The aticle explores joint consumption equilibrium environments. It illugtrates
network formation through one-to-one directiond synapses. Family (couple) arrangements,
spontaneoudy generated under a decentraized genera equilibrium price system are suggested
- invalving link and direction specific transfer prices dong with standard resource one. The
research aso inspects preference characterigtics able to generate monogamous choices and
assortative matching and mating. Assortative mating (and income pooling) is darified, related
to exclusvity or taste-for unicity at the utility level with respect to shared good, with optimad
assignment connected to equdization of the marginad benefit of the match - adequately defined
- across individuds in the economy.

Contrast with a multiple externd effect good - one-to-many communication; (or)
shared by a fixed number of, more than two, individuas, common property - and with apure
public good is dso provided. If paired consumption with end-point specificity generates (or
may generate), under reasonable assumptions, a unique decentrdized equilibrium solution,
supporting an efficient dlocation, multiple agent sharing among more than two individuas and
individua types requires, dong with excludability, perfect differentiation of alarger number of
consumption - partnership - roles.
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ABSTRACT

Callsand Couples: Communication, Connections, Joint —
Consumption and Transfer Prices

This research proceeds to the forma characterization of generd equilibrium and
efficient dlocation of an exchange economy where individuds vaue a pure private good and
mixed one(s) the fractions of which must be shared whally and unilaterally with one and only
one other individud in the community. Such “shared” good — not necessarily attached to an
externdity: both individuas may have to pay or soend resources to enjoy it — involves joint
consumption and reproduces private cals, one-to-one communication or information sharing.
The initiaing — “proposing” - party is identified, (potentidly) not irrdevantly vadued by
individuas, and there is continuows veto power at the end-side of a match. A decentraized
equilibrium requires two generd prices — adding up to a uniquely determined full-price-, and
par-(and direction)specific transfer prices between intervening consumers for the shared
good. Efficiency requires the Samuelson condition over margind utilities.

Agent multipliaty — utility patterns and corner solutions - sheds light on endogenous
meatch rank pricing, making and mating. Specific functiond forms (two and three-stage CES
specia cases, dlowing for taste for variety as for unicity) generate interpretable conclusions,
namely, regarding the qualification of assortative mating.

Contragt with a multiple externd effect good — one-to-many communication; (or)
shared by a fixed number of, more than two, individuas, common property - and with apure
public good is aso provided. If paired consumption with end-point specificity generates,
under reasonable assumptions, a unique decentraized equilibrium solution, supporting an
efficient dlocation, multiple agent sharing among more than two individuas and individud
types requires, dong with excludability, perfect differentiation of a larger number of
consumption— partnership - roles.

Principles behind the theory are al'so applicable to input and cost sharing and pricing
in partnerships, co-operative societies and joint-ventures.
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JEL: D11; D23; L14; D71; D62; H23; J12; J13. C78. L86; L87; L91; L96.

Keywords: Shared Goods, Joint Consumption, Cost-sharing. Communications,
Call; Linkage; Network Nodes, Synapses. Matching, (Assortative) Mating, Couple Goods,
Family Formation, Dowry. Transfer Prices. Theory of the Firm.



Calls and Couples. Communication, Connections, Joint —
Consumption and Transfer Prices

CONTENTS
Introduction.
|. Notation: Preferences and Shared Goods.
|1. Efficient Allocation.
I11. Supporting General Equilibrium,
V. Specific Functional Forms: Multi-Level CES Utility Functions.
V. Assortative Mating and Transfer ability.
V1. Public Good vs. Shared Good.
VII. Shared Inputsand Network Nodes Transfer Prices.
VIIl. Summary and Conclusions.

Bibliography and References.



Callsand Couples. Communication, Connections, Joint —
Consumption and Transfer Prices

“2 and as they were drinking wine on that second day, the king again asked, "Queen
Esther, what is your petition? It will be given you. What is your request? Even up to half
the kingdom, it will be granted." 2 Then Queen Esther answered, "If | have found favor
with you, O king, and if it pleases your mgesty, grant me my life - thisis my petition. And
spare my people - this is my request. 4 For | and my people have been sold for
destruction and daughter and annihilation. If we had merdy been sold as mde and femae
daves, | would have kept quiet, because no such distress would justify disturbing the
king.” In Book of Esther 7: 2-4.

I ntroduction.

Mutua agreement is required for alarge number of everyday transactions. Some are
over apure private good or service, and standard marginal pricing insures efficient dlocations.
Others, generate partia externdities or are even totaly public, requiring superseding
judgement. A fringe (...) are socid in nature, its consumption implying benefits for two - or a
given number of - affected agents They may or may not require direct costs from those
traders (e.g., time) — they may or may not involve an externdity -, they are identifiable both by
the initiating and ending side of the transaction and require complete consensus regarding its
consumption/expenditure levd.

The requirement of mutud agreement — involving excdudability - dlows a
decentrdized price system to insure an efficient alocation, provided discriminaion between
the two consumption sides is perfect: then, effectively, it is asif thetwo roleswould digtinguish
themsdlves as two (times the number of individua types in the economy) different goods but
not sold separately. The argument resembles the one gpplied to club goods — yet, here, the
externdity status is minor to qualify equilibrium properties 1, confined to a given or fixed
number of people 2, and stresses the requirement of equal consumption of a total common
“property” or durable; optima pricing is (can be) achieved through transfers — or implicit
consumption price discrimingtion —, which are due even if agents are homogeneous as long as
they vaue differently the two roles (making and attending cdls) in the “call society”.

1 or we could say that we would fall under Coase’ s theorem...

2 Say, total congestion is achieved with afixed or maximum number of partners.
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Undergtandably, a smilar moddling framework has been applied in the economics
of family and family formation: early examples 3 are Manser and Brown (1980) and McElroy
and Horney (1981), suggesting marriage for alowing joint consumption by two agents - that
bargain with esch other while possessing, maintaining well-defined, “sdfish” 4, individud
preferences and budget congtraints © - of specid - household - public goods. Even if Smiilar,
our formdization presents a crucid difference: exdudability by ether Sde, and “family role’
definition for each potential match; then, under the usual ideal assumptions 6, a decentralized
generd equilibrium can be expected to promote efficient mating.

In family economics, two agent bargaining — interaction - is generdly assumed. One
can propose functiond forms that are able to generate monogamy as polygamy — the later
reproducing multi- (even if one-to-one)- connections. Assortative matching and mating can be
studied with reference to the properties of the uncompensated individua demands and indirect
utility functions 7 —which now aso depend on partner(s) income and preferences - generated
under exclugvity conditions. Then, transferable utility, or income — this mimicking, or
effectively originating, budget pooling by the couple -, leads to the emergence of dowry
systems.

The framework can aso encompass more complex societies — dlow common
property to be shared by more than two agents. In principle, network formation could be
dmulated by assuming that each connection between any two nodes is unique, with a node —
as a neuron — having a life of its own. In the limit, joint-consumption by more than two
individuals leads to a smilar environment as that in the presence of a public good. With
excludability, the only difficulty for a decentraized equilibrium arises from lack of competition
and the leading (as others) role definition.

Also, productive factors — as outputs — can be shared by different divisons or plants
of afirm... The theory suggests the adequate properties of an interna pricing scheme able to
generate an efficient decentraized system managemert.

3 That also include, more recently, Lam (1988) and Lundberg and Pollak (1993) — see Bergstrom
(1996) and Weiss (1997) for arecent survey.

4 Even if we can argue that some degree of altruism — and partner-specific inclination - can always
be reflected in preferences for goods that are or must be shared with other individuals.

S Most of these family models end up by assuming pooled income.

6 Which, of course, rule out imperfect information or foresight, expost contract default, etc... The
absence of theideal conditionsiswhat makes bargaining models of the family so appealing.

7 See Becker (1973), Lam (1988). The analysis here differs both because budget constraints are

never pooled, nor objective functions altered by connection establishment.
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The expogtion proceeds as follows. notation and individuas utility functions are
defined in section |. Section |l states the properties of an efficient alocation, and section 11
those of a decentraized equilibrium. In section IV, we proceed to the derivation of demands,
indirect utilities and equilibrium configurations for specific functiond forms and in section V,
asortative mating is qudified under different trandferability environments. Contrast with
multiple emisson entities is dedt with in section VI. In section VI, input sharing is modelled
according to the same principles. The exposition ends with a brief summary in section VIII.



|. Notation: Preferences and Shared Goods.

. There are n consumers in the economy. Each consumer, i, enjoys utility from the
consumption of a private good, the quantity of which is denoted by X, from the quantity of

“cdls’ he makes to individud |, zlj — the consumption of z proposed by i and accepted by | -
and from those he receives from that same individual, yij — the consumption of z proposed by

j and accepted by i:

(1) Ui(xl, zll, z|2,..., zli'l, z|i+1, znyly2 .

i=12 ...,n

For smplicity, we will denote it by Ui(xi, zlj, yij). Also,
MU' 20 220, 20 Ve oy e T (28 2296, 20, Y Y2 e, v
T, . 12!
ad W' 20, 20, %8, 20, i, ¥ Y YD)
%
usual properties — continuity, twice-differentiability and quasi- concavity.
The consumption of z requires feedback: it implies that:

= U'ZI

= U; Ui(xl, zlj, yij) is assumed to exhibit the

2) zij:)/ji,ilj,i,jzl,z,...,n

The distinction between zli and yji has two purposes. on the one hand, it represents

the fact thet there is perfect discrimination of the two consumption rdes, and that i (may) faces
a different net price for zlj than that charged to j for yji; (but...) as we assume that there is

mutual excludability between thei and j in the consumption of (both) 2! and yji (zji andy))
has the ability to control both zlj and yij. These two conditions will dlow for an efficient price
systemn to develop. It would appear to gpply wdll to cdls, and it suggests the naturd arising of
gender differentiation — further stressed in economic dwdling by the requirement of definition

of “head of household” status, of individua respongble for the child education. ..
On the other, it dlows us to explore and understand smilarities and differences

between a pure externdity (i.e, zlj and yJ_i are completely non-rival) and mere joint-
consumption a equa levels - suggesting generdizations reproducing economies of scae in
joint-consumption.



If i gets the same satisfaction from calling as from getting acal from j, then the utility
has the specid form:

®) Ui(xl, Zltylz2+y2 2" +yi”):Ui(Xi, zij +yij) =12 ...n

Alsp, if cdls to and from any individud type are vdued smilarly, even if recaiving
and answering cdls differentiated:

4 Ui(xl, zhz+. .+z|i‘1+ z|i+1+ L2y eyt yii‘1+ yii+1+ Y
= Ux, z+y)
i=1,2..,n

Of course, such additivity may occur in sets, with individud types arising didtinctively
for eachi a the utility leve.

. Each individual is endowed with amount WXi of good x and WZi of good z. We will
consider two scenarios:

- one in which only ? requires V\/Z — on a one-to-one basis -, with yij being a
(amost) complete externdity

- another in which both zlj as yij require the use of WZ.

Yet, (2) — i.e, agreement from interlocutor -, must dways be insured. And, of
course, whether an externdity or pure joint-consumption at the same leve for both sides
applies (or other — see below), it must recognized by every individud in the economy.

A link between i and j requires no “fixed” codts, i.e, independert from the amount
of zlj (or yij) traded 8. Network access (or set-up) costs — pure access to the markets where
zandy aretrade - are dso assumed negligible 9.

. A complex decentraized price system is proposed: P, is the unit price of good X.
The price of a cdl from i to j is composed of three parts a generd “cdl tariff” R, an

8 These could justify the emergence of monogamous couples even with preferences exhibiting taste
for variety... And of dowries and bequests in the market independent of household quantity.

9 They would not affect the general conclusions in what concerns marginal properties of interior
solutions, provided that they are independent of network quantities aggregation... They would then

justify an access pricing fixed fee independent of the use intensity.
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answering tariff py, and a specific unit transfer from i to consumer | for attending the cal, tlj.
|.e., the consumption of zlj by i requires an additiona “service” from j, priced at tij.
Then the (exhausted) budget condraint of individud i is:

®) PX*a (P +t)z * & (p,- )y =AW TR, W,
4 a1

or

©) PX*Ta (p.+t)Z * A (p,-t))7 =PW +p W)

i ji
j= j=1

Summing (5) over i, as éﬂ g z = én_ W, , we conclude that the generd tariffs
i=1

=l jti
=1

must add up to the operating cost of acall pz’, at which WZ istraded.
(7) p, =p,* IDy

Notice that once we alow for transfers, payment can be collected on one-sde of
thecal — charging (pZ + py) to z —only: in practice, the actud individua transfers would also

include the recovery of py.
For example, for common cdls, p,= pz’ and py = 0. Child dlowance schemes- see

Lundberg and Pollak (1993), p. 1001 — or merely nature' s assgnment of child-bearing and
rearing cogts, illustrate other unbalanced arrangements.

. If y is nonriva with respect to z, e is split between both sdes of the cdl

according to (7). Off-springs would appear to work as such. But adiner in arestaurant by a
couple would involve twice the resources a solitary diner would — and (but) just require the
same leve of expenditure by the two individuds, the leveling of the quantity purchased by

each of the two partners. In this type of cases, because now én én z + én én yl =2

=1 i i=1 jti
=1 IE]

én g‘ zl = é’n\ WZi , (aggregating (5)) pz’ = % would price Wz — the average price
=1 jti
]:

i
1

JLLY

JLLY

paid by both i and j10 - or rather b, + P, would price one double unit of zll'-cum-yji —given

10 Allowing the price to still differ in both ends...
-10-



that it involves consumption duplication, nobody would want to buy or sdl one of the two

ddes of the match separately. With joint-consumption, there will be a sort of sde
complementarity; pz’ will then be the average price of the unit of W/, sold in pairs.

