1− Fstb(vb))dvb + (1− εs)

∫
[as,ās]

p̄(s,st)(vs)Fsts(vs)dvs

=(1− εb)(1− εs)

∫
[ab,āb]

∫
[as,ās]

p(st,st)(vb, vs)(1− Fstb(vb))fstsdvsdvb

+ (1− εb)εs

∫
[ab,āb]

∫
[as,ās]

p(st,tr)(vb, vs)(1− Fstb(vb))ftrsdvsdvb

+ (1− εs)(1− εb)

∫
[ab,āb]

∫
[as,ās]

p(st,st)(vb, vs)Fsts(vs)fstbdvsdvb

+ (1− εs)εb

∫
[ab,āb]

∫
[as,ās]

p(tr,st)(vb, vs)Fsts(vs)ftrb
dvsdvb

By subtracting the above equation from (2) we get,

(1− εb)(1− εs)

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
−
[
vs +

Fsts(vs)

fsts(vs)

])
p(st,st)(vb, vs)fstsfstbdvsdvb

+ εb(1− εs)

∫
[ab,āb]

∫
[as,ās]

(
vb −

[
vs +

Fsts(vs)

fsts(vs)

])
p(tr,st)(vb, vs)fstsftrb

dvsdvb

+ εs(1− εb)

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
− vs

)
p(st,tr)(vb, vs)ftrsfstbdvsdvb

+ εbεs

∫
[ab,āb]

∫
[as,ās]

(vb − vs)p(tr,tr)(vb, vs)ftrsftrb
dvsdvb

=(1− εb)U(b,st)(ab) + (1− εs)U(s,st)(ās) + εb

∫
[ab,āb]

U(b,tr)(vb)ftrb
dvb + εs

∫
[as,ās]

U(s,tr)(vs)ftrsdvs

�

Definition 2.4 IC: An outcome of a trading mechanism is incentive compatible for strategic
types if it is incentive compatible* and

∀ vb, v
′
b, U(b,st)(vb) ≥ vbp̄(b,tr)(v

′
b)− x̄(b,tr)(v

′
b)

∀ vs, v
′
s, U(s,st)(vs) ≥ x̄(s,tr)(v

′
s)− vsp̄(s,tr)(v

′
s)
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By Revelation Principle, any Bayesian-Nash equilibrium outcome of a trading mechanism
must satisfy IC, otherwise some valuation type of a strategic player will prefer to deviate
and imitate another type of that player. Moreover, to ensure voluntary participation, all
types of players must get non-negative payoffs. This is termed as individual rationality.

Definition 2.5 IR: An outcome of a trading mechanism is individually rational for all
players if

∀ (vi, di), U(i,di)(vi) ≥ 0

Definition 2.6 NUT : An outomce of a trading mechanism satisfies no undesirable trade if

∀ (db, ds), vb < vs =⇒ p(db,ds)(vb, vs) = 0

2.1 Characterization of Direct Mechanisms satisfying IC and IR

A direct mechanism is such that each player is asked to report her type and for each reported
pair of type, it specifies an outcome. Hence, we can identify a direct mechanism with its
outcome. By definition of trustworthy disposition, trustworthy types of players send truthful
reports. Therefore, any direct mechanism that satisfies IC is such that truth-telling by all
types of players is a Bayesian-Nash equilibrium. The next theorem characterizes the set of
direct mechanisms that satisfy IC and IR for any (εb, εs).

Theorem 2.7 Suppose p(st,st), p(st,tr), p(tr,st), p(tr,tr) are functions from [ab, āb] × [as, ās] to
[0, 1]. Then there exist functions x(st,st), x(st,tr), x(tr,st), x(tr,tr) such that (p(db,ds), x(db,ds))db=st,tr; ds=st,tr

is a direct mechanism that satisfies IC and IR if and only if p̄(b,st) is weakly increasing, p̄(s,st)

is weakly decreasing and

(1− εb)(1− εs)

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
−
[
vs +

Fsts(vs)

fsts(vs)

])
p(st,st)(vb, vs)fstsfstbdvsdvb

+ εb(1− εs)

∫
[ab,āb]

∫
[as,ās]

(
vb −

[
vs +

Fsts(vs)

fsts(vs)

])
p(tr,st)(vb, vs)fstsftrb

dvsdvb

+ εs(1− εb)

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
− vs

)
p(st,tr)(vb, vs)ftrsfstbdvsdvb

+ εbεs

∫
[ab,āb]

∫
[as,ās]

(vb − vs)p(tr,tr)(vb, vs)ftrsftrb
dvsdvb

≥ 0 (3)

Proof : From lemma 2.3, we get that any direct mechanism that satisfies IC must be such
that p̄(b,st) is weakly increasing, p̄(s,st) is weakly decreasing and it satisfies condition (1).
Since the direct mechanism also satisfies IR, the left-hand side of condition (1) must be
non-negative, which proves the if part.

To prove the only if part, consider the following cases:
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1. εb < 1 and εs < 1. Define

x(st,st)(vb, vs) =
1

1− εs

∫
[ab,vb]

ybdp̄(b,st)(yb) +
1

1− εb

∫
[as,vs]

ysdp̄(s,st)(ys)

+
1

1− εs
abp̄b(ab)−

1

1− εb

∫
[as,ās]

ys(1− Fsts(ys))dp̄(s,st)(ys)

− εs
(1− εb)(1− εs)

∫
[as,ās]

ysp̄(s,tr)(ys)ftrs(ys)dys

x(st,tr)(vb, vs) =
1

1− εb
vsp̄(s,tr)(vs)

x(tr,st)(vb, vs) =
1

1− εs
vbp̄(b,tr)(vb)

x(tr,tr)(vb, vs) =0

It is easy to calculate that:

x̄(b,st)(vb) =

∫
[ab,vb]

ybdp̄(b,st)(yb) +
1− εs
1− εb

∫
[as,ās]

∫
[as,vs]

ysfsts(vs)dp̄(s,st)(ys)dvs

+ abp̄b(ab)−
1− εs
1− εb

∫
[as,ās]

ys(1− Fsts(ys))dp̄(s,st)(ys)

− εs
1− εb

∫
[as,ās]

ysp̄(s,tr)(ys)ftrs(ys)dys +
εs

1− εb

∫
[as,ās]

vsp̄(s,tr)(vs)ftrs(vs)dvs

=

∫
[ab,vb]

ybdp̄(b,st)(yb) +
1− εs
1− εb

∫
[as,ās]

ys(1− Fsts(ys))dp̄(s,st)(ys)

+ abp̄b(ab)−
1− εs
1− εb

∫
[as,ās]

ys(1− Fsts(ys))dp̄(s,st)(ys)

=

∫
[ab,vb]

ybdp̄(b,st)(yb) + abp̄b(ab)

x̄(s,st)(vs) =
1− εb
1− εs

∫
[ab,āb]

∫
[ab,vb]

ybfstb(vb)dp̄(b,st)(yb)dvb +

∫
[as,vs]

ysdp̄(s,st)(ys)

+
1− εb
1− εs

abp̄b(ab)−
∫

[as,ās]

ys(1− Fsts(ys))dp̄(s,st)(ys)

− εs
1− εs

∫
[as,ās]

ysp̄(s,tr)(ys)ftrs(ys)dys

x̄(b,tr)(vb) = vbp̄(b,tr)(vb)

x̄(s,tr)(vs) = vsp̄(s,tr)(vs)
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Payoffs of strategic players:

U(b,st)(vb) =vbp̄(b,st)(vb)−
∫

[ab,vb]

ybdp̄(b,st)(yb)− abp̄b(ab)

U(s,st)(vs) =− vsp̄(s,st)(vs) +
1− εb
1− εs

∫
[ab,āb]

∫
[ab,vb]

ybfstb(vb)dp̄(b,st)(yb)dvb +

∫
[as,vs]

ysdp̄(s,st)(ys)

+
1− εb
1− εs

abp̄b(ab)−
∫

[as,ās]

ys(1− Fsts(ys))dp̄(s,st)(ys)

− εs
1− εs

∫
[as,ās]

ysp̄(s,tr)(ys)ftrs(ys)dys

Individual rationality for trustworthy players:

U(b,tr)(vb) = vbp̄(b,tr)(vb)− x̄(b,tr)(vb) = vbp̄(b,tr)(vb)− vbp̄(b,tr)(vb) = 0

U(s,tr)(vs) = x̄(s,tr)(vs)− vsp̄(s,tr)(vs) = vsp̄(s,tr)(vs)− vsp̄(s,tr)(vs) = 0

Incentive compatibility for strategic players:
First we check that no strategic player would lie about his valuation while she announces
her disposition type truthfully. For all v′b < vb, we have (similar argument works if v′b > vb)

vbp̄(b,st)(vb)− x̄(b,st)(vb)− (vbp̄(b,st)(v
′
b)− x̄(b,st)(v

′
b))

= vb(p̄(b,st)(vb)− p̄(b,st)(v
′
b))−

∫
[v′b,vb]

ybdp̄(b,st)(yb)

=

∫
[v′b,vb]

(vb − yb)dp̄(b,st)(yb) ≥ 0

For all v′s > vs, we have (similar argument works if v′s < vs)

x̄(s,st)(vs)− vsp̄(s,st)(vs)− (x̄(s,st)(v
′
s)− vsp̄(s,st)(v

′
s))

=

∫
[as,vs]

ysdp̄(s,st)(ys)− vsp̄(s,st)(vs)−
∫

[as,v′s]

ysdp̄(s,st)(ys) + vsp̄(s,st)(v
′
s)

= vs(p̄(s,st)(v
′
s)− p̄(s,st)(vs))−

∫
[vb,v

′
b]

ysdp̄(s,st)(ys)

=

∫
[vs,v′s]

(vs − ys)dp̄(s,st)(ys) ≥ 0

Therefore, the constructed mechanism satisfies (1). Since the functions p(st,st), p(st,tr),
p(tr,st), p(tr,tr) satisfy (3), U(b,st)(ab) = 0, U(b,tr)(vb) = 0 ∀ vb and U(s,tr)(vs) = 0 ∀ vs, it
implies that U(s,tr)(ās) ≥ 0. It is easy to see that U(b,st)(vb) is non-decreasing and U(s,st)(vs)
is non-increasing, the mechanism satisfies individual rationality for strategic players.
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Finally, since all trustworthy players’ expected payoff is 0, no strategic player can do
better by announcing herself as trustworthy type.

2. εb = 1 and εs < 1. Define

x(tr,st)(vb, vs) =

∫
[as,vs]

ysdp̄(s,st)(ys)−
∫

[as,ās]

ys(1− Fsts(ys))dp̄(s,st)(ys)

− εs
1− εs

∫
[as,ās]

ysp̄(s,tr)(ys)ftrs(ys)dys +
1

1− εs
vbp̄(b,tr)(vb)

x(tr,tr)(vb, vs) =vsp̄(s,tr)(vs)

3. εb < 1 and εs = 1. Define

x(st,tr)(vb, vs) =

∫
[ab,vb]

ybdp̄(b,st)(yb)−
∫

[ab,āb]

yb(1− Fstb(yb))dp̄(b,st)(yb)

− εb
1− εb

∫
[ab,āb]

ybp̄(b,tr)(yb)ftrb
(yb)dyb +

1

1− εb
vsp̄(s,tr)(vs)

x(tr,tr)(vb, vs) =vbp̄(b,tr)(vb)

4. εb = εs = 1. Trivial. �
In the following sections, I study the influence of the degree of trust, (εb, εs), and distribu-

tion of trust, (Ftrb
, Ftrs) on the ex-ante probability of trade among strategic types. Precisely,

for any given bilateral trading problem, I am interested in direct mechanisms that solve the
following problem:6

max

∫
[ab,āb]

∫
[as,ās]

p(st,st)fstsfstbdvsdvb

subject to, (4)

IC, IR, NUT and Assumption 2.1.

