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Abstract — We present new deterministic and stochastic dynamics on the produc-
tion costs of Cournot competitions, based on Nash and Bayesian Nash equilibriums
of nonlinear R&D investment strategies to reduce the production costs of the firms
at every period of the game. We study some behaviours of the firms in the case of
similar firms and in the case of non-identical firms with different R&D programs. In
the deterministic case, we study the transients and the asymptotic dynamics on the
production costs of the duopoly competition and their profound implications on the
profit and persistence of the firms in the market. In the stochastic case, we analyse
the importance of the uncertainty to reverse the initial advantage of one firm with
respect to the other.

1 Introduction

We present new deterministic and stochastic dynamics on the production costs of Cournot
competitions, based on R&D investment strategies of the firms with and without uncer-
tainty at every period of the game. At every period of time, the firms involved in a Cournot
competition invest in R&D projects to reduce their production costs. By deciding, at every
period, to use the Nash and Bayesian Nash equilibriums of the R&D strategies, the firms
give rise to deterministic and stochastic dynamics on the production costs characterizing
the duopoly competition. Hence, the deterministic dynamics are not obtained by using the
well-known adjustment dynamics. In this paper, we present the game theoretical models
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on the Cournot competition with R&D investment programs that give rise to the determin-
istic and stochastic dynamical models and we will also study the effect of the dynamics
in the profits and persistence of the firms in the market. We study some behaviours of
the firms in the case of similar firms and in the case of non-identical firms with different
R&D programs.

The Cournot competition with R&D investment programs consists of two subgames in
one period of time. The first subgame is an R&D investment program, where both firms
have initial production costs and choose, simultaneously, the R&D investment strategies
to obtain new production costs. We consider the results of the R&D investment strategies
with and without uncertainty in the value of the new production costs. In the presence
of uncertainty, the R&D investment strategies determine the expected value of the re-
duced cost. The second subgame, for simplicity of the model, is a Cournot competition
with production costs equal to the reduced cost determined by the R&D investment pro-
gram. The second subgame has unique Nash and Bayesian Nash equilibriums. In some
parameter region of our model, the game presents a unique Nash and Bayesian Nash equi-
libriums, except for initial costs far away of the minimum attainable reduced production
cost where the uniqueness of the equilibrium is broken. This is true in cases of identical
and non-identical firms (firms with different R&D programs). We also analyse the loss in
the profits of one firm when this firm decides not to invest in R&D projects and the other
firm uses the best response strategy (see Figure 1).
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Figure 1: Profits of the firms for different investments of the firmF2 when the firmF1

does not invest, in the case of identical firms producing homogeneous goods, with initial
production costsci1 = 9 and parametersαi = 10, βi = 0.013, ciL = 1, εi = 0.2, λi = 0.1
(see§2).

The deterministic dynamics on the production costs of the duopoly competition appear
from the firms deciding to play the Nash equilibrium in the Cournot competition with
R&D investment programs, period after period. For some parameter region of our model,
and for identical firms except with respect to their initial production costs, the Figure 2
illustrates the transients and the asymptotic limits of the deterministic dynamics on the
production costs of the duopoly competition.

We see that if the production costs of the firmF1 are smaller than the production costs
of the firmF2, they will keep like that during the all game, although the same conclusion
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Figure 2: (A) The arrows show approximately the directions of the evolution of the pro-
duction costs determined by the deterministic dynamics. (B) Regions with different qual-
itative dynamic behavior. We consider non-identical firms (firms with different R&D
programs) producing homogeneous goods with parametersαi = 10, βi = 0.013, ciL = 4,
εi = 0.2, λ1 = 0.3, λ2 = 0.05.

is not true if the production costs of the firmF2 is smaller than the production costs of
the firmF1. We observe that if the initial production costs of both firms are high and the
production costs of the firmF1 are much higher than the firmF2 (regionC in Figure 2),
then just the firmF2 invests and after some time the firmF1 is out of the market (region
E in Figure 2). On the other hand, if the initial production costs of both firms are low
and the production costs of the firmF1 are higher than the firmF2 (regionB in Figure 2),
then just the firmF1 invests and the asymptotic production costs will be at the boundary
between regionsA andB, in Figure 2. If the initial production costs of both firms are high
and the production costs of the firmF1 are higher than the firmF2 (regionB′ in Figure 2),
then just the firmF1 invests and after some time the firmF2 is out of the market (region
E ′ in Figure 2).