A draght-forward generdization would dlow for an intermediate State where

(z +y})% of W,,0 £ d £ 1, isrequired to produce the “consumable’ pair zIJ'-cumyji -

z % purchased by i, y, % by j - avaue of d smaler than 1 representing economies
of scae in household consumption; then PPy \wauld price W 11, Or — dlowing zli to

1+d z

- assume utility functions are of

gand for haf the tota joint purchase so that pz’ = P ; Py

- i i o .

the form U'(x, Z—Z Zi), requiring zJ = y!, dlowing or not differentiated pricing of z) and
P1+4d  1+d b !

yji — hypothetically, d could be pair specific, dij; such formulation would certainly be ussful in

the study of labor supply — if X denotes leisure, priced a W, Il =Vi+ W, T - ful-income-
where V! and T' are exogenous non-labor earnings and time endowment of i respectively, and
pure private goods using V\/Z qj, j 11, are dso alowed such that we can write anybody’s

: j i - j j
utility function asU'(X., g + 2—2' Zi) or U'(x, 9y 4 Z—Z 9y 4 zi) (and corner
P 1+d  1+d 2 1+d 2 1+d

solutions naturdly arise).

110f course, dis assumed to be known by all market characters.
-11-



[1. Efficient Allocation.

. Admit an efficient dlocation is sought. Then, one wants to maximize an individud'’s,
sy i, utility, subject to the exising endowments and limiting utility levels of al other
consumers. Assume firgt that the receiver actudly gets an externdity. Then:

(8) Max U'tx, 2, y))
xi’zil,yilyxjvzlj ,y‘, [ |

st: (8a) U, zjl,yjl) s U, j1ij=12....n
(8b) zlj:)/ji,ilj,i,j:1,2,...,n
(80) axtEaw

i=1 i=1
(89 447 4w

=1 jti i=1

=1

In lagrangean form and replacing (8b):

©) ~ Max Ux, 2, zh+ § 1 107 - Ulx, 2, 41')] +
ERENL Y. S N I
=1
+m@W -ax)*m@w -38az)
i= i=1 i=1 = jti
=1
Interior FOC require:

(20 U! - m = 0 (1equation)

1) -1, u)-m =0, jri,j=12..,n (nlegs)

(12 uy-1,U)-m=0,jtij=12.,n (+1legs)
(13 U, -1, Ul-m =0, j*i,j=12..n (+leds)
4 -1, ul-1 0 -m =0, jriltjl=12..n
(15 -1, Ul-1, U -m =0, jtiltjl=12..,n

aong with (8a) (8c) and (8d) in equdlity. (12) to (15) include n x (n — 1) different
equations — the number of existing zll" s.

(20) and (11) imply the usud

-12-



(16) | =-2x, j1i,j=1,2 ...,n

Replacing in (12) and (13) and equating the two (and (10)):

u! I U, ] o
(17) 2 Y 2%y Y oMy =12 000
u. u/ U, Ul " U

X X X

Findly, from (14) and (15):

U, U, L
lLJJZ_' +U_y|i: 3_y}+u_ji(: Mey=" jaji11j,1=12..,n
; < Ueoom

J
X X

(18)

. If the second consumer does not obtain an externdity, then (8d) is replaced by

(19) aaz-+aay ®aw
i=1 jlil i=1 '1~|1 i=1
1= 1=

Qo
Qo
N
7
c]

The last term of the lagrangean (9) becomes m, ( én wo-2

i=1

AL
1 -~
=

(17) and (18) are replaced respectively by:

u, u) u, U/
(20) o+ Y= D 5 (=2
u. u) u, u

X X

Mey=2"  j1ij=1,2..,n
m,

]
X X

and
(21) U—iﬁ+&=ﬂ+u—%(:2n—?):2£,jli,Ilj,I:1,2,...,n

u/ U, Ul U, U, m,

(17) and (18) reproduce the well-known condition that the sums of the margind
rates of subgtitution of consumption partners must equate the margind rate of transformation in
the economy. (20) and (21) — in absence of externdity - require tha the average of those
margind rates of subgtitution equals the margind rate of transformation.

Notice that the efficiency (Samudson-type) condition, implying equdization of the
sum (or averages if just joint-consumption) of the margina rates of subgtitution between the
shared and private good a the two consumption ends across the economy, is immune to
mating or transferability consderaions. it applies to any given wdfare — ex-ante or ex-post

-13-



transfers, as appropriate — utility levels of other individuds, j 1 i, we supply to the generic
problem.
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[11. Supporting General Equilibrium.

. Let eech individua be subject to the generd linear price conditions stated in section
I: in the economy, one unit of x costs p,; one unit of z cods pz’ being jointly purchased and

Folit between a cdler and a receiver, accompanied by a consumer set/couple-spedific unit
transfer tii. Any individud, i, solves

(22) Max ulx, 2), y))
K,Z.j,y.j [ |
st.: (23) X+ A(p,+tH)z ] (p,-thy = prxi +p) Wzi =
i jti
=1 j=1

The lagrangean will teke the form:
(24) Max  U'(x, 2),y)) +
%,z Y}, m

T [prxI+ pz, Wzl ) pxxi ) é (p, +tij)zij ) é.i(py' tll) yij]

jti

= =1
and FOCfori=12,...,n:
(29) Uy-nmp =0
(26) UIZ -n (pz+t|J) = 0 1 jl |,J :11 21 "'in
(27) U, -m(p,-t) =0, jrij=12..n

with the budget congtraint. Notice that as i can veto and ends up paying for )J/'
optimization in it is due — and (27) arises - whether its consumption by i and j is completdy
non-rival (i.e, works as a complete “externdity”) or not: there is mutual excludability
between the i and j in the consumption of (both) zlJ and ylJ For a perfect externality, (27)

would not take place — case that will be contrasted with the current onein section VI...

Then:
U, p, +t! L :
(28) =M j1j=1,2 ...,n(n—1egs for eachi)
U, Py
and

-15-



u, p-t . :
(29) U—yi’=#, j1i,j=1,2 ...,n(n—1egs foreachi)
x Px

The conditions are vdid for any consumer. Equilibrium requires additionaly mutua
consent on the cdl, (8b), with the price share, (7), that supplies and demands equate, i.e,

(8c) and (8d) in equality.

(30) zlj = yji L i1),0,j=1,2...,n (nx(n—1) egs)
(31) p, =P+ P,
(32) ax =aw
i=1 i=1
(33) aaz =3aw
i=1 i=1

It is straightforward to conclude that under common assumptions, provided we fix

dther Pz or &, there will be an and a unique equilibrium reaive price vector,
Px Px

(&&&i ii th” ) —withnx (n —1) + 3elements. wehave 2 (n —
Py P Px P Px Px Px

1) equations of form (28) and (29) and the budget constraint per consumer (generating the n

+2n(n-1)=n(2n-1)individud demands), and then (n — 1) + 3 composed of (30), (31)

and aggregate market equilibrium ones — n (3 n — 2) + 3 equations — ye, the sum of the

budget congraints together with (32) and (33) imply (31) and only n (3 n —2) + 2 would be

independent; on the other hand, the reative prices and the alocations zlJ and )Jli together

include the same number of unknowns n x (n — 1) + 3 relative pricesand n (2n —1)
quantities.

In other words, the price system has now two degrees of freedom: not only (and as
usua) may R, be supplied, or x fixed as numeraire, as an exogenous convention about the
slitting of the full price pz’ between the two “end-gdes’ of the ded — proposing and
accepting parties - must dso be agreed upon and supplied by society — usudly taking the form
py =0...

. One can show that such system supports an efficient solution. Every consumer |
will solve asimilar problem and choose baskets such that

-16-



(34) 2= 9 11,1=1,2,...,n

Uy <X

and
Ui ot

(35) Sw=P =12 00
Uy <X

Congdering the relations towards | =i: (28) plus (35), and (29) plus (34) generate:

u, u! u, uj
(36) “n oy o= 2voqpca = PRy o0 g

u, U U U P,

which reproduces (17), with P*Py having correspondence with M . Asit must
Px m,
be vdid for any consumer pair, it encompasses (18).
Then, effectively, unit transfers are set such that:

Uy
(37) L

Notice that tij > 0 and a trandfer is due from i to j for the former's cdl if i

gppreciates (relative to consuming x) making callsto j more than its direct payment (i.e., P, );

Px
and if | gppreciates (rdative to consuming x) receiving cdls from i less than people have to
pay to receive cals (i.e, ).

Py

No “lump-sum” trandfers from i to j, are required or fit to insure equilibrium - a
“dowry” would be here proportiond to the brida vaue each link is free and everybody
expected to be linked with everybody... They would be if there were (physicd, i.e, in terms
of the available resources, V\{( and WZ) “fixed costs’ associated with the establishment of
each particular link.

However, once linkages are personspecific, the described equilibrium may be
difficult b emerge due to lack of competition in unit trandfer price formation; then, the
exogenaty and congtancy of the net of transfers prices as faced by individuas — required for
(28) and (29) to apply - becomes questionable. One can claim that links are interchangeable,
and/or that other links provide interpersond-link comparisons — nevertheless, the argument
remans...

- 17 -



. Let us explore alittle more deeply the demand formation in the economy.
Problem (24) generates conventiond individua demands xi(l ! Py P+ th, p,+t7,

n i i T  H p e ,
o P Pyt Pyt G Py t) = X(—, P , P L, Pt
Px Px Py Px
py_tl’ py'tz’ ] py—-tn) and ZIJ(II’ pX’ pz+til’ pz+ti2’ e pz+tin’ py-t]i.’
px px pX
: i .l +t! +17 +t" -1 - t]
py't21 ey py' tn) = ZIJ(_! 11 pz I ’ pz I IR RN ] pZ I ’ py ll py 21"'!
px px px px pX pX
py_'t”) _wherel = P, WXi +p, WZi - enjoy standard properties. And zij must equal yji(lj,
Px
n j j j i Ij z+tl'
px’ pz+t}L’ pz+tj2’ e pz+t]’ py_tll’ py_tZI’ T py_tr{): yjl(Fi 1’ pp ]7
2 n i 4 ¢
pz_+t] pz+t1, By tl, Py tz,..., Pyt ), which is dso a consumer demand,
Py Py Py Py Py
but of another individud.
Systems of Marshdlian or uncompensated demands xi(ll, 12,0, PP+
py) and zij(ll, 12, ... 0. PP+ p>) independent of transfer prices can be derived

from (36) and, replacing (34) and (35) in the budget congtraint, from:

o U, g U i PRy
(B8 X+ 4 +8 Wyi=_ =wi+ P27 wi j=12 n
cayg s rayg T, X oop *
=1 j=L
Those demand functions would be homogeneous of degree 0in 11,12, ..., 1, ..., IN,

P, and p,+ py but would not exhibit al of the other usud properties. They are independent of
transfer prices because they dready interndized its formation (rule). Moreover, each
individud’s demand — including that of the purdy private good — is expected to be afunction
of everybody ese'sincome, and not independent of its particular distribution, the same being

true for indirect utility functions
Compensated effects of an individud i’s demand can be derived at fixed utility of all

indviduals x(U, WP, ..., U, ..., U", p, p, + p,) - obeying (36) and Uj(xj, le, 2) = U]
=1,2...,n -, and a fixed utility of i and fixed income of dl others, xi(ll, 12, ...,U\, ..., In P,
P,+p)-
Of equd reevance for private goods, demands conditiona on the common
purchases, xi(li, o le, yjl) = xi(li, P, zjl, ZIJ) would come from solving (38) with respect to x
-18 -



(with more private goods, it would adso imbed equdity of ther common margind rate of

subgtitution to their relative prices) for individua i. For compensated demands, >§(Ui, R, le,

yjl) = xI(Ui, R, zjl, %j) would arise then from the traditiond conditions (here, just inverting the
utility function; with more private goods, MRS between them should equa the corresponding
price ratio), yet i’s conditiond expenditure function would be generated according to the left
hand-side of (38).

Requiring the sum (over dl i) of Marshdlian demandsx(ll, 12, ..., 000, PP+

2 i n
py) X(— I_ I_ L . 1 u)toequdlzeavalabler&eourceendowment
Py Py Px Px
(supply) in the economy — and replacing the 1" s by the corresponding definition - would alow
P, *+ Py

Px

usto infer the generd equilibrium rdaive full price,

. If the second consumer does not obtain an “externdity”, then (33) isreplaced by

(39 daz+aay=aw
i=1 jti i=1 jti i=1
=1 j=
or, given (31):

With the same preferences and endowments, the equilibrium dlocation will differ

from the one before, but share dl other mathematica properties except for the optimal
endowment price: now, (pZ + py) is the price of a pair of units of W' and (31) is (also)

replaced by:
(40) p = 1(+p)
2z

. Fndly, if consumers are homogeneous (have the same preferences and

endowments) but receiving and making cdls are vaued differently so that the typica utility
function is of type (4), there is only a need for two prices — potentidly, P, and % - to

characterize equilibrium, yet zlj issold to (inif there is no externdity) pairs.

If form (3) is gpplicable — and there were indifference (perfect subgtitutability)
between zlj and yij a the utility level and a both consumption sides, as the margind utility for i
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of consuming one extraunit of z! isequal to that of consuming y/ , the net price he will pay
for either, say p’, would equdize in an interior solution; then, Smply adjusting z! by not
answvering some, or prolonging a cdl by cdling after a hang-up would insure an adequate
distribution of expenses: choosing then  z/ such that p/( z'+ y') = p,; 7/, would dso
insure that pz’ z, = p;(z+y,) both adding the full expenditure on the resource. Then,

agan, unit transfers are redly redundant — the argument of potentia lack of competition in unit
transfer price formation removed - but, in generd, not otherwise. ..