I then compare these optimal direct mechanisms with k-double auctions.

3 Degree of Trust and Trade

In this section, I fix the distribution of trust, (Ftri
)i=b,s, and ask the following questions:

first, is higher degree of trust always better? Second, do there exist trading mechanisms that
achieve ex-post efficiency if we allow for positive degree of trust?

6It is easy to show that a direct mechanism solves this problem only if it is ex-post incentive efficient in
the ex-post event that both players are strategic within the set of direct mechanisms satisfying IR, NUT
and Assumption 2.1. Also, none of the results will change if instead the objective function is the ex-ante
gains from trade in the event that both players are strategic.
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3.1 Is More Trust Always Better?

This subsection proves that the answer depends on the trading mechanism. Proposition 3.1
proves that if we use direct mechanisms to solve the trading problem, then an increase in
the degree of trust is weakly better in the sense that we can design a new direct mechanism
that will have at least as high probability of trade among strategic types as before. In
contrast, section 3.1.1 shows that for a bilateral trading problem with uniform distribution
of valuations of all disposition types, any positive degree of trust leads to a lower probability
of trade among strategic types in any equilibrium outcome of any k-double auction compared
to the highest achievable probability of trade using k-double auctions when the degree of trust
is 0.

Proposition 3.1 Suppose for the bilateral trading problem (εb, εs, Fstb , Fsts , Ftrb
, Ftrs), the

direct mechanism (p(db,ds), x(db,ds))db=st,tr; ds=st,tr satisfies IC, IR, NUT and Assumption 2.1.
Consider any (ε′b, ε

′
s) ≥ (εb, εs). Then there exists a direct mechanism (p′(db,ds)

, x′(db,ds)
)db=st,tr; ds=st,tr

for the bilateral trading problem (ε′b, ε
′
s, Fstb , Fsts , Ftrb

, Ftrs) satisfying IC, IR, NUT and As-
sumption 2.1 and such that∫

[ab,āb]

∫
[as,ās]

p′(st,st)(vb, vs)fstsfstbdvsdvb ≥
∫

[ab,āb]

∫
[as,ās]

p(st,st)(vb, vs)fstsfstbdvsdvb

Proof : Without loss of generality we can assume that

p(tr,tr)(vb, vs) =

{
1 if vb ≥ vs

0 if vb < vs

For all (vb, vs), define the following:

p′(st,st)(vb, vs) =p(st,st)(vb, vs)

p′(tr,tr)(vb, vs) =p(tr,tr)(vb, vs)

p′(st,tr)(vb, vs) =
εs(1− ε′s)

ε′s(1− εs)
p(st,tr)(vb, vs) ≤ p(st,tr)(vb, vs)

p′(tr,st)(vb, vs) =
εb(1− ε′b)

ε′b(1− εb)
p(tr,st)(vb, vs) ≤ p(tr,st)(vb, vs)

It follows that

p̄′(s,st)(vs) =(1− ε′b)

∫
[ab,āb]

p(st,st)(vb, vs)fstbdvb + ε′b

∫
[ab,āb]

εb(1− ε′b)

ε′b(1− εb)
p(tr,st)(vb, vs)ftrb

dvb

=
1− ε′b
1− εb

(
(1− εb)

∫
[ab,āb]

p(st,st)(vb, vs)fstbdvb + εb

∫
[ab,āb]

p(tr,st)(vb, vs)ftrb
dvb

)

=
1− ε′b
1− εb

p̄(s,st)(vs)
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Similarly, p̄′(b,st)(vb) = 1−ε′s
1−εs

p̄(b,st)(vb). Therefore, p̄′(b,st)(vb) is weakly increasing and p̄′(s,st)(vs)

is weakly decreasing. So we only need to check that (p′(db,ds)
)db=st,tr ds=st,tr satisfies condition

(3). To simplify notation, define

γ(st,st) = (1− εb)(1− εs)
∫

[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)
fstb(vb)

]
−
[
vs +

Fsts(vs)
fsts(vs)

])
p(st,st)(vb, vs)fstsfstbdvsdvb

γ(st,tr) = (1− εb)εs

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)
fstb(vb)

]
− vs

)
p(st,tr)(vb, vs)ftrsfstbdvsdvb

γ(tr,st) = (1− εs)εb

∫
[ab,āb]

∫
[as,ās]

(
vb −

[
vs +

Fsts(vs)
fsts(vs)

])
p(tr,st)(vb, vs)fstsftrb

dvsdvb

γ(tr,tr) = εbεs

∫
[ab,āb]

∫
[as,ās]

(vb − vs)p(tr,tr)(vb, vs)ftrsftrb
dvsdvb

With (p′(db,ds)
)db=st,tr ds=st,tr, condition (3) simplifies to

(1− ε′b)(1− ε′s)

(1− εb)(1− εs)

(
γ(st,st) + γ(st,tr) + γ(tr,st)

)
+ ε′bε

′
sγ(tr,tr)

≥ (1− ε′b)(1− ε′s)

(1− εb)(1− εs)

(
γ(st,st) + γ(st,tr) + γ(tr,st)

)
+ εbεsγ(tr,tr)

≥ (1− ε′b)(1− ε′s)

(1− εb)(1− εs)

(
γ(st,st) + γ(st,tr) + γ(tr,st) + εbεsγ(tr,tr)

)
≥ 0,

where the first inequality follows from γ(tr,tr) ≥ 0 and the second inequality uses
(1−ε′b)(1−ε′s)

(1−εb)(1−εs)
<

1. �

3.1.1 k-Double Auction with Uniform Distribution of Trust

For a bilateral trading problem with only strategic types and valuations distributed uniformly
and independently on [0, 1], Myerson and Sattethwaite (1983) prove that the highest ex-ante
probability of trade achievable in any equilibrium of any trading mechanism equals 9/32.
This upper bound is achieved in a 1/2-double auction when players play the Chatterjee-
Samuelson linear strategies (C-S equilibrium). This section proves that when the valuations
of all types are distributed uniformly and independently on [0, 1], then for any positive degree
of trust, any Bayesian-Nash equilibrium outcome of any k-double auction will have lower ex-
ante probability of trade between strategic types than C-S equilibrium. Thus higher degree
of trust is not necessarily better for the set of k-double auction trading mechanisms.

So now [as, ās] = [ab, āb] = [0, 1]. Also, εb = εs = ε and Fstb = Fsts = Ftrb
= Ftrs

are uniform on [0, 1]. The trading mechanism is a k-double auction in which both players
simultaneously submit sealed bids. If the buyer’s bid pb is greater than or equal to seller’s
bid ps, then trade takes place at price kpb + (1 − k)ps, where k ∈ [0, 1]; otherwise, there is
no trade and no payment by the buyer to the seller. By assumption, the trustworthy types
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bid truthfully. Without loss of generality, assume that bids of the players lie in the interval
[0, 1]. For ε > 0, let Γε denote the game defined by this trading mechanism.

Unless otherwise noted, ti is the bid of player i, σi(vi) is the equilibrium strategy (mixed
or pure) of strategic type of player i with valuation type vi, Supp(σi(vi)) the support of
σi(vi) and Gi is the distribution of bids induced by σi. ts = sup{ti|Gi(ti) = 0} and t̄i =
inf{ti|Gi(ti) = 1}.

The next lemma is a monotonicity property of bids of strategic types in any equilibrium
of Γε. It says that any bid in the support of the equilibrium strategy of a valuation type of
strategic player is at least as high as any bid in the support of the equilibrium strategy of
any lower valuation type of that strategic player.

Lemma 3.2 In any equilibrium of Γε, the strategy of the strategic players, (σb, σs), are such
that

1. vb > v̂b then tb ∈ Supp(σb(vb)) and t̂b ∈ Supp(σb(v̂b)) =⇒ tb ≥ t̂b.

2. vs < v̂s then ts ∈ Supp(σs(vs)) and t̂s ∈ Supp(σs(v̂s)) =⇒ ts ≤ t̂s.

Proof: To prove this, pick a vb > v̂b and let tb ∈ Supp(σb(vb)) and t̂b ∈ Supp(σb(v̂b)). Then
the following inequalities are true:

(1− ε)

∫
[ts,tb]

(vb − (ktb + (1− k)ts))dGs + ε

∫
[0,tb]

(vb − (ktb + (1− k)vs))dFtrs ≥

(1− ε)

∫
[ts,t̂b]

(vb − (kt̂b + (1− k)ts))dGs + ε

∫
[0,t̂b]

(vb − (kt̂b + (1− k)vs))dFtrs (5)

(1− ε)

∫
[ts,t̂b]

(v̂b − (kt̂b + (1− k)ts))dGs + ε

∫
[0,t̂b]

(v̂b − (kt̂b + (1− k)vs))dFtrs ≥

(1− ε)

∫
[ts,tb]

(v̂b − (ktb + (1− k)ts))dGs + ε

∫
[0,tb]

(v̂b − (ktb + (1− k)vs))dFtrs (6)

Multiplying (6) by −1 and adding it to (5) we get,

(vb − v̂b)((1− ε)Gs(tb) + εFtrs(tb)) ≥ (vb − v̂b)((1− ε)Gs(t̂b) + εFtrs(t̂b)) (7)

Since vb > v̂b, then as a consequence of (7), it must be true that (1−ε)Gs(tb)+εFtrs(tb) ≥
(1 − ε)Gs(t̂b) + εFtrs(t̂b). But, Gs is non-decreasing and Ftrs is strictly increasing on [0, 1],
and therefore, tb ≥ t̂b. �

Now, I define a set of direct mechanisms that contains any equilibrium outcome of Γε

when k ∈ (0, 1).

Definition 3.3 Let Mε be the set of direct mechanisms that satisfy IC∗, individual ratio-
nality for strategic types and
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• R1:∀ (vb, vs) and (di, dj), 0 ≤ xε
(di,dj)

(vb, vs) ≤ 1.

• R2:

sup
vb

∫
[0,1]

pε
(st,tr)(vb, vs)dvs < 1, sup

vb

∫
[0,1]

xε
(st,tr)(vb, vs)dvs < 1

sup
vs

∫
[0,1]

pε
(tr,st)(vb, vs)dvb < 1, sup

vs

∫
[0,1]

xε
(tr,st)(vb, vs)dvb < 1

• R3:∫
[0,1]

∫
[0,1]

pε
(st,st)(vb, vs)dvsdvb ≤ min

{∫
[0,1]

∫
[0,1]

pε
(st,tr)(vb, vs)dvsdvb,

∫
[0,1]

∫
[0,1]

pε
(tr,st)(vb, vs)dvsdvb

}
• R4: Define, p̄ε

b(vb) =
∫

[0,1]
pε

(st,st)(vb, vs) dvs and p̄ε
s(vs) =

∫
[0,1]

pε
(st,st)(vb, vs) dvb. p̄ε

b is

non-decreasing and p̄ε
s is non-increasing.

Lemma 3.4 Fix k ∈ (0, 1). Suppose that for some ε > 0, the strategy pair (σb, σs) is a
Bayesian-Nash equilibrium of the game Γε. Then there exists a direct mechanism M ε ∈Mε

that generates the same outcome as (σb, σs).

Proof: Consider the outcome (pε
(db,ds)

, xε
(db,ds)

)db=st,tr; ds=st,tr generated by the given equilib-

rium pair of strategies for the strategic types, (σb, σs). It is straightforward to check IC∗

and individual rationality for the strategic types. R1 follows from the assumption that bids
of players are in the interval [0, 1]. Since Supp(σε

b(vb)) ⊆ [0, vb] and Supp(σε
s(vs)) ⊆ [1, vs]

and because Supp(σε
b(1)) ⊂ [0, 1) and Supp(σε

s(0)) ⊂ [1, 0) (follows from the fact that the
trustworthy types always bid equal to their valuation and lemma 3.11), restrictions R2 and
R3 are also satisfied. Finally, R4 follows from lemma 3.2. �

We need one more lemma before showing that for any ε > 0 any equilibrium of Γε has a
lower probability of trade among the strategic types compared to the probability of trade in
the C-S equilibrium.