An interesting result from the fact that the firms decide their R&D investment strategies
just having in mind one period of time, and not all the periods involved in the competitions
is the following: for some parameter region of the model both firms have a higher profit,
at every period, if they do not invest than if they choose to invest accordingly to the Nash
equilibrium, but, surprisingly, the global profit is higher for both firms in the second case
(see Figure 3).

The stochastic dynamics on the production costs of the duopoly competition appear
from the firms deciding to play the Cournot competition with uncertainty in the results
of their R&D investment programs, period after period. For some parameter region of
our model, we observe that, in the presence of uncertainty in the model, if the production
costs of the firmF1 is smaller than the production costs of the firmF2, but sufficiently
close, then there is a proportion of outcomes that reverse the initial advantage of the firm
F1 (see Figure 4).
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Figure 3: Evolution of the profits along the periods: The ”line” corresponds to the evolu-
tion of the profit determined by the deterministic dynamics; The ”dashes” determines the
profit of the firms if they would not invest in that period; The ”dash-dot” is the profit if
both firms are at the Nash equilibrium of the Cournot game with the minimum attainable
production cost. Identical firms producing homogeneous goods, with initial production
costsc11 = 8.1, c21 = 8.0 and parametersαi = 10, βi = 0.013, ciL = 4, εi = 0.2,
λi = 0.06.
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Figure 4: Evolution of the profits along the periods determined by the stochastic dynam-
ics, in the case of identical firms producing homogeneous goods, with initial production
costsc11 = 8.1, c21 = 8.0 and parametersαi = 10, βi = 0.013, ciL = 4, εi = 0.08,
λi = 0.06.
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2 R&D investments on costs

We are going to present the Cournot competition with R&D investment programs. First,
we discuss the the Cournot competition and then the R&D investment strategies. We note
that the Nash and Bayesian Nash equilibriums are computed in similar ways.

We consider an economy with a monopolistic sector with two firms,F1 andF2, each
one producing a differentiated good. As considered by N. Singh and X. Vives [4], the
representative consumer preferences are described by the following utility function

U(q1, q2) = α1q1 + α2q2 −
(
β1q

2
1 + 2γq1q2 + β2q

2
2

)
/2,

whereqi is the amount of good produced by the firmFi, andαi, βi > 0, for i ∈ {1, 2}.
The inverse demands are linear and, lettingpi be the price of the good produced by the
firm Fi, they are given by

p1 = α1 − β1q1 − γq2,

p2 = α2 − γq1 − β2q2,

in the region of quantity space where prices are positive. The goods are substitutes, in-
dependent, or complements according to whetherγ > 0, γ = 0, or γ < 0, respectively.
Demand for goodi is always downward sloping in its own price and increases (decreases)
with increases in the price of the competitor if the goods are substitutes (complements).
Whenα1 = α2, the ratioγ2/β1β2 expresses the degree of product differentiation ranging
from zero when the goods are independent to one when the goods are perfect substitutes.
Whenγ > 0 andγ2/β1β2 approaches one, we are close to a homogeneous market.