With agent types multiplicity and some set additivity of form (4) at the utility leve,
the exogenous splitting rule of the tota pz’ and perfect individua type identification —
discrimination — and consumer replication, a uniquely decentraized equilibrium can arise,
produce a unique equilibrium relative full price(s), a type-to-type specific transfer, and it is
efficient. Then, it would be asif i buys zlj forp + P, and then j buys yij from (individuals of
type) i for (p, - tij) ; replication — for competition — implies that sometij’sequdize.

Or, in a different light but representing the same sructure, if we assume that nis a
fixed number of possble connections, coinciding with the number of agent types in the
economy, provided that cals with each type may accumulate—i.e, anindividud of typei can
receive cdls from more than (as a fraction of those made by) one individud of type j — the
previous price system is sufficient. If they cannot, and only one individua of each type (that is,
income and preferences, identifying i and j) can be connected to another to alow le’ alump-
sum transfer system for each connection — with i recaiving net (Ki - K]_) from a connection
with an individud of typej,j t i,] = 1,2,..,n -, may emerge, leaving identica individuas
indifferent in equilibrium.

Likewise, in family couples, (4) would hardly imply monogamy; if we dlow for (3)
and assume that there are fixed —n — individud types (characterized both by preferences and
income level) in the economy and Z|j represents a potentid joint consumption of an individua
of type i with another of type j, partner selection and stable family establishment could arise
from extensve corner solutions, multiple marriages from less extensve ones. Gender (or
“head of household” dtatus) naturdly distinguishes each sSide of the partnership and provides
the required end-dde discrimingtion — type identification should aso be perfect -, and
conditions for an efficient decentraized equilibrium are therefore staged.
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A corner solution for zlj = 0 will require that dso ){j = 0; it will occur iff, & the

; u! p,+p . . -
40+ %< BT 12 4 7 =y = 0 & postive
TV BT EPE

consumption of the other goods (and budget consrant multipliers in the appropriate

lagrangean — according to Khun — Tucker conditions). If i and j are not connected, in the

prevailing relative price levd,

optimal solution, Z|J = 34' =0and aso zJi = yij = 0. The equilibrium relaive full price may be

expected to go down while the inequaity condition is not met as long as demand and supply
dlow, and exdluson — asin apurdy private good does— would (could) occur spontaneoudy.

For any interior solution, Ui(xi*, zlj*, yij*) > Ui(l_, 0, 0); it must dso supersede the utility
Px
that the individud can obtain paying in full any of the arguments other than XSy, —

consuming zero of the others — if shared consumption is dlowed but not a psychologicd sine
gua non. That is, for the solution for which (28), for j =, isreplaced by:

(41) Uz = PtPRy
U, Py
Or (29) by
u! +
(42) o= PRy
U, P

(or both...) If margind utilities are non-negative, these are the maximum individud
net prices ever observed — a potentia adoption by i of r's offspring.

If we impose exclugvity — or other exogenous discrete congestion threshold -, yet
interchangeable connectivity (one can have but one mate, but any pair is possble... Agan,
this may solve for the lack of competition in what transfer price formation is concerned...), a
more complex price exchange is required to insure equilibrium, now at the matching stage —
which or may not feedback to the reative full price levd of the shared resource in the
economy. (Dowries ae a type of trandfer known in higtory, off-springs — invaving
expenditure - an obvious common good to parents.) Its study is deferred to section V.

12 Corner solutions are commonly generated with linear functional forms — a special case of the

CES
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V. Specific Functional Forms. Multi-Level CES Utility
Functions

. In this section, we want to illustrate the impact of preferences on the network
equilibrium formation. This is determined by utility function shapes and their, dong with
income, didtribution; we therefore assume a general nested CES technology but alow
individua specific characteristic coefficients.

We shdl assume that individuas maximize utility subject to prices and an exogenous
income I = P, WXi +p) Wzi. U P p, and P, are externdly fixed — replacing, for smplicity,
the fixed individual endowments, P, and py (or pz) of the previous section. An equilibrium will
P, *+ by

X

(relative) trandfer prices. For later convenience, we will present the marshdlian demands and

congs of individud dlocations, a rdative equilibrium full price, , ahd net of unit

indirect tilities as a function of |, i = 1,2,...,n, p and p — s, gppliceble to a smal

economy that interconnects interndly but takes internationd prices as given -, dong with the
autarky equilibrium price level — then replaced in demands and indirect utility.

Allocations can be determined from (36), y) = zJi, and individual budget congtraints
(replaced by):

n S n ) Ii .
43 X+ 427 +3 2y =__ i=12..,n
“ Tautrau T

j=1 j=1

Unit trandfers can later be inferred from (37) —and net- of-transfers prices from (34)
and (35) - but redundant to determine equilibrium.

. For smplicity, let us consder an economy with a smal number of consumers — let
n = 3 13, Utilities — that we assume separable in the set [(x), (zIJ, yiJ), (zir, yiJ’)] - take the

form:

(44) UI(Xi’le’ylj’ ZiJ”y|J’) =
I i m

Cea (b2 @ by

1" =i

= Al X" +q Bz +Q-b)y"]

1j<i

Ba competitive equilibrium would hardly be expected; but it allows us to derive explicit solutions

highlighting the impact of preferences and income on the equilibrium.
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3+

+a.
| )

=1, a,a,
j [

,a,>0, O<b,b <1, r,l ,I £1
i i i i

1)

Then,si=

T denotes the dadticity of subgtitution between (among...) X and
- r i
1

the two composites, [b, z** +(1- b,)y*' “]'*, in exch of which S, = L

is the

ik
elasticity of substitution between 2 and ¥ within the compositek =1,

(Even if we depat from this generd functiond form, we will only derive the full
equilibrium for specid cases. Features implied by some of the first-order optimizaion
conditions are, nevertheess, ingpected in generd...)

The rdevant ratios in the economy arethenfori =1,23andk =j,j’:

i ki ki Ir,_,i_l k(=D
U, — a, b b,z “+@-b)y “I* z

“ u, a x"™
and
Ui _ k! i _ jlik |r_iL-l k(-1
(46) Ve — ac(@-b )Mz " +@A- b)Yy "I
U )
x a X

Given the strong separability, the ratios of marginal utilities of i with respect to j are
independent of goods other than X and (zIJ, yiJ), i.e, of (zly , yiJ’). Y e, the generd equilibrium

system remains highly nonlinear; specid cases for the link consumption sub-utility dlow usto
derive some conclusons.

i) 1 W k = J, j’: the sub-function embeds in the second-stage generd CES

formulation.
i k(ri-1
(47) Uz|k — ak b|k(z: -
Ux al x I
and
i (ri-1)
(48) YUy - al-bgy
U, g, Xi(ri_ )
Then:
k(ri- 1) k(- D
(49) 8k Qk(zri._l) + aki(l- bki()r Z_il) - pz+py =123 k=j,}
g %" A X" P



A solution would be obtained combining the last expressions with the three budget
condraints, leading to anonlinear system:

3 b z" el bli'zij'ri + 38 1- b, )Ziri + 3 1- b;) Zij'ri 1=

X1(r -1 a )g(fi-l) a X|(r -1 a )g(ri'l)

(80) p x *+ P, [

Reciprocity of some sort requires a, b, = a, (1- b,). With reciprocity and
congtant r . (50) smplifiesto:

l 1

an, b, 0 3 b7 b, 6"
(51)DX+IO{[1+“ s ] L +[1+F L1
a b 5 ‘ U Kahy

Allow:
1) rg= Lr vl (but otherwise free parameters. Then:

1

_ S, tpy a;b, 0 a uul
€ 0 2 sal by

i:éH:JZ"‘py a31(1 b31)0 a1 ulr
4 g Px 28 ﬂa13b13u

X - @, *P, a,b,0 a b'l
Zg g Px 3 Qazs (1 b23)

ﬁ:éﬂ)z-i-py asz(l b32)0 2 ulr
3

Z, g Py a, 2% bzs 0

Forx|>0, (for values of r such as 0) then P+ Py s & b, and P, *+ Py >

Py 8 Px
3 (1' b3|) ,i =12
a

—h - 3__i:_
Ifba—bi3—0,5,thenz| —23,|—1,2.

The higher r (the higher the dadticity of subgtitution s between the two composites
for individuals 1 and 2), the lower the connections with 3 relative to the private good, i.e., the
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lower 2 iff P=tPy o &by, a,(- b'3);andtheI0W6r z i Pt Py o ashs
X Px 8 8 X Py g
a3i (1- b3l) )
8

2) r=r=r. (We have aregular CES). Reciprocity: ab =a. (1- bki). Then:
Common elasnc:ty of subdtitution requires.

1

z|k=% Px eam |kxl(lf)+ak|(1 b) <1r)lJplr
1P.*P € 3 8 a

Reciprocity implies that, regardless of income:

(53) Zik:.!. P aikhkgi)ﬁ(l"’).y 1 (lr)LﬂJl |?khkdr
sz+py ea1 ak L% ak| ki @
Assume further identica relaive preferences for calls such that A B - A B
g A
g, congtant in the economy. Then:
1 1
k T p - L lr_ i i p é X&l—r)ﬂplr
(54) z g [xE0+xEOL  =zl=x g @+t
%p+py [XI % I+pz+py g- g
k(r-1)
Foreachconsumeri—becaus;ezlkzyk - P, +tk—p —t'—p q i(r 7 P X

+ (pz+tij) Zzlj + (pz+tij1) 2 z|j1 = Ii. Then the three equations.

r

& Gk r r r .
(55)pXXi+2qu é Px q : Xi(l- r) { [Xi(l- N+ Xgl— r)]ﬁ + [Xi(l- N4 le r )]F} — ||

pz+py 4]
or
- Gr 6 VT 6 g VT
(56) p.x [1+2q e—Px g7 {aﬁﬁg i +a+202 g =i
X 1 q qT A g A P
, + y @ 8 X o H 8 % o H

dlow usto retrieve the xl’ s — the demands.
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If income digtribution is homogeneous, X=X and

1 2-1
(57) k=l reqir B0 & iyl
! X épz-i-p}’b
and
L 1
5 )
(58) zK= 2P g2 w28 P 2yt
! px é pz+py 4] pZ+pYé
(59) v=Alax +(1-a)z']" =
m . ST 2r
=AfES (et S o
Px g ]
1

-1

& 0
+2§ - ]f}
pz+pyg

& oL m
+(1—ai)[é2Lq: T
P.*Py g
Then, zlk—as Z‘ - increeses with r (and s) iff 2 —>*— P q>lor2q-=2
X P, *+ Py

&by 5 PFPy if the rdative preference for the jointly consumed good is high. :]1:/' =
a Px
l 2 _ 1 “ ﬂZ
mv. o >0; as _' =(m-1) mv, — , the whole economy “overly” regjoices - _'
M |2 M
with an increase in everyone's endowment provided the utility function exhibits nor
decreasing returns to scale. Also, the price of z is shared equaly by any two partners:

i_ P+ P,

60 +tl=p —t
(60) p,tl=p,~t'= B2

Departing from (57) and summing both sides, multiplied by p, over the n individuals
in the economy, equdizing to the total resource existence of x, we could solve for the generd

equilibrium rative full priceleve as

(61) P.*p, _ 2(2r)q(5)|;1 +
P gaV\I'_
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(61) implies that the equilibrium relative price of z will decrease with the resource
A w,
reletive availability, 122 (n =3, the totl number of individuas in the economy); and it will
é. Vv'x
1=1
increase with the relaive preference for thejointly consumed good, g.
(61) could then be replaced in (57) to (60), usng aso the income definition, but
there is not much indght to gain with that exercise.

Admit that income can differ across individuds but r = 0, i.e.,, of Cobb-Douglas
format. Then, from (55), we conclude that individual demands are lineer in income 14

i
pXXi+4qu X|_I

This implies, on the one hand, the independence of the individua demand for the
private good of income levels other than that of i itsdlf; on the other — see (66) below -, and
(also due to preference symmetry) the independence of the equilibrium relative full price of z
of the income digtribution in the economy.

(62) x = 1 @+ag?

X

k_ p i
(63) z"=—x_q(x+tx)=2 =
L p+p, J AT P,

i k
L+ @+agt

Replacing in the utility function, we obtain i’ sindirect utility function, Vi

14 Goman polar forms — to which the Stone-Geary (and Cobb-Douglas), generating a linear
expenditure system, subscribes - are known to generate public goods effects, or aggregate demands
independent of individual income distributions (see Deaton and Muellbauer (1980), p. 144.) — because the
form (quasi-homothetic utility function) implies linear individua Engel curves (exact aggregation aso
requires these to exhibit constant slopes across individuals — see Deaton and Muellbauer (1980), p. 150-,
satisfied then if individuals share common preferences). QuasHinear functional forms— see Bergstrom and
Cornes (1983), Lam (1988), Batina and Ihori (2005), p. 89 — are commonly used alternatives in public goods
demand modelling for allowing (because the ratio of individual’s marginal utilities of the public to the
private good are linear and with constant slope across individuals in the latter) aggregation across

individuals.
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@ O @ @iy O,
pxﬂ gpz+py g gpz+py ]
2k
From (63), ﬂ?i % - =0 —there will be no assortative “matching” — nor positive, nor
2
negative. ™Mo m a Vv 1 0, as ﬂ.V‘. = m a Vv
1'“1 | ] | (|'+|J) T“'T“I | 1) |
i i j i j' i i iy _ _ - i i j'
ma (L +1 ) +1)xmay 1 U +1)- - magl T+ e equivalent to) positive
('+rH=at+1Hn
2
assortative mating — subject explored in the next section - is expected - ﬂ:Ti‘I\T?i > 0 - with
CRSor IRS (”?3 1) at the utility levd.
Also:
(65) pz+tij — py'tlj :qi: l; P, + Py

k
i

Py Py zz L+l p,

| pays afraction of the price of the good(s) shared with j equd to the weight of his
income relaive to the pooled income of the two partners.