Lemma 3.5 Suppose for some ε > 0, M ε ∈Mε. Then there exists a ε̂ < ε and a mechanism
M ε̂ ∈ Mε̂, such that the ex-ante probability of trade in the event that at least one player is
strategic is higher in M ε̂ than in M ε.

Proof: Let

M ε = {(pε
(st,st), p

ε
(st,tr), p

ε
(tr,st), p

ε
(tr,tr)), (x

ε
(st,st), x

ε
(st,tr), x

ε
(tr,st), x

ε
(tr,tr))}.

Define the following:

1. xε−h
(st,st)(vb, vs) = 1−ε

1−ε+h
xε

(st,st)(vb, vs) and pε−h
(st,st)(vb, vs) = 1−ε

1−ε+h
pε

(st,st)(vb, vs).

2. xε−h
(st,tr)(vb, vs) = ε

ε−h

∫
[0,1]

xε
(st,tr)(vb, vs)dvs and pε−h

(st,tr)(vb, vs) = ε
ε−h

∫
[0,1]

pε
(st,tr)(vb, vs)dvs.

3. xε−h
(tr,st)(vb, vs) = ε

ε−h

∫
[0,1]

xε
(tr,st)(vb, vs)dvb and pε−h

(tr,st)(vb, vs) = ε
ε−h

∫
[0,1]

pε
(tr,st)(vb, vs)dvb.
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4. xε−h
(tr,tr)(vb, vs) = xε

(tr,tr)(vb, vs) and pε−h
(tr,tr)(vb, vs) = pε

(tr,tr)(vb, vs).

So, for all (i, vi), we now have U ε−h
(i,st)(vi) = U ε

(i,st)(vi). Since M ε ∈Mε, there exists a small

enough h∗ > 0 such that M ε−h∗ ∈Mε−h∗ . Let ε̂ = ε− h∗.
The ex-ante probability of trade in the event that at least one player is strategic in M ε̂

is defined as,

1

(1− ε̂)2 + 2ε̂(1− ε̂)

∫
[0,1]

∫
[0,1]

{(1− ε̂)2pε̂
(st,st) + (1− ε̂)ε̂(pε̂

(st,tr) + pε̂
(tr,st))}dvbdvs

=
1

1 + ε̂

∫
[0,1]

∫
[0,1]

{(1− ε)pε
(st,st) + ε(pε

(st,tr) + pε
(tr,st))}dvbdvs

>
1

1 + ε

∫
[0,1]

∫
[0,1]

{(1− ε)pε
(st,st) + ε(pε

(st,tr) + pε
(tr,st))}dvbdvs

=
1

(1− ε)2 + 2ε(1− ε)

∫
[0,1]

∫
[0,1]

(1− ε)2pε
(st,st) + (1− ε)ε(pε

(st,tr) + pε
(tr,st))dvbdvs

The last expression is the ex-ante probability of trade in the event that at least one player
is strategic in M ε. �

Finally, the next proposition proves that the probability of trade among strategic types
in any equilibrium of Γε is strictly lower than the probability of trade in C-S equilibrium.

Proposition 3.6 ∀ ε > 0, the probability of trade in the event that both players are strategic
in any equilibrium of Γε is less than the the ex-ante probability of trade in the C-S equilibrium.

Proof:
Case 1 : k = 0 ∨ 1.
Suppose k = 0. ∀ ε > 0, a strategic type of buyer strictly prefers to bid her valuation

vb than any other bid in Γε. If she bids tb > vb, then she trades with all valuation types of
trustworthy seller who bid in the interval (vb, tb) and ends up paying a price greater than
her valuation on those trades. If she bids tb < vb, then she does not trade with all valuation
types of trustworthy seller who bid in the interval (tb, vb) whereas by bidding equal to her
valuation she would have traded with these valuation types of trustworthy seller without
changing the price on any trade with any other type of seller.

So, from the point of view of strategic seller, the buyer’s bid is uniformly distributed
on [0, 1] since both disposition types of buyer bid equal to their valuation. Then, it is
straightforward to see that the strategic seller will bid 1

2
(1 + vs). Therefore, the ex-ante

probability of trade in the event that both players are strategic type is 1
4
< 9

32
. A similar

proof works if k = 1.
Case 2 : k ∈ (0, 1).
Suppose there exists an ε̂ > 0 and an equilibrium which has at least as high a probability

of trade in the event that both players are strategic than the ex-ante probability of trade
in the C-S equilibrium. Consider the equivalent direct mechanism for that equilibrium,
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M ε̂ ∈ Mε̂. By R3, the ex-ante probability of trade in the event that at least one player is
strategic in M ε̂ is also greater than or equal to 9/32. Using lemma 3.5, one can construct a
sequence of direct mechanisms, M εn ∈ Mεn with εn < ε̂ and εn → 0, such that the ex-ante
probability of trade in the event that at least one player is strategic in M εn+1 is greater
than the corresponding ex-ante probability of trade in M εn . Hence the sequence of these
probabilities is increasing, which implies that it will converge to some number greater than
9/32. Therefore,

lim
εn→0

1

1 + εn

∫
[0,1]

∫
[0,1]

{(1− εn)pεn

(st,st) + εn(pεn

(st,tr) + pεn

(tr,st))}dvbdvs

= lim
εn→0

∫
[0,1]

∫
[0,1]

pεn

(st,st) dvbdvs >
9

32

Hence there exists aN and a small enough φ > 0 such that for all n ≥ N,
∫

[0,1]

∫
[0,1]

pεn

(st,st) dvbdvs ≥
9
32

+ φ.
Let X = {(vb, vs) | 0 ≤ vb, vs ≤ 1, 2vb − 2vs − 1 ≥ 0} and IX(vb, vs) be the indicator

function that takes the value 1 in the set X and 0 otherwise. Define the following:

qεn
θ (vb, vs) = (1− θ)pεn

(st,st)(vb, vs) + θIX(vb, vs), θ ∈ (0, 1)

∀ vb, q̄
εn

(b,θ)(vb) =

∫
[0,1]

qεn
θ (vb, vs) dvs

∀ vs, q̄
εn

(s,θ)(vs) =

∫
[0,1]

qεn
θ (vb, vs) dvb.

Note that,∫
[0,1]

∫
[0,1]

qεn
θ dvbdvs = (1− θ)

∫
[0,1]

∫
[0,1]

pεn

(st,st) dvbdvs + θ

∫
[0,1]

∫
[0,1]

IX dvbdvs

= (1− θ)

∫
[0,1]

∫
[0,1]

pεn

(st,st) dvbdvs +
1

8
θ

Hence there exists a θ̂ > 0 such that for all n ≥ N and θ < θ̂, we have∫
[0,1]

∫
[0,1]

qεn
θ dvbdvs = (1− θ)

∫
[0,1]

∫
[0,1]

pεn

(st,st) dvbdvs +
1

8
θ >

9

32

I show that there exists a n∗ ≥ N and θ∗ < θ̂ such that q̄εn∗
(b,θ∗) is non-decreasing, q̄εn∗

(s,θ∗) is
non-increasing and ∫

[0,1]

∫
[0,1]

(2vb − 2vs − 1)qεn∗
θ∗ (vb, vs) dvbdvs ≥ 0.

19



By Theorem 1 in Myerson and Satterthwaite [15], the above will imply that there exists
a x(vb, vs) such that qεn∗

θ∗ along with x(vb, vs) is an incentive compatible and individually
rational direct mechanism for the bilateral trading problem without trustworthy types when
valuations of players are uniformly distributed on [0, 1]. However, this will contradict the
fact that the direct mechanism corresponding to the C-S equilibrium has the highest ex-ante
probability of trade in that problem.

SinceM εn satisfies R4, p̄εn
b is a non-decreasing while p̄εn

s is non-increasing. This is sufficient
to show that q̄εn

(b,θ) is non-decreasing and q̄εn

(s,θ) is non-increasing for all n and θ.
If there exists a n̂ ≥ N such that∫

[0,1]

∫
[0,1]

(2vb − 2vs − 1)pεn̂

(st,st)(vb, vs) dvbdvs ≥ 0

then take n∗ = n̂ and θ∗ = 0.
If not, then let θ(n) be such that∫

[0,1]

∫
[0,1]

(2vb − 2vs − 1)qεn

θ(n)(vb, vs) dvbdvs

= (1− θ(n))

∫
[0,1]

∫
[0,1]

(2vb − 2vs − 1)pεn

(st,st)(vb, vs) dvbdvs +
1

24
θ(n) = 0

Since M εn satisfies IC∗ and individual rationality for strategic types, we get the following
inequality using condition (1) in lemma 2.3

(1− εn)2

∫
[0,1]

∫
[0,1]

(2vb − 2vs − 1)pεn

(st,st)(vb, vs) dvbdvs

+εn(1− εn)

∫
[0,1]

∫
[0,1]

(2vb − vs − 1)pεn

(st,tr)(vb, vs) dvbdvs

+εn(1− εn)

∫
[0,1]

∫
[0,1]

(vb − 2vs)p
εn

(tr,st)(vb, vs) dvbdvs

+ε2n

∫
[0,1]

∫
[0,1]

(vb − vs)p
εn

(tr,tr)(vb, vs) dvbdvs

−εn{
∫

[0,1]

U εn

(b,tr)(vb)dvb +

∫
[0,1]

U εn

(s,tr)(vs)dvs} ≥ 0.

Taking the limit of the above expression as εn goes to 0, we get (using R1)

lim
εn→0

∫
[0,1]

∫
[0,1]

(2vb − 2vs − 1)pεn

(st,st)(vb, vs) dvbdvs ≥ 0.

Therefore, it must be the case that θ(n) → 0. Now, pick n∗ ≥ N to be such that θ(n∗) < θ̂
and let θ∗ = θ(n∗) and we are done. �
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3.2 Is It Possible To Achieve Ex-Post Efficiency?

An outcome of a mechanism is ex-post efficient for strategic types if trade occurs whenever
the valuation type of the strategic buyer is greater than the valuation type of the strategic
seller.

Definition 3.7 EX∗: An outcome of a trading mechanism is ex-post efficient for strategic
types if

p(st,st)(vb, vs) =

{
1 if vb ≥ vs

0 if vb < vs

We can similarly define ex-post efficiency.

Definition 3.8 EX: An outcome of a trading mechanism is ex-post efficient if

p(db,ds)(vb, vs) =

{
1 if vb ≥ vs

0 if vb < vs

Note that EX =⇒ EX∗.
The following theorem is a restatement of the theorem by Myerson and Satterthwaite

(1983) which proves that when both players are only strategic type and the intersection of
the intervals of players’ valuation has a non-empty interior, then it is impossible to achieve
ex-post efficiency in any outcome of any trading mechanism that satisfies IC and IR.7

Theorem 3.9 Myerson and Satterthwaite (1983): If εb = εs = 0 and (ab, āb)∩ (as, ās) 6= Φ,
then there does not exist an outcome of any trading mechanism that satisfies EX, IC and
IR.

Myerson and Satterthwaite (1983) showed that under the conditions of the theorem, any
outcome of a trading mechanism that satisfies EX and IC will require an ex-ante subsidy
of at least

∫
[ab,ās]

(1 − Fstb(y))Fsts(y)dy amount to satisfy IR. Section 3.2.1 shows how this

subsidy can be generated if and only if at least one player has a high enough degree of trust.
The constructed optimal trading mechanism is a direct mechanism. Section 3.2.2, however,
shows that k-double auctions without or without pre-play communication are not optimal
even in this setup since they are ex-post inefficient for any degree of trust.