The firmFi invests an amountvi in a R&D program that reduces the production costs
to

ai = ci − εi(ci − cLi
)
(
1− e−λivi

)
,

where the parameterciL > 0 is the minimum attainable production cost for the firmFi

andci is the firmFi’s unitary production cost at the beginning of the period satisfying
ciL ≤ ci < αi. The parameterλi > 0 can be seen as a ”measure” of the quality of the
R&D program of the firmFi, since a biggerλi will result in a bigger reduction of the
production costs for the same investment. The maximum reduction of the production cost
is a percentage0 < εi < 1 of the difference between the current cost and the lowest
possible production cost. The profitπi(qi, qj) of the firmFi is given by

πi(qi, qj) = qi (αi − βiqi − γqj − ai)− vi, (1)

for i, j ∈ {1, 2} andi 6= j. The optimal output levelq∗i = q∗i (qj) of the firmFi in response
to the output levelqj of the firmFj is given by

q∗i = arg max
0≤qi≤αi/βi

qi (αi − βiqi − γqj − ai)− vi.

Hence,

q∗1 =
α1 − a1 − γq2

2β1

and q∗2 =
α2 − a2 − γq1

2β2

.
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Thus, there is a unique Nash equilibrium(q∗1, q
∗
2) for the second subgame of the Cournot

competition with R&D investment programs given by

q∗1 =
2β2α1 − γα2 − 2β2a1 + γa2

4β1β2 − γ2
, (2)

and

q∗2 =
2β1α2 − γα1 + γa1 − 2β1a2

4β1β2 − γ2
. (3)

Using (2) and (3) in (1), we obtain the following profits for firmsF1 andF2

π1(q
∗
1, q

∗
2) =

β1 (24β2α1 − 12γα2 − 2β2a1 + γa2)
2

144(4β1β2 − γ2)2
− v1,

π2(q
∗
1, q

∗
2) =

β2 (24β1α2 − 12γα1 + γa1 − 2β1a2)
2

144(4β1β2 − γ2)2
− v2.

The Nash equilibrium(s) of the first subgame(v∗1, v
∗
2) is (or are) the implicit solution(s) of

max
vi≥0

πi, (4)

for i ∈ {1, 2}. In Figure 5, we present the Nash equilibrium investments(v∗1, v
∗
2) for non-

identical firms with different R&D programs (λ1 > λ2) and with initial production costs
(c1, c2) in a neighbourhood of the minimum costs(cL1 , cL2).
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Figure 5: The effect of the production costs: (A) on the Nash equilibrium investments,
and (B) on the corresponding profits. Identical firms producing homogeneous goods with
uniform production along the three stages of the period and parametersαi = 10, βi =
0.013, ciL = 4, εi = 0.2, λ1 = 0.3, λ2 = 0.05.

3 Conclusions

We presented new deterministic and stochastic dynamics on the production costs of Cournot
competitions, based on Nash and Bayesian Nash equilibriums of R&D investment strate-
gies of the firms at every period of the game. The following conclusions are valid for
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identical and non-identical firms (firms with different R&D programs), in some parame-
ter regions of our model of Cournot competition with R&D investment programs. The
model presented unique Nash and Bayesian Nash equilibriums, except for initial costs
far away of the minimum attainable reduced production cost where the uniqueness of the
equilibrium is broken. We characterized the effect of the production costs on the Nash
equilibrium investments and on the corresponding profits. We analysed the loss in the
profits of one firm when this firm decides not to invest in R&D projects and the other firm
uses the best response strategy. We illustrated the transients and the asymptotic limits of
the deterministic dynamics on the production costs of the duopoly competition. It can
happen that both firms had a higher profit, at every period, if they did not invest than if
they have chosen to invest accordingly to the Nash equilibrium, but the global profit was
higher for both firms in the second case. We observed that, in the presence of uncertainty
in the model, if the production costs of the firmF1 are smaller than the production costs
of the firmF2, but sufficiently close, then there is a proportion of outcomes that reverse
the initial advantage of the firmF1.

Acknowledgments

We thank the Programs POCTI and POSI by FCT and Ministério da Cîencia, Tecnologia e do
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