And given the Cobb-Douglas format of the utility, consuming something of dl the
goods is aways worthwhile.

Internalizing equilibrium price formation in the Cobb-Douglas case:

aw,

(66) pz + py - 4q Iil
P aw,

1=1

The equilibrium relative price of z will decrease — here, being proportiond to its
& w,

inverse - with the resource reldive avalability, =L ; and it will increase with the relative

aw,
=1
preference for the jointly consumed good, g. We can now replace them in the demands and

indirect tility:
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WA W, +w, 4q 4 W,
(67) X = —2 2 (1+49°7t

WI

z

Qo5

1

WA W u) A 8 W,
— 1=1

®9 2=z : 5 (1+ag?
43 W,
=1
(69) vK=A@+aqm
n n ..ai 7z n n (1'ai)
WA W AW, 4q 3 W2 EWAwHA WA +w) g Aawy .
{(; =1 =1 — a =1 =1 G } !
¢ aw = ¢ 43w, i
e 1=1 4] 8 =1 H
i i ch;] V\/Z+V\IiZ g WIX
(70) pz-i-tiJ — py_ tj - Ia:;I. 4q§1 pz+ py —
Px P W)@ wirwW W) aqy W, P
=1 =1
W, W, +W, 49 § W, aw,
= I=1 I=1 4q 1=1
i kS i k 3 g
(W, +w)a W, +(w, +w)) 49 a W, aw,
=1 =1 =1
k _ _i

With fixed coefficient technologies — r tends to ¥ -, x = zK = 2! =

1,12,3 A& y1.72.13 0O
P+ adv=A g F 17 B With perfect substitutability - r tends
3p,+6(p,+py) ! g3p,+6(p,*+p))g

to 1 -, consumption pairs could be expected.

i) | =0 k =}, ] : thesub-function is of the Cobb-Douglas type:

i B k(- Bi) 9 - (bik-1) [ b )(ri-1] _g(ribe-1)
@y Ya - addzyr 1Pz aby z
i -1 rol
U, 3 x"? g x "™
and
i bk k(@ bi) q(r .- - by [by (ri-1)] [ri(@by)-1
(72)U v @ @-R)[ZYT " Pyt LA, @-b)Z y
i r.-1 r.-1
U>< a Xi( i~ a )ﬁ( i-1
Then:



i [A-by)(ri-1] _g(ribe-1 i [ (r-D1 _glrk(I-bg)-1]
ax by 2 Z + 3 (1- by) z, 4 _ P, tpy i =

a Xi(fi'l) a, Xk(fk'l) P,

1,23, k=],J

iii) | WL k=j,j: thesub-function islinear in the arguments.

(73) Us _ 3B 2+@-b)y 1 _
u! a x" ik

and

(74) Uy _ &bz +@-b)yd" _1b,
ul a x"Y b,

For interior solutions to be possible:

1- b, e p,*p,
|

W, P,

- k K__i_n; LK K__ion:
If b|k_0'5’2| .>Oandyi —zk—0|ffbki<0.5,zI —Oandyi =z >O|ffbki>
0.5. Ifz|k>0andyik=zk'=0:

(75) &, Zik(ri_l) ;& - b)"™ Zk(rk_l) _ P.tp,
(ri-1 (re-1
& % A X Py
AN DR MR W - N Sl i}
LR g% Py

If bik= 0,5 for dl ik, we fdl under (3) and there will be multiple values of zlk and

yik but a unique tota (zlk + yik) = (%(i + yki) satisying equilibrium, incdluding the corners

represented by (75) in equdlity.

Admit a constant g = AP = 8@ 00) * gorsativer lirksand r =1 foral .
& a |
Connections with dl individuds require:

I T T
(76) p, X + P, g éLqi x{ §L+§ﬁg G +;i+§ig q }=1
P ] g &g H 8 &%o §

+p,
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Then, we reached asmilar expresson to (55). Demands will be smilar.

iv) | Wk ¥, k=], j andthe sub-function is of thefixed coefficient, Leontief, type—
1

[0, 2" +(1- b,)y/*]'* tendsto Min(z*, y*) . Then, a efficient consumption levels, both
items equdize and:

. U, _ aMin@, y)“? _a 2"
U, a x"” a X"
and
i . - (ri-1)
79) Uy _ &Min(z,y)"™ _ 3 ¥
ul a x"Y a x("
zlk = yik: there is perfect complementarity between calls made or received by i from
each k.
For interior solutions:
k(ri-1) K(re-1)
9  AE e BE = PP isao5ke)y
ax a X " Px

with haf of the conditions (compatible and) redundant, and

it i .
(80) P * 2P, [;;jr-n * :lxil-n] =1,i=123

For specid cases, we arrive a solutions with smilar properties as before.

. Other interesting formulations would alow for a different degree of subgtitution
between the two composites, say:

& U Zyh2l oy =A@ x <@g

4N
{a [z +@-b)y 1" +a, [z +(L- by 17} )"

O<a,a,a b,b <1, a+a =1r,q,l.,l £1
(I T | N | | Ij Ij [ N ||

[E]

FOC require:
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9

| ik ik Tl ik~
RN Y o0 Vi I
! |

U g X"

{a [bz'" +(@-b)y ']" +a [b.z" " +@- b))y 1"} =L
] 1] 1] I IJ 1" =i 1j i px
and
i ki Kl i Iq_-ik_l k(-1

(83) UA =(1-a) a,(1-b )Rz “+A-b)y" “I'"* vy

Ui I a )g(rl-l)

il . ?_l Al Al |q—' riaq p _ ti-
{a 1, +@-b)y""1" +a, bz +@- b))y 17} =2

Monogamous family formation can then be adequately modeled with reference to
the threshold vaue of g, = 1 or larger — representing taste for unicity ...

@
In the limiting case where g, tends to + ¥, {aIj [b, 2" +(1- l:xlj.)yi"""]'ii + (1—a|j)

9 1 1

b,z +@-b)y/"1"}%  tends  to  Max{[b,z" +@-b)y" 1",

1j' i
1

[t:;lj.zii'I " +(- b”..)yij" ”‘]w} —notetha Min(x, y, z) = Max(x1, y1, z1y1 aswel as Min(x1,
y1, z11 = Max(x, y, 2) and use the fact that the CES tends to Leontief - and only pair-wise
connections are formed. (Provided that SOC can ill gpply). Let us then consider such
limiting case.

With three individua types, only 1 pair will be formed, let ussay i and j. Then:

1-1

(84) (1-a) b, [b, 2" +(:)?<jr). .Zliilij [T it
{[b,z'" +@- b”.)zij'”]ﬁ} (-0 4
(1-a) (1- b,)[b; zijI "+ (- bji)zij'iw ]l_l_l,-i:j(l i1
: a, x,"?
(o2 +(- b2 Ty = PR

X

or
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ri-ly

b [, 2" +@-b)z"1 " "

.j_)

(85) (1' al) ! a Xl(r -1 +
ri-lj
(1_ a) (1 b]|)[bj| ZI] ! +(1_ bji)zijlji] i ziJ(I Y - pz+ py
a, xj(”'l) Py
i
| ether may consume only x, and >} =1 that occurring if r , islarge (certainly
Px

larger than 0). Or, ke will pay his connections to only one of the other k's— either toi or toj,
for whom the margind utility of consumption of joint goodswith j’ isO - in full so that:

ri- 1k
I Py T k(D
(86) (1_a,) jk [b] 'k ZI]( +(1 bj k) Z] ] | le(' - pz + py
J a. x."? P,
and
rj-—Ij-k
le -Ilj'k ik (1 k" 1)

(87) (1_a) (1 b k)[b]k :( +(1- bj‘k)sz ] T Zli - pz+ py

J aj' le(ri‘-l) px

|..
ik

Then b, 2477 = (1- b)) 777 or b i 2 = (1 by 2" and

w 1 rl Ik

ik Ik — ik Ik (r =1
[bjk lj( +(1 b]k) ] - [ka+(1 ka)1| kalk 1] Z]!(, . The
expression becomes
1 ri-lix (rj-1
T e T by ze T _op+p
(88) (1—81,) [b;, + (- bj-k)ll' D, T 1] ¥ ;kxj(rj.-l) - > y
i x
His budget congtraint becomes:
_ 1
@b, 01 i
(89) px+2(p+p)[1+§ e L
1- b, 5
- i
=pX {1+2[1+ blk gl’”k_l] (ﬂjz"'pyg"'l
1- By g Px @



1- a,)b, o r"'r'k
:( a) Jkltl [ka+(l bjk) kaJka ]Ijk(l )}
i

An equilibrium may then aise in which any of the three individuds pays its
connections in full to one and only one individud, “free-riding” on the connections with
other(s) — eventudly, with an individud not paying.

In sum, with tage for unicity, a meting equilibrium mechanism mus additiondly
arise...

Consider | W Then, for the pair i j, wefal back into

.j(fi'l)

(rj-1
+(1-a) (1 b) ! = pz+py

(9) (1-a) 2T
ri- (ri-)
" x a x;" P,
j(ri-1 _ i(ri-1
(91) (1-a)bjizi_(r_l) v(1-a) @ )(rz )
J a Xj i | 31 x px

Budget congraints require for the pair ij:

bz" @bz i
(92) Ioxxi-i-px(:l'_a|)[aij)§(ri-1) * a1Xl(r - =1

Let reciprocity of some sort require bij =(1- bji). Thetraits of the genera solution
of (49) but now for two agents only are recovered.

For single payers:
' =
(93) | pXXj’
- 1
{1+2[1+§ &b, 9 '1] §5IOZ+IC>yor I oAl- a)b]k?r }
1- blkﬂ Px g g aj. &

If we dlow for agent multiplicity, interior pars can be formed only. Monogamy
would be the rule againgt polygamy with perfect taste for unicity. Now, mating assorting can
be studied not through interior consumption — zlj and yij, more adequatdy qualifying
“matching” -, but from corner solutions patterns — ingpecting indirect utility functions
properties.

In the symmetric preferences, Cobb-Douglas case (ri =0) for a(mated) individud i:
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_
pxXi+2pxq x =l

where g = 730 Mashallian demands x and 2K = 7!, and indirect utiliy,
a
vik, of anindividud i connected to individud k are given by:

(94) XI=L(1+2q)'1
k. P _ i Il -1
(95) z"= —q (% +x) =z = q (1+2q)
' p+p, AR p,+p,

- ; (I §)
Ao xF' k0 m
I
Pp SP*P, g

Interndizing equilibrium price formation — now alowing for any given number of
individuasin the economy, n, where each of them mates one and only one individud:

3
aw
(97) pz + py - 2 q 1=1
P, aw
=1
w,a W, +w, 29 g w,
(98) x= 13 (1+297
aw,

(W + WS W, + (W + ) 20 & W,

(99) Zik = Zkl = 1=1 7 1=1 (1 +2 q)_l
2a W,
=1
(100) vik =A(l+2q)"
y - n 0 (1-a)
Fwhw v 20w S S i nA WYy
{g =1 1=1 - é 1=1 1=1 l] } i
aw, + A 2aw, -
& 12 g 8 = f
(100) R Tl T VR o Y
Py Py [, +1, P,



WA W+w, 208 W,
—_ =1 |=1

(Wo+w)a W+ +w)2qaw, P
I=1 =1

P+ P, _

wWa w,+w, 294 w, aw,
- =1 =1 2q =1
(W, W) W, +(W, +we) 29 § W, aw
=1 =1 1=1

Given the specid form of the utility function — the linearity of demandsfor the private
good, with fixed (for dl i) margind increment, in L (and independence of mate' s income —

X

even if linearity with fixed margind increment dso in the latter would imply the same result) -,
the relative full price levd isindependent of resource distribution. Also due to the uniformity of
the direct utility functions, it is dso independent of the particular mating arrangement that
should come to develop in the economy.

Neverthdess, out of smilar specid cases, maing dynamics are expected to
feedback to it.
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V. Assortative Mating and Transfer ability.
V.1 Introduction.

In this section, we are going to suggest some of the expected mating arrangementsin
an economy where individua i (i = 1,2,..., ) possesses Utility potential vik(li, 1K), where ')
isi(k)'sincome, if paired with k i, and the equilibrium devices involved in its determination.
Obvioudly, \|}<(|i, 1K) may represent an indirect utility function of individudl i arising from a
direct utility function exhibiting tastefor-unicity and an optimization involving shared
consumption— say, such as (96).

We will further assume that vik(ﬂ, Ky = vi(Ii, 1K), all k and i, that the same general

indirect utility function form gpplies for dl potentia mates, only differing and increasing in their
i k
incomeleve —i.e. %> Ofordl i, k, and all the individuas | - with the first sub-index

i left in theindirect utility function jugt to indicate the individud to which it belongsto. Thisisa
smplifying assumption 15: we might aswell just require that any potential mate k is preference
ordered — ranked — smilarly by any i in the economy.

Everybody wants to mate with the highes income. He can just mate one
individud... as ds0 the second lowest income: mating types will conditute a relatively scarce
resource, the usua setting under which pricing systems naturdly develop. But for pricing to
occur, one must be able to pay in some other resource — i.e., to trade. Given the context -

vi(li, 1K) -, a plausible “numeraire’ would then be income 1116, Another, often encounteredin
the family economics literature, is utility — utility units — itsdf: utility is then invoked to be
transferabl e between the couple.

If neither utility nor endowments (income...) are trandferable — individuds “mugt”

obtain utility according to vi(li, Ik), because 11_VL> Ofor dl i, - more generdly, becausethe

ranking of potentid mates in the economy is uniform -, we expect positive assortative mating
in the economy: higher income (more highly preferred as mate) individuas will cluster together
darting a the highest leve.