3.2.1 Achieving Ex-Post Efficiency Using Direct Mechanism

With high enough probabilities of trustworthy types, it is possible to generate ex-ante
gains from trade greater than the required minimum subsidy to strategic types,

∫
[ab,ās]

(1 −
Fstb(y))Fsts(y)dy, because of truthful revelation of trustworthy types in direct mechanisms.
Notice that the payment functions constructed in the proof of theorem 2.7 are such that
every valuation type of trustworthy players gets an expected-payoff of 0. Thus, by pushing
the trustworthy types to their individual rationality constraints, we extract all the ex-ante

7Note that in this case, EX∗ is equivalent to EX and IC∗ is equivalent to IC.
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gains from trade that they generate and then redistribute them using lump-sum transfers to
the strategic types. Hence it becomes possible to get ex-post efficient outcome even while
satisfying IC and IR. This is proved in the next proposition.

Proposition 3.10 There exist weakly decreasing functions ψi : [0, 1] → [0, 1], i = b, s with
ψi(εi) < 1 ∀ εi > 0, such that for all (ε̂i, ε̂j) ≥ (εi, ψ(εi)) there exist direct mechanisms that
satisfies IC, IR and EX (and hence, they also satisfy EX∗).

Proof : It is easy to see that the functions p(st,st), p(st,tr), p(tr,st), p(tr,tr) satisfying EX are such
that p̄(b,st) is weakly increasing and p̄(s,st) is weakly decreasing. Hence, only condition (3) is
left to be checked.

For the functions satisfying EX, the left-hand side of (3) is

(1− εb)(1− εs)
∫

[ab,āb]

∫
[as,min{vb,ās}]

([
vb −

1− Fstb
(vb)

fstb
(vb)

]
−
[
vs +

Fsts
(vs)

fsts
(vs)

])
fsts

fstb
dvsdvb

+ εb(1− εs)
∫

[ab,āb]

∫
[as,min{vb,ās}]

(
vb −

[
vs +

Fsts
(vs)

fsts(vs)

])
fsts

ftrb
dvsdvb

+ εs(1− εb)
∫

[ab,āb]

∫
[as,min{vb,ās}]

([
vb −

1− Fstb
(vb)

fstb
(vb)

]
− vs

)
ftrsfstb

dvsdvb

+ εbεs

∫
[ab,āb]

∫
[as,min{vb,ās}]

(vb − vs)ftrs
ftrb

dvsdvb (8)

Myerson and Satterthwaite (1983) (p. 272) showed that∫
[ab,āb]

∫
[as,min{vb,ās}]

([
vb −

1− Fstb
(vb)

fstb
(vb)

]
−
[
vs +

Fsts(vs)
fsts

(vs)

])
fsts

fstb
dvsdvb

=−
∫

[ab,ās]

(1− Fstb
(y))Fsts(y)dy

Similarly, it is easy to show that∫
[ab,āb]

∫
[as,min{vb,ās}]

(
vb −

[
vs +

Fsts
(vs)

fsts(vs)

])
fsts

ftrb
dvsdvb

=
∫

[ab,āb]

∫
[as,min{vb,ās}]

([
vb −

1− Ftrb
(vb)

ftrb
(vb)

]
−
[
vs +

Fsts
(vs)

fsts(vs)

])
fstsftrb

dvsdvb

+
∫

[ab,āb]

∫
[as,min{vb,ās}]

(1− Ftrb
(vb))fsts

dvsdvb

=−
∫

[ab,ās]

(1− Ftrb
(y))Fsts

(y)dy +
∫

[ab,āb]

(1− Ftrb
(vb))Fsts

(vb)dvb

=
∫

[ās,āb]

(1− Ftrb
(y))dy ≥ 0

and ∫
[ab,āb]

∫
[as,min{vb,ās}]

([
vb −

1− Fstb
(vb)

fstb
(vb)

]
− vs

)
ftrsfstb

dvsdvb =
∫

[as,ab]

Ftrs(y)dy ≥ 0
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Define,

α(st,st) = −
∫

[ab,ās]

(1− Fstb
(y))Fsts

(y)dy

α(st,tr) =
∫

[as,ab]

Ftrs(y)dy

α(tr,st) =
∫

[ās,āb]

(1− Ftrb
(y))dy

α(tr,tr) =
∫

[ab,āb]

∫
[as,min{vb,ās}]

(vb − vs)ftrs
ftrb

dvsdvb

Hence (8) can be written as

(1− εb)(1− εs)α(st,st) + εb(1− εs)α(tr,st) + (1− εb)εsα(st,tr) + εbεsα(tr,tr) (9)

1. āb ≤ as: In this case, α(db,ds) = 0, ∀ (db, ds). Therefore, the left-hand side of (3) equals 0
irrespective of the value of εb and εs. Hence, in this case ψi(εi) = 0, ∀ εi ∈ [0, 1] for i = b, s.

2. ās ≤ ab: In this case, α(st,st) = 0 but α(st,tr), α(tr,st) and α(tr,tr) are positive. Thus, the
left-hand side of (3) is positive irrespective of the value of εb and εs. Therefore, in this case
ψi(εi) = 0, ∀ εi ∈ [0, 1] for i = b, s.

3. [ab, āb] ∩ [as, ās] has a non-empty interior: In this case, α(st,st) < 0, α(tr,tr) > 0 and
both α(st,tr) and α(tr,st) are non-negative. Define

ψb(εb) = max

{
0,

(1− εb)α(st,st) + εbα(tr,st)

(1− εb)(α(st,st) − α(st,tr)) + εb(α(tr,st) − α(tr,tr))

}
Note that 0 < ψb(0) ≤ 1 and ψb(εb) > 0 =⇒ ψ′b(εb) < 0. Therefore, ψb is weakly decreasing
and ψb(εb) < 1, ∀ εb > 0.

It is easy to check that for any εb, the expression in (9) is non-negative for all εs ≥ ψb(εb).
Also, (ε̂b, ε̂s) ≥ (εb, ψb(εb)) =⇒ (ε̂b, ε̂s) ≥ (ε̂b, ψb(ε̂b)).

Similarly, it is easy to show that

ψs(εs) = max

{
0,

(1− εs)α(st,st) + εsα(st,tr)

(1− εs)(α(st,st) − α(tr,st)) + εs(α(st,tr) − α(tr,tr))

}
�

3.2.2 Inefficiency of k-double auctions

If any εi = 1, then it is straightforward to satisfy EX in a k-double auction. For instance,
if εb = 1, then take k = 1. For any strategic type of seller in this double auction, truthful
bidding dominates any other bid. Also, all trustworthy types of both buyer and seller also
bid truthfully, so we get an ex-post efficient outcome. Therefore, in what follows, I assume
(εb, εs) � 1.

However, when (εb, εs) � 1, no k-double auction will satisfy EX∗ and hence will also
not satisfy EX. This follows from the following lemma, which to my knowledge has not
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been proved before. Lemma 4.3 in Leininger, Linhart and Radner (1989) proves that in a
1/2-double auction no buyer will bid more than her valuation and no seller will bid below
her valuation except where the probability of trade is 0, which is weaker than the following
lemma.

Lemma 3.11 In any k-double auction, if k < 1 and Probability(tb > vs) > 0 for any
strategic seller with valuation vs, then Supp(σs(vs)) ⊂ (vs,∞). Similarly, if k > 0 and
Probability(ts < vb) > 0 for any strategic buyer with valuation vb, then Supp(σb(vb)) ⊂
(−∞, vb).

Proof: It is sufficient to show that for a strategic seller bidding less than or equal to
her valuation is dominated by some bid greater than her valuation. Since k < 1 and
Probability(tb > vs) > 0, it is easy to see that for a strategic seller bidding equal to her
valuation dominates bidding less than her valuation. Now, consider the difference between
the payoffs of a strategic seller with valuation vs from bidding ts > vs and from bidding vs,∫

[ts,t̄b]

(ktb + (1− k)ts − vs) dĜb −
∫

(vs,t̄b]

(ktb + (1− k)vs − vs) dĜb

= (1− k)

∫
[ts,t̄b]

(ts − vs) dĜb − k

∫
(vs,ts)

(tb − vs) dĜb

≥ (ts − vs)

(
(1− k)

∫
[ts,t̄b]

dĜb − k

∫
(vs,ts)

dĜb

)
,

where Ĝb is the distribution of buyer’s bid and t̄b = inf{tb | Ĝb(tb) = 1}. There must
exist a ts > vs such that the last term is positive. If not, then

lim
ts↘vs

(
(1− k)

∫
[ts,t̄b]

dĜb − k

∫
(vs,ts)

dĜb

)
= (1− k)(1− Ĝb(vs)) ≤ 0

=⇒ Ĝb(vs) ≥ 1 because k < 1,

which contradicts Probability(tb > vs) > 0. �

Corollary 3.12 If (εb, εs) � 1 and (as, ās) ∩ (ab, āb) 6= Φ, then any Bayesian-Nash equi-
librium outcome of any k-double auction does not satisfy EX∗, and hence, it also does not
satisfy EX.

Proof : Follows from lemma 3.11.8 �
The above inefficiency result applies to k-double auctions in which players do not commu-

nicate before submitting their bids. Players can reduce the uncertainty by communicating
their types in equilibrium (See, Farell and Gibbons (1989)). Since incomplete information is

8Notice that this corollary follows directly from lemma 3.11 without using the assumption regarding
trustworthy disposition. In fact, this result is true under any other dispositional assumption.
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the reason for inefficiency, maybe allowing for pre-play communication can, therefore, gen-
erate ex-post efficient outcomes? To answer this question, let’s consider a k-double auction
with a pre-play communication stage, in which players communicate, sequentially or simul-
taneously, using some arbitrary message space before the final stage during which they play
according to the rules of the k-double auction. In this case, assumption 2.1 is too strong
a restriction on the behavior of trustworthy types. For example, trustworthy types may
make pre-play non-binding verbal agreements to bid some value not equal to their valuation
and then fulfilling such agreements in the bidding stage. Therefore, I instead assume that
trustworthy types do not bid irrationally, that is, trustworthy buyer (seller) does not bid
greater (less) than her valuation. Note that this assumption does not restrict the behav-
ior of trustworthy types in the communication stage apart from not allowing such types to
verbally agree to bid irrationally.

Assumption 3.13 In a k-double auction with pre-play communication, trustworthy buyer
does not bid more than her valuation and trustworthy seller does not bid less than her val-
uation. This assumption hence distinguishes trustworthy disposition from irrationality or
altruism. Experimental studies on 1/2-double auctions by Valley et al. (2002) and McGinn,
Thompson and Bazerman (2003) find players fulfilling non-binding verbal agreements to bid
a particular price but they do not find any instance of a buyer (seller) bidding above (below)
her valuation.9

The next proposition proves that under assumption 3.13 and, in particular, when the
interval of valuations coincide, any k-double auction with pre-play communication is ex-post
inefficient. By assumption, in the final bidding stage, the trustworthy type of buyer will bid
less than or equal to her valuation and the trustworthy type of seller will bid greater than
or equal to her valuation. Therefore, the ex-ante gains from trade that are generated in
the event that both players are trustworthy type cannot be transferred to strategic types in
order to subsidize the latter types.

Proposition 3.14 Suppose assumption 3.13 holds. If ab ≤ as and āb ≤ ās, then for all
(εb, εs) � 1, any Bayesian-Nash equilibrium outcome of a k-double auction with pre-play
communication does not satisfy EX.