In other cases, different assgnments may be generated. Some contexts have been
thoroughly studied in the literature, namely, transferable utilities — see Legros and Newman
(2002) for recent references However, not dl cases, and when efficiency was andyzed,

15 Form (96) obeys it due to the uniformity of direct preferences in the economy of the special
case...

16\we might as well consider one of the two endowments... We are assuming that any of them can.
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connection with the implicit supporting price system was missing. We therefore proceed to
both.

V.2. Transferable Utilities.

. One can find in Becker (1973) a proof that, in the presence of transferable
utilities, pogtive (negative) assortative mating is optima in the sense that it maximizes the sum
of individuas' utilities, positively dependent on the income of each of the individuas forming a
12 V,

I*

pair, iff ——1_ T > (<) 0. The condition was later generdized to the requirement of super (sub)

modularity — see for instance, Legros and Newman (2002) for a definition. In this sub-section,
we provide an intuition (an aternative proof) for the result, when %TILI'( > 0 for dl i, after
characterizing a firg-order condition principle for efficient matching and rdae it to the

supporting (generd equilibrium) pricing system. We further digress on the spontaneous mating
arrangement arising when matching pairs are formed with individuds of digtinct groups.

. The margind benefit obtained by individud i, with income Ii, by mating with
individud k of income Ik, cdl it dlk, is the utility gain he obtains by mating with K instead of
with the individuad k-1 when potential metes are ordered by ascending order of income. 1.e.:

(102) dX = vl 1k - vl 1KY

In a decentralized economy, mating changes are expected to occur till equdity of the
margind benefit of the match — the price (in utility units) thet individuals would pay for the last
meatch improvement - across the economy, i.e, for dl the i's that mated; in the optima
assignment scheme:

(103) dik* :vi(li, Ik*)—vi(li, Ik*'l):pMF Ci=12...n

Such rule would gem from first-order conditions for efficency — characterized more

generdly in V.5 -, i.e, maximization of g 3 v.(1',1¥), which, at given individual income
_1

levels and in the presence utility transferability would appear as the naturd maximand: the
couple formed by i has joint utility maximized for (/2-1) given levels of sum of couple utilities
we assign to other couples.
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. Let then the n individuas that are mated be ordered ascendingly according to their
ownincomeleve, i (k) =1,2...,n. Then, i paysa“net” dowry 17 to k*:

(104) Dik* =p, (. ~0)»p, (K =)

where (1) 18 represents the rank order of individua i (K) by individud k (i)'s
preferences —and of dl individuals abovek (i). 1.e, i obtains “net-of-trandfers’ utility:

(105) Vik* = vi(Ii, 1Ky - Dik* = vi(li, K"y e (K =)

in the optima match in which he is paired with k*, the one chosen to operate utility
trandfers with. The equdization of the margina benefit of mating with k to the ranking points
price arises naturdly from FOC of the discrete choice problem facing i of determining the k
k ke,

% i:vi(li,

— vyl (K : o
—vi(I,I ) - pMF(k—l)—oncel,lomnot change.... v o

thet maximizes v;
Ik*) + vk(l k, Ii*), al i,k*, and therefore transfers are confined to each pair.
Pye is the price of the income rarking points in the economy for matching purposes.

Those points are attributed according to a classification that ranges from 1 to n 19, (i.e, even
if there is income replication, in which case the rank of equaly endowed individuas could be

17 See Botticini and Siow (2003) for arecent overview of other rationales for dowries and bequests.

18 They can just slightly differ from i (k) — at most, i - I; =1, k - I = 1 -, because one cannot mate
with oneself...

19 This preference ordering — quantifying quality — of the match with each individual, k, must be
uniformly accepted and agreed upon in the economy — be independent of i - for the price system
(competition or mark_et for ranking points — discrete quantities, but neverthel ess aggregatable quantities)
to work. If not, and Ij is the preference ordering assessment of individual i by individual j in ascale of 1

n
(least preferred) to n-1 (most preferred) — so that i is endowed or rated with é |
j=1

i

j points, uniquely

appreciated by everybody -, one would speculate that an equilibrium condition could require [vi(i, k) — vi(i,
n n
k-1)] / [é Kk, - é (k- 11 = p to be constant in the optimal assignment, where k isi’s pair — v (ik)
j=1 j=1
jtk k-1

i’s utility when paired with k -, (k-1) his next preference, and p the price of al ranking pointsin the market —
n-1 n n
nQ i =m-nn?/2-withd*=p(Q k -a i)).
i=1 = =1
it i
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the mid-rank of the individuas in the category) where n is the number of individuds that were
paired, discrete 20 and consacutive if al incomes differ. Such pricing scheme occurs, or is
due, because unicity is required & the utility level — matching with j has the opportunity cost of
not being available to match with somebody else.

In equilibrium, for individuas that were not mated by the matching market (that
stayed outside the group of the n mated ones —i.e,, such nis, or are, endogenous), it must be
the casethat for unmatched ' s ether:

106 d =val 1™y-v@l. o)<p _, j=n+1ln+2..
(106) =) -V 0 <y

where 11" is the lowest income of the paired individuds While the reverse is
occurring — as in any market -, there is excess demand for matching and Rar will be

increasing while additiona matches are being arranged, process that becomes complete only
when equality holds - because of discreteness, till qk+1* <p, £ dik* _ for all the (some...)

n mated partners.
Or the closest mated income to the (an) excluded j, say j+1*, is maed with
someone—k* - that would not changeit for j. That is.

S L N RV LR i=
(207) dk vk(l , 1) vk(l | )<pMF , J=n+1lLn+2,...
(106) would apply when lower incomes are not mated — aisng with podtive

assortative mating; (107) when middle incomes are not mated, expected with negative
assortative mating.

. For the resulting arrangement to be optima for individua i — for him to achieve the
maximum and nat the minimum utility with margind benefit to priceequdization -, one requires
the marginal benefit to be decreasing in the match, i.e., dlk* ; dik*'l =v(l! K"y v, K"

1) — [vi(li, Ik'l*) - vi(Ii, Ik*'z)] < 0—where k* -2 isthe next best match to (before income)

20 The price will be that of a discrete ranking of potential partners, not of their income: what is as
stake is a discrete location over a set of ordered alternatives. Of course, the income magnitude affects the

equilibriumprice but through its effect on utility levels.
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2
k* - 1. Thisis satified if ﬂ_?(/'z < 0 21 and exiting income levels in the economy are equally
[
spaced.

. Now, for dlk* to be congtant in the economy, Ii and the income of the pair, Ik*,
must change or relate according to (or close...) - differentiaing (103):

k . k k * ik
(108) 1][% al + 1111% ak 11]1% k"1 [‘lTVi(.lm,il )
LIy g TAOLIT) e 0L i

Assume that income levels are equaly or uniformly spaced in the economy so that
dik* = dik*-1 Then

WO Y IICGRTRDI T(R FTS

109 : . di = -
(109) [0S o] e e
) ] Ii Ik* . Ii Ik*-l * *_ 2. Ii Ik*
Approximately, .”V'(.”I,i ) ﬂv'(ﬂl’i ) K" — k- % and
[ﬂ\/i(‘l;liéxlk*) ) ﬂvi(‘l;li;lu:.l)] 5 - (Ik* _ Ik*-l) % Then we expect the

assignment in the economy to exhibit:

2 i k* . 2 i K* %
(110) VAT g = - T TT) gk
T" IT" k 1'“ k2
T (11, 19) . _ _ e
If IT < 0 (required by SOC for maximum benefit), then 3 >0and
1

we register poditive assortaive mating — as income rises, so does that of the partner — iff

T (1 1) di

I.— > 0- - .
aim- di’

. ﬂzv (I i , I k*)
that of the partner tends to decrease — iff W <0.

< 0 and we register negetive assortative mating — as income rises,

21 Asin conventional continuous optimization, non-convexities— e.g., increasing returnsto scale —

may generate equilibrium failure, aswell asvalidity of interior FOC of the efficient allocation solution.
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Smilar condlusons would be obtained if we reasoned with the margind loss from

accepting k* instead of the next upper income, Iik* = vi(li, Ik*+1) - vi(li, Ik*) = condtant, i =

2
1,2,...,n. Provided T \k/'z <0andincomeis evenly spaced, Iik* < dik*.
1l

2 i k*
if wkz') > 0, margind benefit equalization leeds to minimum individu
il
(and, thus, aggregate) utility; such minimization would be cons stent with assgnments such that
k* 2
O(lj:li <0, i.e, negative (pogtive) assortative mating, iff ﬂ:T‘1\1/|ik
the margind equdization principle — and the law of one price — fals demands for match
2 i k*
ranking points are no longer negatively doped. Then, one would expect that if %
0, a match with smultaneoudy high income of partners generates a higher utility surplus,
trandferable within the couple, and there would be postive asortative maing; with
ﬂ'ZVi (I i ’ I k*)
T
because utility is transferable - the equilibrium assgnment to be the optima aggregateone.
But the fallure of the market match price equdization would confer bargaining power within
some range to individuds within each par — and lead to multiple possible arrangements of
effective trandfers occurring within the couple, eventudly colliding with the optimdity
conditions generating the indirect utility functions...

A numericd illudration of the margind benefit (and loss) principle is presented in the
Appendix.

> (<) 0. But, when SOC fal,

>

< 0, amatch with dissmilar income levels would; i.e., we aways (dill) expect -

. Admit that mating can only occur between an individua of group M (males,
1.2,..., nA) and another of group F (females, r}s\+1, nA+2, ..., N). One could think that

different prices could be formed for rankings of each group, say R, for ranking points of

maes — equalized to the margind benfit that individuals of group F are deriving from mating
with those of group M - and P for those of femdes - the margina benefit that maes are

deriving from mating with femaes 22. An individua of group M (i = 1,2,..., Min(n ., ),
ordered ascendingly by income on group M, where Min(nM, nF) are individuds that end-up
effectively mated) would pay to an individud of group F (k = 1,2,..., Min(nM, nF), ordered

ascendingly by income on group F) a net transfer Dik* = P k* — Py Lbi=12,..., Min(nM,

22 ps equalization of marginal benefit for each group equalizes, cross-derivative correspondence

with the sign of sorting is still be valid.
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nF); k=12,..., Min(nM, nF); consgently, an individud of group F (k=1,2,..., Min(nM, nF))

would pay to an individud of group M (i = 1,2,..., Min(nM, nF)) anet transfer Dki* =Py *
—P: k,k=1.2,.., Min(nM, nF); i=12,..., Min(nM, r":); the individua of each group would
equdize his margind benefit to the price of the ranking points of the other group. Yet,
equilibrium would not yet be defined, once it requires additiondly an overd| appraisd of the
two groups reative income availability. Moreover, interpersona comparison with the own
group rankings end up by being made indirectly, which is not accounted for by that pricing
system.

One would therefore speculate that the previous — uniform pricing - rule still gpplies,
with margind benefit and ranking order of individuals — unique and uniquely priced - being
caculated as if one could also mate with people of the own group; the equilibrium price of

ranking points now adjusts till k* belongs to the opposite group. Or that, under group- pecific
Min(ny, ,ng) Min(n, ,ng)
rankings p, (P, @ k*)andp_(p. @ k*) will approximete: the marginal benefit of
i=1 i=1

il F il M
amate in the economy — the price of ranking points for matching purposes - would attempt to
equdize.

Under unbalanced groups, the last rule may, again not be auffident. If thereis:

- positive assortative mating: prices should guarantee that djl* = vj(lj, Il*) - vj(lj, 0)

<Pg if n, >nn, and only nn, M'sare mated; to q,l* = vj,(lj’, Il*) —vj,(lj’, 0) < Py if

n, <mn, and only n, F sare mated —with 1* the lowest income mated of the other group -

for individuds j (of M), j (of F) not mated (that preferred not to match in the optima
assgnment) of each group. Given the postive sorting, low income levels are expected to be
excluded, and the highest excluded income qudifies the rdlevant margind unmated individud, j
or j’. And due to the evolution of margind benefit, the price gpproximation rule may be
aufficient.

- negative asortative mating: prices will go up till — guarantee that - dik* = vj(li*, Ij)
- vj(li*, Ik*) <Py if n, > nn, and only nn, M’ s are mated; to dik* = vj(li*, Ij’) —vj,(li*,
Ik*) < P: if n, <nn, and only n, F s are mated — with i* the individud mated with next
lowest income redive to the excluded (not mated) individuds j (of M), " (of F) of each
group. Given the negetive assorting, middle income levels are expected to be excluded, and
the lowest excluded income qudifies the rlevant margind unmated individud, j or j’, j or j’.

With positive assortative mating, the effective transfer between the pairsin a couple
tends to 0. Y, the ranking points price system must be at least latent — insuring (provided
SOC hold) equdization of the margina tenefit across the economy and not other (non
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optima in the presence of utility transferability) mating rule. With negative assortative mating,
non-negligible transfers effectively occur between pairs.

V.3. Transferable Income.

If utility is not trandferable across individuds but income is, one could advance that
u k

the margina benefit equated across individuas would be measured in income terms, i.e,, d :

such that 23:

(112) vi(li - D’ik*'l - d’ik, K+ D’ik*'l + d’ik) = vi(li . D’ik*'l, L
D’ik*_l)

thatis

(112) vi[Ii —(k - i) P, K"+ (k- i) P, = Vi[li -(k*-1-i)p,, k-1,
(k-1-i)p,, ]

Individud i chooses k maximizing vi[Ii ~(k-1) Py, K+ (k- ) - which would

generate FOC implying that the difference between the Ieft and right hand-sides of (112) —the
margina net- of- cost benefit - approaches zero.

Pme
I’s own resources. It reflects the fact that a coupl€e’s budget constraints or resources can be
pooled, and it incorporates a measure of the strength of the individua in the household
alocation decison.