Proof : Let (p(db,ds), x(db,ds))db=st,tr; ds=st,tr be a Bayesian-Nash equilibrium outcome of some
k-double auction with any form of pre-play communication that satisfies EX. By lemma
2.3, it must satisfy condition (1), which after some simple manipulation can be re-written

9Note that the strategic buyer (seller) who trades with positive probability in any equilibrium of such a
trading mechanism also does not bid more (less) than her valuation.
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as,

(1− εb)(1− εs)

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
−
[
vs +

Fsts(vs)

fsts(vs)

])
p(st,st)(vb, vs)fstsfstbdvsdvb

+ εb(1− εs)

∫
[ab,āb]

∫
[as,ās]

(
x(tr,st)(vb, vs)−

[
vs +

Fsts(vs)

fsts(vs)

]
p(tr,st)(vb, vs)

)
fstsftrb

dvsdvb

+ εs(1− εb)

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
p(st,tr)(vb, vs)− x(st,tr)(vb, vs)

)
ftrsfstbdvsdvb

=(1− εb)U(b,st)(ab) + (1− εs)U(s,st)(ās)

Since the outcome is EX, p((db,ds)(vb, vs) ∈ {0, 1}. Also, according to the rules of k-
double auction, a buyer makes a payment to a seller if and only if they trade, that is,
x(db,ds)(vb, vs) = 0 if p(ds,db)(vb, vs) = 0. Therefore, for all (db, ds) and (vb, vs), we must have
x(db,ds)(vb, vs) = x(db,ds)(vb, vs)p(ds,db)(vb, vs). Finally, x(tr,st)(vb, vs) ≤ vb and x(st,tr)(vb, vs) ≥
vs. Substituting these in the above equality, we get

(1− εb)U(b,st)(ab) + (1− εs)U(s,st)(ās)

≤ (1− εb)(1− εs)

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
−
[
vs +

Fsts(vs)

fsts(vs)

])
p(st,st)(vb, vs)fstsfstbdvsdvb

+ εb(1− εs)

∫
[ab,āb]

∫
[as,ās]

(
vb −

[
vs +

Fsts(vs)

fsts(vs)

])
p(tr,st)(vb, vs)fstsftrb

dvsdvb

+ εs(1− εb)

∫
[ab,āb]

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
− vs

)
p(st,tr)(vb, vs)ftrsfstbdvsdvb

= − (1− εb)(1− εs)

∫
[ab,ās]

(1− Fstb(y))Fsts(y)dy + εb(1− εs)

∫
[ās,āb]

(1− Ftrb
(y))dy

+ (1− εb)εs

∫
[as,ab]

Ftrs(y)dy

< 0,

where the second step follows from the fact that the outcome satisfies EX (see proof of
3.10) and the final step uses the fact that (as, ab) = (ās, āb) = Φ since ab ≤ as and āb ≤ āb.
Therefore, the outcome does not satisfy IR. �

Remark 3.15 Two remarks regarding proposition 3.14.

1. It only proved that any equilibrium will not satisfy EX, which does not imply that any
equilibrium will also not satisfy EX∗. However, it seems reasonable assume that the
behavior of trustworthy types in a k-double auction with pre-play communication is such
that if any pair of valuation types of strategic players for whom the gains from trade are
non-negative, trade in equilibrium with probability 1, then that pair of valuation types
must also trade in equilibrium with probability 1 if one or both players are trustworthy
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types. More precisely, in any equilibrium outcome of any trading mechanism, if for
any (vb, vs), with vb ≥ vs, p(st,st)(vb, vs) = 1 , then p(tr,st)(vb, vs) = p(st,tr)(vb, vs) =
p(tr,tr)(vb, vs) = 1. With this assumption, EX∗ is equivalent to EX and hence, the above
result shows that no equilibrium of any k-double auction with pre-play communication
will satisfy EX∗.

2. A similar method of proof cannot be used if either as < ab or ās < āb. Then both∫
[ās,āb]

(1− Ftrb
(y))dy and

∫
[as,ab]

Ftrs(y)dy are positive and so the last inequality in the

proof of the proposition does not follow. However, no communication structure comes to
mind that, using the minimal assumptions on trustworthy types, generates an efficient
Bayesian-Nash equilibrium outcome in this case.

4 Distribution of Trust and Trade

In this section, we fix the degree of trust, (εi)i=b,s, and ask the following question: What
distribution of trust is better from the perspective of maximizing the probability of trade
among strategic types? Section 4.1 answers that with respect to direct mechanisms, it is
better to have high-surplus types (high valuation type buyer and low valuation type seller)
more likely among trustworthy types than low-surplus types (low valuation type buyer and
high valuation type seller).

In section 4.2, I analyze a 1/2-double auction with valuations of strategic types uniformly
distributed on [0, 1] but with valuations of trustworthy types distributed so that for any
positive degree of trust, high-surplus types are less likely among trustworthy types. I then
find an equilibrium with ex-ante probability of trade between strategic types strictly greater
than C-S equilibrium value for all degrees of trust less than or equal to 0.5. However, section
3.1.1 proved that if, instead, the distribution of trust is uniform, then no equilibrium outcome
of any k-double auction can do better than C-S equilibrium outcome. Therefore, unlike direct
mechanisms, for k-double auctions it is not necessarily better to have high-surplus types more
likely among trustworthy types.

4.1 Direct Mechanisms

The next proposition proves that for any fixed degree of trust, if we change the distribution
of trust from (Ftrb

, Ftrs) to (F ′trb
, F ′trs

) so that F ′trb
first-order stochastically dominates Ftrb

and Ftrs first-order stochastically dominates F ′trs
, then we can construct a direct mechanism

with at least as high probability of trade among strategic types as in any mechanism before
the change. The reason is that with this change, high-surplus types become more likely
among trustworthy types. Hence, the ex-ante gains from trade that can be generated using
trustworthy types increases, which in turn increases the ex-ante subsidy that can be offered
to strategic types.
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Proposition 4.1 Suppose for the bilateral trading problem (εb, εs, Fstb , Fsts , Ftrb
, Ftrs), the

direct mechanism (p(db,ds), x(db,ds))db=st,tr; ds=st,tr satisfies IC, IR, NUT and Assumption 2.1.
Consider any (F ′trb

, F ′trs
) such that:

1. F ′trb
first-order stochastically dominates Ftrb

.

2. Ftrs first-order stochastically dominates F ′trs
.

Then there exists a direct mechanism (p′(db,ds)
, x̂(db,ds))db=st,tr; ds=st,tr for the bilateral trading

problem (εb, εs, Fstb , Fsts , F
′
trb
, F ′trs

) satisfying IC, IR, NUT and Assumption 2.1 and such
that ∫

[ab,āb]

∫
[as,ās]

p′(st,st)(vb, vs)fstsfstbdvsdvb ≥
∫

[ab,āb]

∫
[as,ās]

p(st,st)(vb, vs)fstsfstbdvsdvb

Proof : Without loss of generality we can assume that

p(tr,tr)(vb, vs) =

{
1 if vb ≥ vs

0 if vb < vs

NUT and Ftrs first-order stochastically dominates F ′trs
imply that,∫

[as,ās]

p(st,tr)(vb, vs)ftrsdvs ≤ Ftrs(vb) ≤ F̂trs(vb)

Hence there exists a as(vb) ≤ vb such that,∫
[as,as(vb)]

f ′trs
dvs =

∫
[as,ās]

p(st,tr)(vb, vs)ftrsdvs

Similarly we have, ∫
[ab,āb]

p(tr,st)(vb, vs)ftrb
dvb ≤ 1− Ftrb

(vs) ≤ 1− F ′trb
(vs)

and hence there exists a ab(vs) ≥ vs such that,∫
[ab(vs),āb]

f ′trb
dvb =

∫
[ab,āb]

p(tr,st)(vb, vs)ftrb
dvb

Define (p′(db,ds)
)db=st,tr; ds=st,tr as follows:

p′(st,st)(vb, vs) = p(st,st)(vb, vs)

p′(st,tr)(vb, vs) =

{
1 if (vb, vs) ∈ [as, as(vb)]
0 otherwise

p′(tr,st)(vb, vs) =

{
1 if (vb, vs) ∈ [ab(vs), āb]
0 otherwise

p′(tr,tr)(vb, vs) = p(tr,tr)(vb, vs)
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It is easy to see that (p′(db,ds)
)db=st,tr; ds=st,tr satisfies NUT and Assumption 2.1. Also,

p̄′(b,st)(vb) =(1− εs)

∫
[as,ās]

p′(st,st)(vb, vs)fstsdvs + εs

∫
[as,ās]

p′(st,tr)(vb, vs)f
′
trs
dvs

=(1− εs)

∫
[as,ās]

p(st,st)(vb, vs)fstsdvs + εs

∫
[as,as(vb)]

f ′trs
dvs

=p̄(b,st)(vb)

and similarly p̄′(s,st)(vs) = p̄(s,st)(vs). Therefore, p̄′(b,st)(vb) is weakly increasing and p̄′(s,st)(vs) is

weakly decreasing. We will be done if we show that (p′(db,ds)
)db=st,tr; ds=st,tr satisfies condition

(3).
Let

hvb
(vs) =

p(st,tr)(vb, vs)f(st,tr)(vb, vs)∫
[as,ās]

p(st,tr)(vb, ys)f(st,tr)(vb, ys)dys

and Hvb
(vs) =

∫
[as,vs]

hvb
(ys)dys

ĥvb
(vs) =

p′(st,tr)(vb, vs)f
′
(st,tr)(vb, vs)∫

[as,ās]
p′(st,tr)(vb, ys)f ′(st,tr)(vb, ys)dys

and Ĥvb
(vs) =

∫
[as,vs]

ĥvb
(ys)dys

Then Hvb
first-order stochastically dominates Ĥvb

. For all vs ≥ as(vb), Ĥvb
(vs) = 1 ≥

Hvb
(vs). And for all vs ≤ as(vb)

Ĥvb
(vs) =

∫
[as,vs]

f ′(st,tr)(vb, ys)dys∫
[as,ās]

p′(st,tr)(vb, ys)f ′(st,tr)(vb, ys)dys

≥

∫
[as,vs]

f(st,tr)(vb, ys)dys∫
[as,ās]

p(st,tr)(vb, ys)f(st,tr)(vb, ys)dys

≥

∫
[as,vs]

p(st,tr)(vb, ys)f(st,tr)(vb, ys)dys∫
[as,ās]

p(st,tr)(vb, ys)f(st,tr)(vb, ys)dys

= Hvb
(vs)

Hence,
∫

[as,ās]
vsdHvb

≥
∫

[as,ās]
vsdĤvb

. This implies that for all vb,∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
− vs

)
p′(st,tr)(vb, vs)f

′
trs
dvs

=

[
vb −

1− Fstb(vb)

fstb(vb)

] ∫
[as,ās]

p(st,tr)(vb, vs)ftrsdvs −
∫

[as,ās]

vsp
′
(st,tr)(vb, vs)f

′
trs
dvs

≥
[
vb −

1− Fstb(vb)

fstb(vb)

] ∫
[as,ās]

p(st,tr)(vb, vs)ftrsdvs −
∫

[as,ās]

vsp(st,tr)(vb, vs)ftrsdvs

=

∫
[as,ās]

([
vb −

1− Fstb(vb)

fstb(vb)

]
− vs

)
p(st,tr)(vb, vs)ftrsdvs
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Similarly it can be shown that for all vs,∫
[ab,āb]

(
vb −

[
vs +

Fsts(vs)

fsts(vs)

])
p′(tr,st)(vb, vs)f

′
trb
dvb

≥
∫

[ab,āb]

(
vb −

[
vs +

Fsts(vs)

fsts(vs)

])
p(tr,st)(vb, vs)ftrb

dvb

Hence (p′(db,ds)
)db=st,tr; ds=st,tr must satisfy condition (3). �

4.2 1/2-Double Auction with Low-Surplus Types more likely to
be Trustworthy

The trading mechanism is again a 1/2-double auction with [as, ās] = [ab, āb] = [0, 1]. Also,
Fstb = Fsts are uniform on [0, 1]. The trustworthy types bid truthfully but now the distribu-
tions of their valuation are not uniform. Instead, the valuations of these types are distributed
according to Ftrb

(vb) = 1− (1− vb)
1
ε
+1, vb ∈ [0, 1] and Ftrs(vs) = (vs)

1
ε
+1, vs ∈ [0, 1].