Using Taylor’ s expansion to the first order we can (grosdy...) approximate:

IS now a price measured in income units and D’ ik* deducted to the individua

(113) g ke w0 - v
| W) ML)
' TR

23 These are also the expected market features if both utility and income are transferable, provided

that vi(I', Ik) i's quasi-concave in the two arguments: i chooses k* by making the derivative of vi(ll, Ik) with

respect to k* —the difference between the left and right-hand side terms of each of the expressions—equal

to zero.
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Vi(li’lk*) ) Vi(li’lk*—l) _
A R R G L T (s WL
q e qa M«

»

Then, for adequate conclusions on mating one would advance that if the function 24

v('1)
™01 WMOT1Y)
I’ (TR

(114) v (1K =

- that evauates i's utility in terms of income units, postively rdaed to K iff
i k* . 2 i k* 2 i k* i k*

e [ e iR '
i k* k*
%) - isconcavein Ik, O('jlli > (<) 0 and we regigter positive (negative) assortative
] i k*
meting iff % >(<)0.

V.4. Absence of Transferability.

If naither utility nor income are transferable, we may speculae that willingness to
form a par will dill be ruled by the previous mechaniam — a matching market. Yet, the
equilibrium is going to press the actud transfer between individuas of each couple to zero -
not to equalization of margina benefit, but of its product by the couple ratings differentia to
zero, i.e:

(115) Dik* = [vi(li, 1K*y - vi(Ii, 1K1y &*-i)=0, i=12...,n

Positive assortative mating is then dways expected — the absolute value of (k* - i)
being minimized:

(116) k*»i, i=12...,n2

24 v’i(I', Ik) can be seen as inversely related to “boldness” — see Aumann and Kurz (1977) -, the

semi-elasticity of the utility with respect to the argument; here, the denominator is deducted from the

compensating effect through the partner’ sincome.
- 45 -



as forwarded in the beginning of the section.

Here, n would include dl individuds. If there are two groups, then rankings (here
exogenous and fixed...) go from 1 to n for the largest group, from the difference in dements
between the two groups plus 1 to n for the smalest.

Without trandferahiility of any sort, such equilibrium is efficient as well.

V.5. The Efficient Allocation.

Some find gppraisd on mating efficiency can be forwarded. Firgly, none of the
conditions qudifies social efficiency: this requires a socid wefare function and aso some
redigribution possbilities over utility, its arguments or through match dictation... With
tranferable utility, a Benthamite — maximizing sum of individuas utilities 26 — optimization
criterion does not guarantee a socid optimum for al possble wdfare functions ether: the
transfer dictated by the latter, not by the Benthamite one, would dso have to effectively take
place afterwards...

Also, never do we expect to gpproach a pure Benthamite result: the transfers occur
only between members of a couple. On the one hand, the maximization rule of the sum of
utilities invoked before applies only to the transferable utility case, and on the other, refers to
the sum of “indirect” utilities..

An efficent alocation with monogamous matching and trandferable utilities — through
mating but not other - can be linked to a problem of type (8), for monogamous utility
functions, with (8) replaced by ~ Max  U'(x;, zF, y¥) + U (x,, z\, yi) ad (8a) by

%,z %25 Kl |

Uj(x], zJ', yj') +Ul, 2, yhys O+ T =07 j ikljI=1,2, ... n(@ndj with | only)

25f vi(i k) isi’s utility when paired with k and ij isthe preference ordering assessment of individual
i by individual j —in ascale of 1 (least preferred) to n —1 (most preferred) -, one can adventure a simple

algorithm that under non-transferable utilitieswould join i and k such that én i]. » én. k]. ,ik=12...n-
3R

that is, minimizing the average absolute distance between the rankings in each duo (provided all i’s are

considered acceptable to k and vice-versa —i.e., with unacceptability to j of partner i, the algorithm should

be so constrained, and possibly allow Ij to be O for such cases, and j choose Ij in the scale of 1 to the

number of acceptable choices to him/her out of the total individuals minus 1 — of the maximum individuals
in each group, n, if one cannot match with the same group, for which ij would start at the difference plus 1.)
See Gale and Shapley (1962) and Roth (1984) on optimal assignment.

26 \Which, in any case, it isnot our general implicit criterion— only for matching purposes...
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or in amore complex formulation, with (8) replaced by Max_ _ U'(x;, 25, y¥) +

Xz, xJkaIJU U
U“ and added of U’ + U' 2 U, jl = 1,2 ..., n2-1 Or yet, (8) is replaced by
Max U'(x, 25 yf) + W — w)and(8a)byU(x z y)+(w —w) 3

%2 (0 - W), X, 2] (W - w),KL ]
U’ jti,]=1,2, ..., n transfers are adjustable to provide optima partnership well-being.
Without transferability, (8) isjust replaced by Max U'(x,, 25, y5) -

X,z Xj zJ ki, j
With transferable endowments to a mate — but not other nor utility -, given thet the

shared good must be consumed at the same level for both partners but not the other, we
hypothesise that (8) becomes Max U'(x; +w,-w,, z*, yF) and (8a)

X1,Z (W - W), X, 25 (W - ), K
UJ(x+vvJ w, z y)3 U’ j1i,j=1,2, ..., n:income transferability between partners alows
any allocatlonsxI + xJ X|* + x]* where the |atter are the solution found for two partnersi and

] —then, transfers are adjustable to provide optima partnership well-being. (Of course, for
appropriate U b's, the problem goplying to the no transferability casg

Max  U'(x;,z",y¥) generates the same solutionas that of the current paragraph)
%7 X 2 K, | e 2

Trangferability of both endowments and utility between individuas in a pair would
imply replacing (8) by Max U'(x,, 2, Y1)+ U¥(x,, 2, i) @nd (89) by U, 2!,y

+ Ul(xl, %J', ylj) s 0yt ikl 1,| =1,2, ...,n (and ] with | only): no definition of individua
utility levelswould be supplied...

As noted in section |1, the Samuelson condition is expected to hold in any of the
efficent dlocations.

V.6. Cobb-Douglas Preferences. An Example.

i =0

. We can gpply the previous rules to our utility function 27, Using (95), "HI - =

— there will be no assortative “matching” — nor positive, nor negative; but the qudlficetion
relies here on the interpretation of the cross effect only on the leve of zlk (per couple). To

conclude about ooupleformati on, one must rely on the indirect utility function properties:

From(%) L=m@-a)v = >0,ﬂ"'2 =m(1-a)[m(1-a)- 1]
NOETORE T
v 1 As ﬂ_vi =m(-a)v ma 1 +M-DI' S g o> 120
ORI R ER (K T (I + 1920 ma

27 See Becker (1973), p. 826 and 841, and Lam (1988).
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podtive assortative “mating” is expected if the direct utility function exhibits congtant or
increasing returns to scale — and utility is transferable across individuas.

An individud of any type will prefer to mate an individud with higher income — a
higher \I}< If m 3 1 (IRS or CRYS), there will be correspondence; then linkages will sort
themsdves by decreasing income levels. With DRS, if in the economy, for any ik, |' >
% | ¥, negative assorting can occur — with strongly decreasing returns to scale and alow
relative preference for the individud private good; if the reverse happens, we ill observe
positive assorting in couple formation.

In sum, with non-decreasing returns to scale, “doubly-good” marriages will be
popular - but these not necessarily longer or with more children (not involving higher zlk’s)

2k
than just a coupl€e s pooled income implies— because ﬂ_ 4 = 0...
R
. If utility is not trandferable but income is, the mating qudification would rely on the

cross effects over the function:

i Ky = (1" S I B
(117) MO v I TR
' m
1°v,

= 0: with non-trandferable utility and

Wo-mlalsoMWi —gand
1-" i i | T“ i 1-“ |1-“ k
trandferable income, no assortative mating is expected.

V.7. Final Discussion.

. Congestion of linkages — say, a fixed number of linkages — would aso generate a
ranking market. Say r links are supported by each individud and indirect utilities are of the
form (1, Ky, 1K2 .., 1K) and utility is transferable; it is possible that, with Ki* ordered

ascendingly, thet the equilibrium will imply that for dl individuas (and one relevant group) vi(I i,

KE ks ke vi(Ii, 1ka*-1gko* Kt 1Ky = p= constant— i solves  Miax

kg Ko, ke Ky
v(l, Ky (K2, . Ky +pri—p K =Pk~ PK -, where 1K1 L isthe income of the
highest income lower to Ikl.

. llustrating specid arrangements, some of socid others of engineering interest:
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Case A. Group Formation. 1 , 2 3

213:y13=0and231=y31=0; 223: y23:0andz32=y32= 0

Links between 1 (2) and 3 are too expensive. Such case may arise either dueto 3's
utility function valuing less communication (Z's and y' s) than the others; or by either 1 and 2's
(or dl...) utlity functions embedding strong subdtitutability between links with different
individuals (between zlj and zIJ"; zlj and yii’; and between yij and yiJ"; yij and zii’), but not with

the same (i.e., not between zlj and yij; nor zlj’ and yij ’ ).

Case B. Transit Sequence. 1«2 «—3
3_,,3_ 1_.,1_
Z7=y, —Oandz3 =Y, =0.
If utility is related to digtance — and 1 and 3 are more distant than 2 isto either 1 or
3 —atrangt sequence appears.

CaseC. One-Way Transit Sequence. 1—»2 —3
3_,,3_ 1_,1_A~,1_,1_A_2_,2_
Z7=y, —Oandz3 =Y, —O,z2 =Y, —0,z3 =Y, =0

This case may dso suggest amultiple layer hierarchy.

Case D. Hierarchic Sequence. 1
2 3

2_.,2_,3_,3_n,3_,3_ 2_.,2_
Z°=y, —O,z1 =Y, —O,z2 =Y, —Oandz3 =Y, =0
Attention of 1 seems more important than that of al other individuals. Notice that it

may mean tha equilibrium specific-trandfers obtained from 1 ae reaively higher in
equilibrium.

Case E. Emission Sequence. 1
7\
2 3

1_.,1_A-,1_,1_~_,3_,3_ 2_.,2_
Z," =Y, —O,z3 =Y, —O,z2 =Y, —Oandz3 =Y, =0
1 may be an advertisng point. Or, in a hierarchic chain, it has a leading role with

respect to the purchase of (decisons over) z.

Case F. One-Way Circular Sequence. 1

7N

2 — 3
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V1. Public Good vs. Shared Good.

In this section, we ingpect the case where the externdity is extended to more than
one consumer, even if to a fixed number: if the number is not fixed, we would fal under a
typica club good case. There will be an efficient adlocation but the market may no longer
insure its attainment...

Assume then that each z is in fact consumed by the whole economy. zij = yji =Y,
Then each zij - asyj - is replicated among the n consumers. Let us then admit it is unique or

uniform. i’ s utility tekesthe form

[
(118) U(XI, Zl’yl’ y2’ ’yi-l’ yi+l’“"y )

n

We will denote it by Ui(xl, Z, y_i). | obtains utility from the private good, X, fromits
own purchases of the public good, Z, and from the purchases other consumers make, yJ 0

that:
(119 zj = yj , J=1,2,...,n

Of course, each Z is then a conventiond public good — we have n different public
goods in the economy. A specid case where a common (unique) public good is formed arises
i — i
for U6 20 Yy o Y Vgt ) S UG 30, 3 0 0 4 e+
with (119) holding.

Assume (118) — with (119). An efficient dlocation will be obtained from the
problem:

(120) Max Uik, z,y )
X020 Y X2, Y [
st (121) Ut zy)e O jij=12 0
(122 zI = yI , 1=1,2 ...,n
(123) Sx Eaw
i=1 i=1
(124 82 £ 4w
i=1 i=1

In lagrangean form, embedding (122):
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(125) Max  Ux,z,z)+3 1 [0 -Ux,zz)+
%3 .2 mem, For o i ] o

*tm@w -ax)rm@w -3 z)
i=1 i=1 i=1 i=1
Interior FOC require:
(126) U! - m = 0 (1equation)
(127) -1, U)-m =0, j1ij=12..n (tlegs)
(128) u, - én |, Ul -m =0,k=12..,n (nequdion)
)
(126) and (127) imply (16) thet till holds
_ U Lo
(129) lj__Uj’ J1|,J—1,2,...,n

Replacing (129) in (128), and equating the two (and (126)) we obtain the familiar
Samuelson condition(s):

U’
. U

, 1=1,2,...,n (nequations)

Qo

30 :&:&
(130) (Ui)”l

]
X

i

. Let us condder a price-cum-transfer system anaogous to that of the cdl to
decentrdize that efficient solution. Each consumer i pays P, for z and py per unit of yj i.e., by
zj,j 1 i; he pays tuj’ Jj 1 i, to each of the other n-1 individuas for accepting his choice of Z and
receives tji from each for per unit he accepts of their choice of zJ A typica budget condtraint
isthen:

(131) pxxi+ (pz+é thz * él (py - tll) Z; :prxI +pz, VVZI

jti jti
j= =1

The lagrangean will take the form:

(132) Max Ul(x,z,2) +



ML [prxi+pz, Wzi "B X (pz+étij)zi ) é (py_tij)zj]
i

ji

=1 =1
andFOCfori=1.2,...,n:
(133) U, -nmp =0
(134 U, - (p At =0
=
(135) U, -m(p-t) =0, jtij=12..,n
with the budget condraint. Then:
3
pz-'-a.tiJ
U, i _
(136) 2 =_ _1F  i=12,..,n(leq. foreachi)
U, P
and
U, p-t . .
(137) L= 1 j1i,j=1,2 ...,n(n—1egs foreachi)

u.