This distribution of trust has two intuitive assumptions behind it. First, for any positive
ε, strategic types believe that low valuation types of buyer (high valuation types of seller)
have a higher likelihood (i.e. have higher density) among the trustworthy types than high
valuation types of buyer (low valuation types of seller); after all, a buyer with low valuation
(seller with high valuation) cannot gain much by lying about her valuation. Second, as ε
falls, the probability that a trustworthy type buyer (seller) has a valuation below (above) a
specific value increases. In the limit, as the probability of these trustworthy types goes to
zero, the strategic type’s belief puts all the weight on the extreme points (0 for buyer and 1
for seller). This is in line with the conjecture that if one is sure that there are no trustworthy
types then the most likely answer one will give to the question,“Who will bid equal to their
valuation?”, is,“The buyer with valuation 0 and seller with valuation 1.”

Notice that Ftrs first-order stochastically dominates a uniform distribution on [0, 1] whereas
the latter first-order stochastically dominates Ftrb

. Hence, if we were considering direct mech-
anisms, then by proposition 4.1 we can construct a direct mechanism with at least as high
probability of trade among strategic types when the distribution of trust is uniform com-
pared to when the distribution of trust is given by (Ftrb

, Ftrs). In section 3.1.1, we saw that
if the distribution of trust is uniform, then the probability of trade among strategic types
in any equilibrium of any k-double auction for any positive degree of trust is strictly lower
than the C-S equilibrium value. Here, I will show that with the distribution of trust given
by (Ftrb

, Ftrs), it is possible to achieve a higher probability of trade among strategic types
than the C-S equilibrium value. Hence proposition 4.1 does not hold for k-double auctions.

Let Γ̂ε denote the game induced by the trading mechanism. Throughout this subsection,
σi(vi) is a pure strategy.

Lemma 4.2 In any Bayesian-Nash equilibrium (σb, σs) of Γ̂ε, the bids of the strategic types
are non-decreasing in valuation.
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Proof: Since p̄(b,st)(vb) = (1 − ε)
∫

[ts,tb]
dGs + ε

∫
[0,tb]

dFtrs is weakly-increasing, it must be

that σb(vb) is weakly-increasing. And since p̄(s,st)(vs) = (1 − ε)
∫

[ts,t̄b]
dGb + ε

∫
[ts,1]

dFtrb
is

weakly-decreasing, it must be that σs(vs) is weakly-increasing. �
The next lemma shows that there is no truthful bidding by the strategic types (except the

strategic buyer with valuation 0 and the strategic seller with valuation 1) in any equilibrium
of Γ̂ε.

Lemma 4.3 For any equilibrium pair of strategies of Γ̂ε, (σb, σs), σb(vb) < vb ∀ vb > 0 and
σs(vs) > vs ∀ vs < 1.

Proof: For any buyer with valuation vb > 0, Probability(ts < vb) > 0. Hence, we get the
result by applying lemma 3.11. �

Given a pair of strategies for the strategic types for Γ̂ε, (σb, σs), let t = σs(0) and t̄ =
σb(1).

10 Since bids of strategic types are non-decreasing in valuations, any strategic type that
trades with some strategic type with a positive probability bids in the interval [t, t̄]. Also, note
that for any pair of equilibrium strategies, t > 0 and t̄ < 1. Define vb = sup{vb | σb(vb) = t},
v̄b = inf{vb | σb(vb) ≥ t̄}, vs = sup{vs | σs(vs) ≤ t}, and v̄s = inf{vs | σs(vs) = t̄}.11 I am
interested in a class D∗ of equilibrium strategies σb and σs for the strategic types that are
strictly increasing and C1 on the intervals [vb, v̄b] and [vs, v̄s], respectively.12 Note that, since
σb and σs are strictly increasing, their inverses, denoted by β and ξ, respectively, exist and
are defined on the interval [t, t̄].13

The next three lemmas provide the necessary conditions that any equilibrium pair of
strategies in D∗ must satisfy.

Lemma 4.4 If a strategic buyer bids below t, then she must bid 2+2ε
2+3ε

vb and if a strategic

seller bids above t̄, then she must bid 2+2ε
2+3ε

vs + ε
2+3ε

.

Proof: If a strategic buyer bids some t less than t, then the first order condition is, (1 +

ε)(vb − t− 1
2
( ε

1+ε
)t)(t)

1
ε = 0, which implies she must bid 2+2ε

2+3ε
vb.�

Lemma 4.5 For any equilibrium in D∗, 2+2ε
2+3ε

vb ≤ t and 2+2ε
2+3ε

v̄s + ε
2+3ε

≥ t̄.

Proof: If ε = 1, then the unique best response for the strategic buyer is 2+2ε
2+3ε

vb. Therefore,
2+2ε
2+3ε

vb = t.

Suppose ε < 1 and that for some equilibrium strategies (σb, σs) in D∗, we have 2+2ε
2+3ε

vb > t.
First I show that then vs = ξ(t) > 0. If a strategic buyer with valuation vb bids in the

interval (t, t̄), then the first order condition is,

(1− ε){(vb − t)ξ′(t)− 1

2
ξ(t)}+ (1 + ε){vb − t− 1

2
(

ε

1 + ε
)t}(t)

1
ε = 0

10From now on, I do not include the subscript b or s for the bids.
11I restrict attention to those strategies for which {vb | σb(vb) = t} and {vs | σs(vs) = t̄} are non-empty.
12Of course, these intervals must have a non-empty interior. This is true for any strategy pair in D∗ iff

t < t̄.
13With β(t) = vb, β(t̄) = v̄b, ξ(t) = vs and ξ(t̄) = v̄s.
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For any t ∈ (t, t̄), β(t) satisfies the above condition. Hence,

ξ′(t) =
1

2
(

ξ(t)

β(t)− t
)− (

1 + ε

1− ε
)(
β(t)− t− 1

2
( ε

1+ε
)t

β(t)− t
)(t)

1
ε

Therefore, taking the limit of the last expression as t↘ t, we get,

lim
t↘t

ξ′(t) =
1

2
(
ξ(t)

vb − t
)− (

1 + ε

1− ε
)(
vb − t− 1

2
( ε

1+ε
)t

vb − t
)(t)

1
ε

=
1

2
(
ξ(t)

vb − t
)− (

1 + ε

1− ε
)(
vb − (2+3ε

2+2ε
)t

vb − t
)(t)

1
ε <

1

2
(
ξ(t)

vb − t
)

If ξ(t) = 0, then there will exist t ∈ (t, t̄) such that ξ′(t) < 0 since ξ is C1 on [t, t̄]. Hence,
ξ(t) > 0.

Second, combining the above result, lemma 4.2 and the fact that σs(0) = t, we get that
all valuation types of strategic seller in [0, ξ(t)] bid t.

Third, Gb is discontinuous at t, that is, the probability that the strategic buyer will bid
equal to t is positive. By lemma 4.2, all valuation types of strategic buyer with valuations
below vb bid less than or equal to t. By lemma 4.4, if a strategic buyer bids below t, then she
must bid 2+2ε

2+3ε
vb. But, since 2+2ε

2+3ε
vb > t, there exists an interval of valuation types of strategic

buyer with valuations below vb that must bid t because for such valuation types of strategic
buyer 2+2ε

2+3ε
vb > t.

Finally, consider the difference between the payoffs of the seller vs > ξ(t) from bidding
σs(vs) and t,

(1− ε)

∫
[σs(vs),t̄]

(
1

2
(t+ σs(vs))− vs) dGb + ε

∫
[σs(vs),1]

(
1

2
(t+ σs(vs))− vs) dFtrb

−(1− ε)

∫
[t,t̄]

(
1

2
(t+ t)− vs) dGb − ε

∫
[t,1]

(
1

2
(t+ t)− vs) dFtrb

By the continuity of σs and Ftrb
, taking the limit of the above expression as vs ↘ ξ(t), we

get,
−(1− ε)(t− ξ(t))(Gb(t)−Gb(t

−)) ≤ 0,

where Gb(t
−) = limt↗tGb(t). If the above expression is negative, then there exists a strategic

seller with valuation ṽs > ξ(t) who prefers to bid t instead of σs(ṽs), which is a contradiction.
If the above expression is 0, then since Gb(t)−Gb(t

−) > 0, it must be the case that ξ(t) = t.
This, however, contradicts lemma 3.11 since there is a positive probability of the buyer
bidding above t. �

Lemma 4.6 (β, ξ) are a solution to the following non-autonomous differential equation sys-
tem in the interval (t, t̄):

β̇ =
1

2
(
1− β

t− ξ
) + (

1 + ε

1− ε
)(
ξ − t+ 1

2
( ε

1+ε
)(1− t)

t− ξ
)(1− t)

1
ε (10)
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ξ̇ =
1

2
(

ξ

β − t
)− (

1 + ε

1− ε
)(
β − t− 1

2
( ε

1+ε
)t

β − t
)(t)

1
ε (11)

where 1 ≥ β ≥ t ≥ ξ ≥ 0.

Proof: Pick a t ∈ (t, t̄). Then, there exists a vb ∈ (vb, v̄b) such that σb(vb) = t. A strategic
buyer’s expected payoff if she bids t̃ is

(1− ε)

∫
[t,t̃]

(vb −
1

2
(t̃+ t))dGs + ε

∫
[0,t̃]

(vb −
1

2
(t̃+ vs))dFtrs .

Since vb ∈ (vb, v̄b), σb(vb) must satisfy the first order condition

(1− ε){(vb − σb(vb))G
′
s(σb(vb))−

1

2
Gs(σb(vb))}+

(1 + ε){vb − σb(vb)−
1

2
(

ε

1 + ε
)σb(vb)}(σb(vb))

1
ε = 0.

This reduces to,

G′s(σb(vb)) =
1

2
(
Gs(σb(vb))

vb − σb(vb)
)− (

1 + ε

1− ε
)(
vb − σb(vb)− 1

2
( ε

1+ε
)σb(vb)

vb − σb(vb)
)(σb(vb))

1
ε

Substituting vb = β(t), Gs(σb(vb)) = ξ(t) and G′s(σb(vb)) = ξ̇(t) in above equation, we
get (11). A similar proof works for the strategic seller. �

The next proposition gives a list of conditions that are sufficient to construct a pair of
strategies that is indeed in D∗. I will use this proposition to generate a numerical solution.

Proposition 4.7 Suppose (β̂, ξ̂) are strictly increasing functions that solve the differential
equation system in lemma 4.6 in some interval I ⊂ <. If there exist τ and τ̄ such that:

1. 0 < τ < τ̄ < 1 and [τ , τ̄ ] ⊂ I.

2. β̂(t) > t and ξ̂(t) < t ∀ t ∈ [τ , τ̄ ].

3. β̂(τ) ≤ (2+3ε
2+2ε

)τ , β̂(τ̄) ≤ 1, ξ̂(τ) ≥ 0 and ξ̂(τ̄) ≥ (2+3ε
2+2ε

)(τ̄ − ε
2+3ε

).

4. (1− ε)(1
2
(1− β̂(τ))− (2+3ε

2+2ε
)t) + (1 + ε)( ε

2+2ε
− (2+3ε

2+2ε
)t)(1− t)

1
ε ≥ 0, ∀ t ≤ τ .

5. (1− ε)((1− t)(2+3ε
2+2ε

)− 1
2
ξ̂(τ̄)) + (1 + ε)(1− (2+3ε

2+2ε
)t)t

1
ε ≤ 0, ∀ t ≥ τ̄ .

6. (1− ε)(β̂(τ)− τ)ξ̂(τ) = ε{( ε
1+2ε

)(2+2ε
2+3ε

)
1
ε
+1(β̂(τ))

1
ε
+2 − (β̂(τ)− (2+3ε

2+4ε
)τ)τ

1
ε
+1}

7. (1− ε)(τ̄ − ξ̂(τ̄))(1− β̂(τ̄)) = ε{( ε
1+2ε

)(2+2ε
2+3ε

)
1
ε
+1(1− ξ̂(τ̄))

1
ε
+2 − (1− ξ̂(τ̄)− (2+3ε

2+4ε
)(1−

τ̄))(1− τ̄)
1
ε
+1}

then there exist a pair of strategies (σ̂b, σ̂s) ∈ D∗ such that σ̂−1
b = β̂ and σ̂−1

s = ξ̂ in the
interval [τ , τ̄ ].
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Proof: Let υb = β̂(τ), ῡb = β̂(τ̄), υs = ξ̂(τ) and ῡs = ξ̂(τ̄). Then, β̂−1 and ξ̂−1 are
well-defined strictly increasing and differentiable functions on the intervals [υb, 1] and [0, ῡs],
respectively. Now, define (σ̂b, σ̂s) as follows:

σ̂b(vb) =


τ̄ if vb ≥ ῡb

β̂−1(vb) if vb ∈ [υb, ῡb]
2+2ε
2+3ε

vb if vb < υb

σ̂s(vs) =


τ if vs ≤ υs

ξ̂−1(vs) if vs ∈ [υs, ῡs]
2+2ε
2+3ε

vs + ε
2+3ε

if vs > ῡs

I prove that (σ̂b, σ̂s) ∈ D∗. Given σ̂s, the strategic buyer’s belief about the distribution
of seller’s bids is:

• With probability 1− ε the seller is strategic and therefore,

Gs(t) =



0 if t < τ
υs if t = τ

ξ̂(t) if τ ≤ t ≤ τ̄

ξ̂(τ̄) if τ̄ ≤ t ≤ (2+2ε
2+3ε

)ξ̂(τ̄) + ε
2+3ε

(2+3ε
2+2ε

)(t− ε
2+3ε

) if (2+2ε
2+3ε

)ξ̂(τ̄) + ε
2+3ε

≤ t ≤ 1

• With probability ε the seller is trustworthy type and therefore the bids are distributed
as Ftrs(t) for t ∈ [0, 1].

Suppose a strategic buyer bids above (2+2ε
2+3ε

)ξ̂(τ̄) + ε
2+3ε

, then the derivative of the strategic
buyer’s expected payoff is,

dUb

dt
= (1− ε)((vb − t)(

2 + 3ε

2 + 2ε
)− 1

2
Gs(t)) + (1 + ε)(vb − (

2 + 3ε

2 + 2ε
)t)t

1
ε

≤ (1− ε)((1− t)(
2 + 3ε

2 + 2ε
)− 1

2
Gs(t)) + (1 + ε)(1− (

2 + 3ε

2 + 2ε
)t)t

1
ε

≤ (1− ε)((1− t)(
2 + 3ε

2 + 2ε
)− 1

2
Gs(τ̄)) + (1 + ε)(1− (

2 + 3ε

2 + 2ε
)t)t

1
ε

= (1− ε)((1− t)(
2 + 3ε

2 + 2ε
)− 1

2
ξ̂(τ̄)) + (1 + ε)(1− (

2 + 3ε

2 + 2ε
)t)t

1
ε ≤ 0

The third step follows from the fact that Gs(τ̄) ≤ Gs(t) since t ≥ (2+2ε
2+3ε

)ξ̂(τ̄)+ ε
2+3ε

≥ τ̄ . The

last step uses condition 5. Therefore, dUb

dt
≤ 0 for all vb and all t ≥ (2+2ε

2+3ε
)ξ̂(τ̄) + ε

2+3ε
. Hence,

no strategic buyer will bid higher than (2+2ε
2+3ε

)ξ̂(τ̄) + ε
2+3ε

.
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Suppose a strategic buyer bids in the interval (τ̄ , (2+2ε
2+3ε

)ξ̂(τ̄) + ε
2+3ε

), then the derivative
of her expected payoff is,

dUb

dt
= −1

2
(1− ε)ξ̂(τ̄) + (1 + ε)(vb − (

2 + 3ε

2 + 2ε
)t)t

1
ε

≤ −1

2
(1− ε)ξ̂(τ̄) + (1 + ε)(1− (

2 + 3ε

2 + 2ε
)t)t

1
ε

≤ (1− ε)((1− t)(
2 + 3ε

2 + 2ε
)− 1

2
ξ̂(τ̄)) + (1 + ε)(1− (

2 + 3ε

2 + 2ε
)t)t

1
ε ≤ 0

Hence, no strategic buyer will bid in this interval as well; therefore, all valuation types of
strategic buyer bid less than or equal to τ̄ .

If a strategic buyer bids less than τ , then, from lemma 4.4, she must bid 2+2ε
2+3ε

vb. Hence,

all valuation types of strategic buyer with valuations vb >
2+2ε
2+3ε

τ must bid greater than or

equal to τ . Consider the function, f(vb), where vb ≤ 2+2ε
2+3ε

τ , that is the difference between

bidding τ and t̃ = 2+2ε
2+3ε

vb,

f(vb) = (1− ε)(vb − τ)υs + (1 + ε)(

∫
[0,τ ]

(vb −
1

2
(τ + t))t

1
ε dt−

∫
[0,t̃]

(vb −
1

2
(t̃+ t))t

1
ε dt)

= (1− ε)(vb − τ)υs − ε{( ε

1 + 2ε
)(

2 + 2ε

2 + 3ε
)

1
ε
+1(vb)

1
ε
+2 − (vb − (

2 + 3ε

2 + 4ε
)τ)τ

1
ε
+1}

Condition 6 in the proposition guarantees that f(υb) = 0. It is easy to show that f ′(vb) > 0
for vb <

2+2ε
2+3ε

τ . Hence, all valuation types of strategic buyer with valuations above υb bid
greater than or equal to τ .

If a strategic buyer bids in the interval (τ , τ̄), then the first order condition is,

(1− ε){(vb − t)ξ̂′(t)− 1

2
ξ̂(t)}+ (1 + ε){vb − t− 1

2
(

ε

1 + ε
)t}(t)

1
ε = 0 (12)

=⇒ ξ̂′(t) =
1

2
(

ˆξ(t)

vb − t
)− (

1 + ε

1− ε
)(
vb − t− 1

2
( ε

1+ε
)t

vb − t
)(t)

1
ε .

t = β̂−1(vb) satisfies the last equation since (β̂, ξ̂) solve the differential equation system in
lemma 4.6. Since B̂(ῡb) = β̂−1(ῡb) = τ̄ , all valuation types of strategic buyer with valuations
above ῡb will bid τ̄ . Also, if a strategic buyer with valuation vb bids τ , then the left-hand
side of (12) should be non-positive when evaluated at (vb, τ). But, since the left-hand side
of (12) is equal to 0 at (υb, τ), all valuation types of strategic buyer with valuation in the
interval (υb, ῡb) will prefer to bid β̂−1(vb). Also, since f(vb) < 0 for all valuation types of
strategic buyer with valuations less than υb, they will prefer to bid less than τ . �

4.2.1 Numerical Solution

The differential equation system in the lemma 4.6 cannot be solved analytically. I numerically
solve the system for different values of ε with the initial conditions β(0.5) = 5/8 and ξ(0.5) =
3/8 using Mathematica 5.0. Then, I take the following steps:
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1. I find t and t̄ as the solution to conditions 6 and 7, respectively, in proposition 4.7.
Using the FindRoot operator, I look for a solution to condition 6 starting at 0.26 and
for condition 7 starting at 0.74.14

2. Once I get the particular estimates for t and t̄, I confirm that the numerical solutions
β(t) and ξ(t) are strictly increasing in the interval [t, t̄]. I check that the other conditions
listed in proposition 4.7 are also satisfied.

3. I calculate the probability of trade in the event that both players are strategic using
three related calculations. Denote by P ε

j , j = 1, 2, 3, the probability of trade in the
event that both players are strategic for a particular value of ε which are calculated
using the three different methods 1, 2 and 3 given below.

(a) Start with a strategic buyer with valuation vb ≥ vb. The probability she trades
with a strategic seller in the event that both players are strategic is

Probability(vs | σs(vs) ≤ σb(vb)) =

∫
[0,σ−1

s (σb(vb))]

dvs

= ξ(σb(vb))

Hence,

P ε
1 =

∫
[vb,1]

ξ(σb(vb))dvb

=

∫
[t,t̄]

ξ(t)β′(t)dt+ (1− β(t̄))ξ(t̄),

where I changed the variable vb = β(t) and used the fact that all valuation types
of strategic buyer with valuations above v̄b = β(t̄) bid equal to t̄ and hence trade
with all valuation types of strategic seller with valuations below ξ(t̄).

(b) Now instead, begin with a strategic seller with valuation vs ≤ v̄s. Using similar
steps as above we can calculate,

P ε
2 =

∫
[t,t̄]

(1− β(t))ξ′(t)dt+ (1− β(t))ξ(t)

(c) Finally, I combine the two methods above and calculate,

P ε
3 = {

∫
[t,0.5]

(1− β(t))ξ′(t)dt+ (1− β(t))ξ(t)}

+{
∫

[0.5,t̄]

ξ(t)β′(t)dt+ (1− β(t̄))ξ(t̄)} − 9

64

I subtract 9/64 because in adding the first two terms we count the square with
side 3/8 twice.

14These starting values are a conservative guess about the interval of bids since higher (lower) values of t
(t̄) should in general give a lower probability of trade in the event that both players are strategic.

36



The results of the numerical solution for different values of ε are listed in tables 1, 2 and
3 in the appendix. In the first row of each table, I give the results for ε = 0, which pertains
to the C-S equilibrium. Define Dε

j = P ε
j − 9/32, j = 1, 2, 3. That is, Dε

j is the the difference
between the probability of trade in the event that both players are strategic for a particular
ε and the probability of trade in the C-S equilibrium, where the former is calculated using
method j. Table 3 reports Dε

1, D
ε
2, and Dε

3.

Remark 4.8 A few remarks regarding the tables before I analyze the results:

1. Notice that for some small values of ε, the value of ξ(t) is negative. This affects the
calculation of P ε

1 and, hence, Dε
1. Not surprisingly, Dε

1 is in fact negative for most
of such values of ε. But since this is true even when we numerically solve the C-S
equilibrium with ε = 0, I attribute it to a numerical approximation error.

Also, in the calculation of P2 and P3, the term (1− β(t))ξ(t) is negative whenever ξ(t)
is negative. In such a situation, I ignore this term in the calculations since the logic
of including this term is that whenever ξ(t) is positive, all valuation types of strategic
buyer who bid above t trade with all valuation types of strategic seller with valuations
below ξ(t).

2. From lemma 4.3, we know that in any equilibrium we must have σb(vb) < vb if vb 6= 0
and σs(vs) > vs if vs 6= 1. However, in table 1 one can see that this is no true for
values of ε ≤ 0.07, since β(t) = t and ξ(t̄) = t̄. this again could be a numerical error,
but, in any case, this condition is not satisfied only at these boundary points and hence
it will not affect the calculation of the probabilities.

3. Since these are numerical solutions I cannot report their functional form, but for small
values of ε one can see that the graphs of the solutions approximately coincide with the
graphs of the C-S strategies. This is the reason why in table 1, t, t̄, β(t), β(t̄), ξ(t) and
ξ(t̄) are same as in the C-S equilibrium for small values of ε.