X

Equilibrium requires additiondly:

(138) P, = p,r(-Dp,
(139) ax=aw
(140) é Z = é WZ'

'u‘

i=1

A full price sysem can be derived: (136) and (137) and individud budget
congraints generate n x (n + 1) equations that add to (138)-(140): nx (n + 1) + 3 equations
with (the sum of budget constraints making) one of the last three redundant. We must generate

1 2 n 2 n-1
2 nindividud consumptions, and a vector price(&,&,&,i, ii b )
pX pX px px px px px
—withnx (n —1) + 3dements, i.e, n (n + 1) + 3 unknowns. Again if we fix, P oo &,a
Px Px

determined solution is obtained.



But if under one-to-one communication, replication of individuas of each type may
insure competitive link-specific transfer price formation —we know who to charge what (even
if we fix one price) given the actual transfer -, now, such possibility may no longer exis —and
the natural spontaneity of the equilibrium bresks down...

|.e., competitive decentrdization requires — apart from absence of transaction costs
— agmdler number of individuds types than the total number of individuas in the economy —
and respongbility for each part of, or the common purchase to be assigned to someone —
some type - in paticular. With some agent heterogengty, the find cost shares will be in line
with margind utilities But — as is wel-known - perfect information and type discrimination
must then be insured.

If i cannot veto — he does not directly obey (134) and, therefore, (136) - but
authorities guarantee the (adequate) price (p, +§ t)) for the unit of z and collect as a

i
=
lump-sum ZI = én_ (p,-t)) 2 from i, the efficient dlocation is aso insured ((136) becomes
jti
=1

redundant) — but then not entirely through the market price system.
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VI1I. Shared Inputsand Network Nodes Transfer Prices.

. Network nodes are passing points. Then, we can admit that there will be reception
and emission of a given amount that passes through i. Then let zlj denote reception from j and

yij emission to j; we have a multiproduct cost-function of each node

(141) Ci(xi, zil, Zi2 zli'l, zii+1, o 20, yi1, yl2 yii'l, yii+1, e YI)
i=1,2,...,n

There may be, for nodes that are only passing points, the additiona restriction:

Qo5

(142) 2z =ay
i
=1

I =

Ll

We assume there are no such points When § z/ < § y/, i isanet emitter,

s it
j=

i
1

LS

having connections with a group of outsde users that on aggregate send more than they
recelve; and vice-versa.
We want to determine the praperties of an dlocation which minimizes aggregate cost

over the n nodes while guaranteeing a totd didribution of én W a fixed leve of
i=1
homogeneous outpui, én_ W . Or that maximizes én z) subject to minimum cogtsfor j i and

i=1 jti
j=1

n
J W redrictions.
i=1

Let zlj denote quantity of demand of transportation from node i to node j and 3{1
trangportation from node j to node i. P, is the price of a unit distance trangportation cogt,

linkage formation would possibly require:

P, é x +P & Z +p &y -4 cl(x, 7%, z2 Zi|1 zi+1 ’Z|n’ y|1’
i=1 jri jri i=1
J=1 J=1

i=1,2 ...,n



s.t.

i Qo
:'<\_

LY

a

i=1

7 Qo
.
‘N._

I

I

iy

Khun-Tucker conditions would generate active transportation.

. Multiproduct technologies can dso benefit from the previous framework.
Hypothetically, ¢ = FI(X.’ Z|J’ yiJ) could represent the production function of section or plant i
— with q sold at price R-. which uses X exclusvely and shares input él for which i is
responsible, and yij 2 zji, dlotted to |'s responsibility, with plant j. Then, joint profit
maximization would generate smilar conditions to the efficiency requirements encountered
before; trandfer prices (unit costs) among manufacturing divisons in the spirit of section 111 or
VI would result in optima dlocations of decentrdized management — of unilaterd profit
maximization by each of the plants.

1 2 1 2
With two plants only, p E +p 17 =W_andp E +p ﬂFl =W.
1 ﬂ21 2 ﬂy; z 1 ﬂyl 2 ﬂzz z
Each two terms represent — as in andard externdities - the internal net prices allocated to the
divisonsfor the pertaining joint purchase.

Suppose that to produce the same good z, sold at price V\/Z severd, say, n,
divisons are required — asort of Leontief technology -, each with production requirements z =
F'(xl, Li). Each section i implies a — standardly inferred from the minimization of WX X+ WL
Li st.z= F'(xI Li) — cogt function Ci(z, WX, WL). Optimdlity requires a split of the margina

revenue according to V\/Z = g % - evduated a the z* that insures such equdity. Or
i1 112

according to the Lagrange multipliers of the solution of

Max WzZ'WX%)g W aw -é|i[z-F'(xl,Li)]

i=1 i=1

L 8
I.e, msurmgWZ— .a—1 I, -
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VIIl. Summary and Conclusions.

Generd equilibrium of a pure exchange economy was proven to be able to generate
efficient dlocations in economies where share goods are present; under specid arrangements,
uniqueness is dso guaranteed. Efficient alocatiors require the Samuelson (public good) rule
with respect to the ratio of utilities — whether or not sharing takes the form of an externdity.
Optima pricing involves common reception and emisson prices — adding up to a uniquely
determined quantity - aong with link- specific transfers from consumers who vaue a pecific
“cdl” more than its charged price. End-specific roles— for adequate genera price alocation -
must dso be pre-ordained — achieved with a (much) milder verson of (than) the Arrow's
dictator.

With multiple sharing by more than two individuds — because either the good is
shared by more than one individua or because there are amilar links between different pairs -,
some indeterminacy may arise with respect to the digtribution of the generd aggregate unit
cost. Of course, heterogeneity requires more complex identification.

CES utility functions generate interesting environments. With transferable utility,
positive assortetive mating is likely to arise with linear homogeneity or higher — and negdtive
with strong DRS and/or low relaive preferences for joint-consumption. Cobb-Douglas
technologies, generating linear Engd curves, suggest no quantity assorting of household good
demand.

Utility functions implying monogamy dlowed us to study mating arrangements more
profoundly. Definition of the margind benefit of a match - and price of ranking points - was
forwarded, and mechanics of an adequate (dowry) price system for an endogenous matching
market explained; with transferable utility, the requirement of equalization of margind benfit
of a match across individuds provides the direction of assortative mating. If utility is not
transferable but income — qudifying assorting — is, then it is the income vaue of the margind
benefit that is expected to equdize in the economy; this suggests the importance of the
function given by the ratio of utility over the difference between the margind utility reldive to
own income minus the margind with respect to the partner’s in determining the outcome of
decentraized assorting.

Fruitful extensons are expected in family economic modelling and estimation, both in
the gtatic as in the intertempora domain, with household decisions dso covering labor market
participation and supply, dlowing for joint family invesment — and taxation -, encompassing
both sngle and multi-element unit as specia cases, possibly assuming single and married, mae
and femde (with or without children...), parameter preference differentiation.
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Appendix.

Tables A1 to A5 contain the results of assgnment Smulations with two Sx-agent
economies. Paired arrangements alow for 15 different scenarios (A to O). Scenario A
represents perfect positive assortative assgnment or mating; scenario O, negative assortetive
asggnment.

Economy |, where individuds, |11 to 16, have income 3, 6, 9, 12, 15 and 18 and
gender (or other) isirrdevant to dlow for mating.

In Economy I, there are three individua types, with income 3, 6, and 9, i.e, 11 to
16 have income 3, 3, 6, 6, 9, 9. One can ether interpret the context as one in which mating
can only be accomplished between individuds of different gender — between an odd (say,
mae, 11, I3 and I5) and an even (femde, 12, 14, 16) characters which have the same income
digtribution; then only scenarios (in Tables below) A, C, G, H, M and O are relevant, with H
and M being quantitatively indistinguishable. Or to an economy where pairs can be formed
between any two individuas but there is some type replication: we just sage a less sparse
income distribution; then quantitatively distinguishable scenarios are ill only A, C, G, H, O.
Nevertheess, margind benefits and losses dlowed for combinations — pairs of individuds - of
the same type (but of the existing Six characters in the economy) 28

Theindirect utility form used was.

(Al) Vi(li, Ik) = [ (Ii +|k)(1""‘i)]ml = |ima (|i +|k)m(1—ai)

with al fixed at 0.3. Severa vaues of m were conddered: 0.25, 0.75, 1, 1.25 and
225 T = —ayy MM DI S g = 1125 and 2.25, and for
noe N (AL !
some income levels in the economies when m = 0.75 (when K> 1.111 1Y), with m=025,
Tv,
mmm-
that for the last case (rrll =2.25), as m (1—a|) -1=0.575>0, :TTIZ_kV'Z > 0 (Inany case, with

< 0 dways in the economies because for their income ranges Ik <10 Ii. Notice dso

28 One could have — possibly more accurately - calculated the marginal benefit as the difference of
utility obtained from joining k relative to that obtained by linking to k-2 divided by 2 - with the marginal
benefit from linking to V1 as the difference obtained from joining him relative to staying single divided by

1.5. Still, adjustments would also be due for individual s that mate with contiguous classes....
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m > 2, magind Utilities of the direct utility function fail to be decreasing, even if not quas-

concavity).

Apart from the utilities derived by each of the six individuds (columns V1 to V6),
we report the average margind loss (MeanL), the average deviation from the mean of the Sx
individud vadues, margind losses, (AVDEVL), the average margina benefit, its average
deviation (MeanB and AVDEVB) and the average margind loss plus benefit divided by 2,
dong with the corresponding average devigtion (MEAN and AVDEVM). The lagt
caculations were repeated using a different procedure (in the former, the margind benefit of
individuas mating with individua 11 is caculated as the difference rdative to a sngle satus —
i.e., K1=0) to evduae the individud margina losses (Mean B1 and AVDEVBL1), with
corresponding average deviaions (MEAN1 and AVDEVMY).

In fact, for m < 2, the equdization between margind benefits across six individudsin
the economy — the minimum average deviaion, AVDEV — seems to occur for a scenario
close to the one generating the maximum sum of utilities. Differences from such coincidence
can be attributed to the fact that in the reported caculations of margina benefits and losses,
and to the samdl number of individuds in the economies — and unlike the ranking-pricing
scheme would suggest — we did not dlow mating with one-sdf(’s income). For m = 2.25,
equaization between margind benefits suggests the dlocation generating the minimum sum of
utilities.