Table 2 shows that the probability of trade in the event that both players are strategic
is approximately at least as high as the ex-ante probability of trade in the C-S equilibrium.
We can see that the this probability is approximately strictly higher than 9/32 for ε above
3%. This increase can be attributed in part to the increase in the highest bid of the strategic
buyer and decrease in the lowest bid of the strategic seller (see Table 1). However, even
for very high values of ε, the gain in probability of trade is not so significant. The highest
probability of trade reported in Table 2 is 0.296874 when ε = 0.5, which is an increase of
approximately just 5% over 9/32.

Similar conclusions can be drawn from Table 3. The reason for reporting Dε
j is that one

cannot make out any difference between the probability of trade among strategic types and
C-S linear equilibrium for ε as large as 3%. Since for small values of ε the numerical solution
is very close to the C-S equilibrium (see remark 4.8.3 above), the difference in probabilities
of trade is so small that Mathemtica5.0 numerically approximates it to the same number up
to 5 decimal places. Hence, to discern such small differences in magnitudes, I subtract 9/32
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from P ε
j . In analyzing the results in this table, I compare Dε

j with D0
j . Note that D0

j is the
numerical error in calculating the ex-ante probability of trade in the C-S equilibrium using
a numerical solution. So I take D0

j to be the “tolerance” level of the difference between P ε
j

and 9/32 in the sense that if Dε
j ≥ D0

j , I conclude that the equilibrium for that value of ε
does at least as well as the C-S equilibrium. Those entries for which the “tolerance” limit is
breached, that is, Dε

j < Dε
j are marked by a star, ?.

Looking at Table 3, one can be sure that the numerical solution does better for ε greater
than or equal to 3%. The numerical value of Dε

j is equal to D0
j for all values of ε up to 0.007.

Thereafter, in general, one can see a increase in Dε
j as ε increases, except for ε values close

to 2%. But, as we concluded from Table 2, the probability of trade among strategic types is
not notably higher than that in the C-S equilibrium.

5 Conclusion

This paper introduces uncertainty regarding the presence of trustworthy types of traders in
a bilateral trading problem to study the consequence of trust on the behavior of strategic
traders. It specifically focuses on two factors, degree and distribution of trust. A positive
result of this study, in contrast to the previously known Meyrson and Satterthwaite (1983)
impossibility theorem, is that if there is high enough degree of trust in at least one side of the
market, then irrespective of the distribution of trust, it is possible to construct mechanisms
that are ex-post efficient. The particular mechanism that this paper constructs is a direct
mechanism in which trustworthy types truthfully report their type. However, I also prove
that, unlike these direct mechanisms, real world mechanisms like k-double auctions with or
without pre-play communication are always inefficient.

This study also proves that with respect to direct mechanisms, an increase in the degree
of trust or a change in distribution of trust so that now high-surplus types are more likely
among trustworthy types leads to higher probability of trade among strategic types. Both
these results are not true for k-double auctions. Specifically, I show that when the valuations
of all types are uniformly and independently distributed on [0, 1], any equilibrium outcome
of any k-double auction for any positive degree of trust attains a lower probability of trade
among strategic types than when there is no trust among players. Thus a higher degree of
trust is not necessarily better. The example of a 1/2-double auction in section 4.2 shows that
a change in distribution of trust that makes high-surplus types more likely among trustworthy
types can reduce the probability of trade among strategic types in k-double auctions.

The notably different effects of trust in direct mechanisms vis-à-vis k-double auctions
caution against generalizations regarding the consequence of trust in various institutions.
The structure and rules of different institutions provide different avenues for trustworthy
disposition, which in turn implies different opportunities for strategic behavior.
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Appendix

ε t t̄ β(t) β(t̄) ξ(t) ξ(t̄)
0 0.25 0.75 0.25 1 −1.62204× 10−10 0.75

0.0001 0.25 0.75 0.25 1 −1.62204× 10−10 0.75
0.001 0.25 0.75 0.25 1 −1.62204× 10−10 0.75
0.002 0.25 0.75 0.25 1 −1.62204× 10−10 0.75
0.003 0.25 0.75 0.25 1 −1.62204× 10−10 0.75
0.004 0.25 0.75 0.25 1 −1.62204× 10−10 0.75
0.005 0.25 0.75 0.25 1 −1.62204× 10−10 0.75
0.006 0.25 0.75 0.25 1 −1.62204× 10−10 0.75
0.007 0.25 0.75 0.25 1 −1.62204× 10−10 0.75
0.008 0.25 0.75 0.25 1 −1.6225× 10−10 0.75
0.009 0.25 0.75 0.25 1 −1.6331× 10−10 0.75
0.01 0.25 0.75 0.25 1 −2.66222× 10−10 0.75
0.012 0.25 0.75 0.25 1 −2.56039× 10−9 0.75
0.014 0.25 0.75 0.25 1 −1.15907× 10−10 0.75
0.016 0.25 0.75 0.25 1 1.0747× 10−9 0.75
0.018 0.25 0.75 0.25 1 3.27144× 10−9 0.75
0.02 0.25 0.75 0.25 1 1.70891× 10−8 0.75
0.022 0.25 0.75 0.25 1 9.8367× 10−8 0.75
0.024 0.25 0.75 0.25 1 3.05627× 10−7 0.75
0.026 0.249999 0.750001 0.249999 1 −6.81248× 10−7 0.750001
0.028 0.249999 0.750001 0.249999 1 3.83519× 10−7 0.750001
0.03 0.249997 0.750003 0.249997 1 −5.60115× 10−7 0.750003
0.04 0.249964 0.750036 0.249964 0.999999 5.66771× 10−7 0.750036
0.05 0.249817 0.750183 0.249817 1 −4.22282× 10−7 0.750183
0.06 0.249452 0.750548 0.249452 1 2.10302× 10−7 0.750548
0.07 0.248779 0.751221 0.248779 1 4.12166× 10−7 0.751221
0.08 0.247747 0.752253 0.247748 0.999998 1.8364× 10−6 0.752252
0.09 0.246339 0.753661 0.246341 0.999996 4.39005× 10−6 0.753659
0.1 0.244568 0.755432 0.244573 0.99999 1.00596× 10−5 0.755427
0.2 0.217517 0.782483 0.217751 0.999593 4.06889× 10−4 0.782249
0.3 0.200606 0.799394 0.201521 0.998096 1.90404× 10−3 0.798479
0.4 0.197769 0.802232 0.200245 0.995669 4.33248× 10−3 0.799757
0.5 0.198301 0.8017 0.203929 0.993763 6.23858× 10−3 0.796073

Table 1: 1/2-double auction with low-surplus more likely among trustworthy types : Strategic
seller’s lowest bid (t) and strategic buyer’s highest bid (t̄) and the valuation types of players
who bid equal those bids for different values of ε.
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ε P ε
1 P ε

2 P ε
3

0 0.28125 0.28125 0.28125
0.0001 0.28125 0.28125 0.28125
0.001 0.28125 0.28125 0.28125
0.002 0.28125 0.28125 0.28125
0.003 0.28125 0.28125 0.28125
0.004 0.28125 0.28125 0.28125
0.005 0.28125 0.28125 0.28125
0.006 0.28125 0.28125 0.28125
0.007 0.28125 0.28125 0.28125
0.008 0.28125 0.28125 0.28125
0.009 0.28125 0.28125 0.28125
0.01 0.28125 0.28125 0.28125
0.012 0.28125 0.28125 0.28125
0.014 0.28125 0.28125 0.28125
0.016 0.28125 0.28125 0.28125
0.018 0.28125 0.28125 0.28125
0.02 0.28125 0.28125 0.28125
0.022 0.28125 0.28125 0.28125
0.024 0.28125 0.28125 0.28125
0.026 0.281251 0.281251 0.281251
0.028 0.28125 0.28125 0.28125
0.03 0.28125 0.281251 0.281251
0.04 0.281251 0.281251 0.281251
0.05 0.281256 0.281256 0.281256
0.06 0.281268 0.281269 0.281268
0.07 0.281297 0.281298 0.281297
0.08 0.28135 0.28135 0.28135
0.09 0.281431 0.281431 0.281431
0.1 0.281545 0.281545 0.281545
0.2 0.284604 0.284604 0.284604
0.3 0.289498 0.289498 0.289498
0.4 0.293984 0.293984 0.293984
0.5 0.296874 0.296874 0.296874

Table 2: 1/2-double auction with low-surplus more likely among trustworthy types : Ex-ante
probability of trade in the event that both players are strategic calculated using three different
methods for different values of ε.
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ε Dε
1 Dε

2 Dε
3

0 −1.55832× 10−11 1.15322× 10−10 1.06541× 10−10

0.0001 −1.55832× 10−11 1.15322× 10−10 1.06541× 10−10

0.001 −1.55832× 10−11 1.15322× 10−10 1.06541× 10−10

0.002 −1.55832× 10−11 1.15322× 10−10 1.06541× 10−10

0.003 −1.55832× 10−11 1.15322× 10−10 1.06541× 10−10

0.004 −1.55832× 10−11 1.15322× 10−10 1.06541× 10−10

0.005 −1.55832× 10−11 1.15322× 10−10 1.06541× 10−10

0.006 −1.55832× 10−11 1.15322× 10−10 1.06541× 10−10

0.007 −1.55832× 10−11 1.15322× 10−10 1.06541× 10−10

0.008 −1.55848× 10−11? 1.15355× 10−10 1.06574× 10−10

0.009 −1.51101× 10−11 1.16083× 10−10 1.07858× 10−10

0.01 2.42227× 10−11 1.86999× 10−10 2.25607× 10−10

0.012 9.32011× 10−10 2.16798× 10−9 2.11899× 10−9

0.014 1.48061× 10−10 1.07479× 10−10? 8.33685× 10−11?
0.016 7.57626× 10−10 2.14957× 10−9 1.63589× 10−9

0.018 −2.78251× 10−9? −2.00944× 10−10? −3.65787× 10−9?
0.02 −1.59569× 10−8? −1.22766× 10−9? −1.8686× 10−8?
0.022 −6.2859× 10−8? 9.66714× 10−9 −6.61631× 10−8?
0.024 −2.02906× 10−7? 2.83341× 10−8 −2.13202× 10−7?
0.026 5.90439× 10−7 5.71808× 10−7 1.07787× 10−6

0.028 −2.52797× 10−7? 7.02741× 10−8 −2.45648× 10−7?
0.03 4.95889× 10−7 5.06425× 10−7 9.4196× 10−7

0.04 8.46245× 10−7 8.6044× 10−7 8.54937× 10−7

0.05 5.53745× 10−6 5.52162× 10−6 5.85117× 10−6

0.06 1.83591× 10−5 1.85186× 10−5 1.83815× 10−5

0.07 4.72248× 10−5 4.75322× 10−5 4.73592× 10−5

0.08 9.98131× 10−5 9.978× 10−5 9.97872× 10−5

0.09 1.8066× 10−4 1.8056× 10−4 1.80601× 10−4

0.1 2.94661× 10−4 2.94583× 10−4 2.94542× 10−4

0.2 3.35405× 10−3 3.35399× 10−3 3.35404× 10−3

0.3 8.24839× 10−3 8.24838× 10−3 8.24839× 10−3

0.4 1.27341× 10−2 1.27339× 10−2 1.2734× 10−2

0.5 1.56241× 10−2 1.5624× 10−2 1.56241× 10−2

Table 3: 1/2-double auction with low-surplus more likely among trustworthy types : The
difference between the ex-ante probability of trade in the C-S equilibrium and the ex-ante
probability of trade in the event that both players are strategic for different values of ε.
Dε

j = P ε
j − 9

32
with j = 1, 2, 3. Starred (?) values are those for which Dε

j < D0
j .
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