Neverthdess, it is dways true that the maximum sum of utilities is achieved with

2 2
scenario A —with positive assortetive mating — under TV 0 and with O for v«

Tm Tm-

0.
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TableAl

Assign Pair 1 |Pair 2[Pair3| v1 | V2 | V3 [ V4 | V5 | V6 | 9m MeanL AVDEVL MeanB AVDEVB MEAN AVDEVM eanBl AVDEVB1 MEAN1 AVDEVM1
i = 10.25
A (11, 12)(13, 14)(15, 16) 1.595/1.680|2.0092.053 | 2.259 |2.290 | 11.886 | 0.063 0.047 | 0.113 0.056 | 0.088 0.047 0.048 0.035 0.055 0.022
B [(11,12)(13, 15)(14, 16) 1.595|1.680|2.056|2.185 | 2.137 | 2.252| 11.906 | 0.061 0.039 [ 0.095 0.068 | 0.078 0.054 0.030 0.020 0.045 0.012
C (11,1213, 16)(14, 15)|1.595|1.680|2.099|2.145 | 2.181 | 2.211| 11.912 | 0.066 0.039 | 0.103 0.063 | 0.085 0.049 0.037 0.025 0.052 0.017
D |(11,13)(12,14)(15,16)1.677(1.897|1.821|1.998 [2.259 |2.290| 11.943 | 0.041 0.027 | 0.068 0.015 0.055 0.017 0.053 0.023 0.047 0.016
E (11, 13|(12,15)(14, 16)1.677(1.949|1.821|2.185 [2.087 |2.252| 11.972| 0.045 0.018 | 0.060 0.017 | 0.053 0.017 0.045 0.018 0.045 0.013
F 1011,13)(12,16)(14,15)1.677|1.995|1.821|2.145 | 2.181 [2.166 | 11.986 [ 0.050 0.022 | 0.067 0.021 [ 0.059 0.016 0.053 0.023 0.051 0.016
G |(11,14)(12,13)(15, 16)| 1.744|1.837|1.894|1.935 | 2.259 [ 2.290 | 11.960 | 0.049 0.033 | 0.081 0.025 | 0.065 0.025 0.069 0.034 0.059 0.029
H (11, 14)(12, 15)(13,16){ 1.744|1.949|2.099|1.935 | 2.087 [2.211| 12.026 | 0.043 0.015 [ 0.056 0.010 [ 0.049 0.012 0.044 0.015 0.043 0.011
I (1, 14)(12, 16)(13,15)|1.744]|1.995(2.056|1.935 | 2.137 [2.166 | 12.034 | 0.042 0.014 | 0.075 0.029 | 0.058 0.019 0.062 0.035 0.052 0.020
J (11, 15)(12,13)(14, 16)[1.801{1.837|1.894|2.185 [ 2.032 | 2.252| 12.001 | 0.053 0.024 | 0.072 0.029 [ 0.062 0.026 0.061 0.036 0.057 0.029
K [(11, 15)(12, 14)(13, 16) 1.801]|1.897|2.099|1.998 | 2.032 | 2.211 | 12.038 | 0.042 0.014 | 0.055 0.007 | 0.049 0.011 0.044 0.015 0.043 0.012
L a1, 1512, 16)(13, 14) 1.801]1.995[2.009(2.053 [2.032 [2.166 | 12.055 | 0.048 | 0.017 [o0.064 | 0.017 | 0.056 0.015 0.054 0.022 0.051 0.018
M (11, 16)(12, 13)(14, 15)/1.850(1.837(1.894|2.145 | 2.181 | 2.116| 12.024 | 0.057 0.027 | 0.079 0.031 | 0.068 0.022 0.069 0.038 0.063 0.026
N [(11,16)(12, 14)(13, 15)1.850(1.897|2.056|1.998 |2.137 [2.116| 12.054 | 0.041 0.014 | 0.054 0.005 0.047 0.008 0.045 0.015 0.043 0.012
O |(11,16)(12, 15)(13, 14)|1.850|1.949|2.009|2.053 | 2.087 | 2.116 | 12.06Z | 0.048 | 0.016 | 0.064 | 0.017 | 0.056 0.014 0.054 0.021 0.051 0.018
A (14, 12)(13, 14)(15, 16)[1.486|1.486|1.767[1.767 |1.955|1.955| 10.416 | 0.060 0.040 | 0.106 0.043 | 0.083 0.038 0.049 0.033 0.055 0.016
B (11, 12)(13,15)(14, 16)|1.486(1.486(1.837|1.837 [1.894 |1.894| 10.434 | 0.047 0.047 [ 0.080 0.060 [ 0.064 0.051 0.024 0.032 0.035 0.013
C |(11,12)(13,16)(14, 15)1.486|1.486(1.837|1.837 |1.894 [1.894 | 10.434 | 0.047 0.047 | 0.080 0.060 | 0.064 0.051 0.024 0.032 0.035 0.013
D (11, 13)(12, 14)(15, 16)1.595[1.5951.680|1.680 [1.955 [1.955| 10.461 | 0.028 0.038 | 0.058 0.039 | 0.043 0.009 0.039 0.039 0.033 0.013
E (11, 13)(12,15)(14, 16)1.595(1.677|1.680|1.837 [1.821 |1.894| 10.505 | 0.022 0.030 | 0.051 0.051 | 0.037 0.014 0.032 0.043 0.027 0.018
F |(11,13)(12,16)(14, 15)1.595[1.677|1.680|1.837 |1.894 [1.821 | 10.505 | 0.022 0.030 | 0.049 0.049 | 0.036 0.014 0.030 0.040 0.026 0.017
G |(11,14)(12, 13)(15, 16) 1.595|1.595(1.680|1.680 |1.955 [1.955| 10.461 | 0.028 0.038 | 0.058 0.039 | 0.043 0.009 0.039 0.039 0.033 0.013
H (11, 14)(12, 15)(13, 16)1.595[1.677|1.837]1.680 [1.821 [1.894| 10.505 | 0.026 0.034 | 0.045 0.045 | 0.035 0.012 0.026 0.034 0.026 0.017
I (12, 14)(12, 16|(13,15)|1.595|1.677(1.837|1.680 |1.894 [1.821| 10.505| 0.026 | 0.034 | 0.057 0.057 | 0.042 0.018 0.038 0.051 0.032 0.021
J (11, 15)(12,13)(14, 16){1.677(1.595|1.680|1.837 | 1.821 |1.894 | 10.505 | 0.025 0.033 | 0.047 0.047 0.036 0.014 0.032 0.043 0.028 0.019
K (11, 15)(12, 14)(13, 16)|1.677|1.595(1.837|1.680 | 1.821 [1.894| 10.505| 0.028 | 0.038 | 0.041 0.041 | 0.034 0.011 0.026 0.034 0.027 0.018
L (12, 15)02,16)(13,14)1.677(1.677|1.767]|1.767 |1.821 |1.821| 10.532 | 0.036 0.036 | 0.058 0.038 0.047 0.021 0.043 0.043 0.039 0.027
M [(11,16)(12, 13)(14, I5)[1.677|1.595]|1.680(1.837 | 1.894 | 1.821| 10.505 | 0.025 0.033 | 0.045 0.045 | 0.035 0.013 0.030 0.040 0.027 0.018
N (11, 16)(12, 14)(13,15)1.677[1.595|1.837]1.680 [1.894 [1.821| 10.505 | 0.028 0.038 | 0.039 0.039 | 0.033 0.011 0.024 0.032 0.026 0.017
O |11, 16)(12,15)(13, 14)|1.677|1.677|1.767|1.767 [1.821 [1.821 | 10.53Z | 0.036 0.036 | 0.058 0.038 | 0.047 0.021 0.043 0.043 0.039 0.027




Table A2

Assgn Pair 1 |Pair 2|Pair3| V1 | V2 | V3 | V4 | V5 | V6 [ 9m MeanL AVDEVL MeanB AVDEVB MEAN AVDEVM eanB1 AVDEVBL MEAN1 AVDEVM1
rTil = 075
A (11, 12)(13, 14)(15, 16) 4.058)4.7438.10718.649 11653 12501 49i10 0.655 | 0.459 |1.069 | 0.346 | 0.862 0.285 0.621 0.425 0.638 0.238
B |11, 12)(13, 15)(14, 16) 4.058)4.743|8.696 10643 9755 11;1 ’ 49611 0.647 | 0.275 | 0.852 0.328 | 0.750 0.302 0.404 0.269 0.526 0.147
C [(11,12)(13, 16)(14, 15) 4.058)4.7439.25119.869 10%3 ’ 10;3 ' 49611 0742 | 0.376 | 0956 | 0.362 | 0.849 0.263 0.508 0.338 0.625 0.214
D |11, 13)(12, 14)(I5, 16) 4.720)6.825|6.043/7.977 11653 12é01 49é10 0.431 | 0.287 | 0.767 0.156 | 0.599 0.109 0.625 0.222 0.528 0.129
E 11,1312, 1514, 16) 70| 7-4006.043 10643 9.005 | ’ 49511 0520 | 0173 |o0e61 | 0077 |0591| 0115 | 0520 | 0173 | 0520 | 0.128
F 01, 13)(12,16)(14, 15) 4.7207.93816.04319.869 10%37 102116 4gill 0.617 | 0.234 | 0.763 0.181 | 0.690 0.169 0.622 0.235 0.619 0.198
G a1, 14002, 13)5, 1) > 306|6-2026-794|7.249 11653 12é01 49509 0533 | 0355 |0890| 0278 |o0711| 0235 | 0756 | 0367 | 0.644 0.261
H (11, 14)(12, 15)(13, 16) 5.306/7.400]9.2517.249 9.095 10;3 ' 49511 0.512 0.171 | 0.646 0.073 0.579 0.114 0.512 0.171 0.512 0.128
|01, 14)12, 16)(13, I5) 5.306/7.9388.696/7.2499.755 10;116 49%10 0514 | 0171 [0.863 | 0.346 | 0.688 0.205 0.729 0.391 0.622 0.224
J (11, 15)(12, 13|(14, 16) 5.839/6.20216.794 10643 8.388 11? ’ 49i08 0.620 0.261 | 0.781 0.226 0.701 0.236 0.653 0.301 0.637 0.266
K (11, 15)(12, 14)(13, 16) 5.839/6.82519.251|7.97718.388 105 ' 49i09 0510 | 0.176 [0.642 | 0.072 | 0.576 0.121 0.515 0.172 0.512 0.131
L (11, 15)(12,16)(13, 14) 5.839)7.9388.1078.6498.388 10;116 49508 0.609 | 0.249 | 0.752 0.192 | 0.680 0.197 0.624 0.267 0.617 0.238
M (11, 16)(12, 13)(14, 15) 6.332/6.20216.79419.869 10'73 " |oars 49605 0.723 | 0.340 [0.880 | 0.306 | 0.802 0.215 0.757 0.388 0.740 0.297
N (11, 16)(12, 14)(13, 15) 6.332)6.825/8.6967.9779.7559.475 49606 0.519 | 0.173 | 0.638 0.070 | 0.578 0.113 0.515 0.180 0.517 0.148
O (11, 16)(12,15)(13, 14) 6.332/7.4008.10718.6499.0959.475 49505 0.616 | 0.240 [0.749 | 0.188 | 0.683 0.188 0.627 0.271 0.621 0.239
A (11, 12)(13, 14)(15, 16))3.280|3.280|5.516|5.516 | 7.477 |7.477| 32.547| 0.488 | 0.325 | 0.819 | 0.121 | 0.653 0.208 0.485 0.324 0.487 0.162
B |(11,12)(13, 15)(14, 16)[3.280|3.280|6.202|6.202 |6.794 |6.794| 32.553 | 0.373 | 0.373 | 0.573 | 0.382 | 0.473 0.278 0.239 0.319 0.306 0.102
C (11,12)(13,16)(14, 15),3.280|3.280|6.202|6.202 | 6.794 |6.794| 32.553| 0.373 | 0.373 [ 0.573 | 0.382 | 0.473 0.278 0.239 0.319 0.306 0.102




D (11, 13)(12, 14)(15, 16)4.058(4.058|4.743|4.743 [ 7.477 | 7.477| 32.556 | 0.239 0.319 [ 0.509 0.339 [ 0.374 0.036 0.357 0.357 0.298 0.099

E [(12,13)(12, 15)(14, 16)4.058|4.720|4.743]|6.202 | 6.043 |6.794 | 32.561 | 0.239 | 0.319 | 0.392 0.392 | 0.315 0.105 0.240 0.320 0.239 0.160

F 101, 13)(12,16)(14, 15)4.058]4.720|4.743]6.202 |6.794 |6.043| 32.561| 0.239 | 0.319 | 0.396 0.396 [ 0.317 0.106 0.244 0.325 0.241 0.161

G [(12,14)(12, 13)(I5, 16)|4.058|4.058|4.743|4.743 | 7.477 | 7.477| 32.556 | 0.239 [ 0.319 | 0.509 0.339 | 0.374 0.036 0.357 0.357 0.298 0.099

H (12, 14)(12, 15)(13, 16)[4.058[4.720(6.202|4.743 | 6.043 |6.794 | 32.561 | 0.235 0.314 | 0.387 0.387 0.311 0.104 0.235 0.314 0.235 0.157

I (11, 14)(12, 16)(13, 15)|4.058|4.720(6.202|4.743 |6.794 [6.043| 32.561| 0.235 | 0.314 | 0.520 0.520 | 0.378 0.143 0.368 0.491 0.302 0.201

J (11, 15)(12,13)(14, 16){4.720[4.058|4.743 | 6.202 | 6.043 |6.794 | 32.561 [ 0.243 0.324 | 0.381 0.381 0.312 0.104 0.240 0.320 0.241 0.161

K [(12, 15)(12, 14)(13, 16) 4.720]|4.058|6.202| 4.743 | 6.043 | 6.794 | 32.561 | 0.239 | 0.319 | 0.377 0.377 | 0.308 0.103 0.235 0.314 0.237 0.158

L (11, 15)(12,16)(13, 14)4.720[4.720(|5.516|5.516 [6.043 [6.043| 32.559| 0.354 | 0.354 | 0.509 0.339 [ 0.431 0.199 0.368 0.368 0.361 0.251

M |(11,16)(12, 13)(14, 15)4.720(4.058(4.743|6.202 |6.794 |6.043| 32.561 | 0.243 | 0.324 | 0.385 0.385 | 0.314 0.105 0.244 0.325 0.243 0.162

N (11, 16)(12, 14)(13, 15§ 4.720[4.058|6.202|4.743 |6.794 |6.043| 32.561| 0.239 | 0.319 | 0.381 0.381 [ 0.310 0.103 0.239 0.319 0.239 0.160

O |(11,16)(12, 15)(13, 14) 4.720|4.720|5.516 | 5.516 |6.043 |6.043| 32.559 | 0.354 | 0.354 | 0.509 0.339 | 0.431 0.199 0.368 0.368 0.361 0.251

Table A3
Assign [Pair 1 Pair 2 Pair3| vi | v2 | v3 [ v4 | V5 | V6 am Meanl JAVDEVL MeanB AVDEVB MEAN AVDEVM MeanB1l AVDEVB1 MEAN1 |JAVDEVM1
m=

16.28|17.75|26.04(27.51

A (12, 12)(13, 14)(15,16)6.473|7.969| 6 4 9 3 | 102.045| 1.647 | 1182 | 2.644 | 0791 | 2.145 0.565 1.737 1.158 1.692 0.591
17.88|22.79|20.84(25.73

B (11, 12)(13,15)(14, 16)6.473|7.969| 2 0 4 8 |101.695| 1.662 | 0.669 | 2.058 | 0.472 | 1.860 0.479 1.151 0.767 1.407 0.427
19.41|21.16|22.63(23.90

C _|(11,12)(13,16)(14,15)6.473|7.969| 9 9 5 8 |101.573|1.956 | 0.976 | 2.346 | 0.732 | 2.151 0.557 1.439 0.959 1.697 0.635
12.94|11.00|15.93(26.04 |27.51

D |(11,13)(12,14)(15,16)7.917| & 8 8 9 3 [101.371| 1.082 | 0.721 | 2.017 0.466 | 1.549 0.285 1.682 0.684 1.382 0.315
14.42|11.00{22.79(18.98(25.73

E [(11,13)(12,15)(14,16)7.917| 1 8 0 4 8 |100.857 | 1.375 | 0470 | 1.720 | 0.207 | 1.547 0.332 1.385 0.462 1.380 0.340
15.83|11.00{21.16(22.63|22.01

F [(11,13)(12,16)(14,15)7.917| 4 8 9 5 6 |100.579| 1.688 [ 0.701 | 2.006 | 0.470 | 1.847 0.532 1.671 0.719 1.679 0.670
11.39|12.86|14.02(26.04 |27.51

G |11, 14)(12,13)(15, 16)9.256| 5 9 9 9 3 |[101.110| 1.356 | 0.936 | 2.307 0.742 | 1.832 0.534 1.969 0.967 1.663 0.615
14.42|19.41|14.02(18.9823.90

H |11, 14)(12,15)(13, 16]9.256| 1 9 9 4 8 |[100.016 | 1.379 | 0.499 | 1.702 0.252 | 1.540 0.370 1.364 0.463 1.371 0.364
15.83|17.88|14.02(20.84|22.01

I l011,14)(12,16)(13,15)9.256 4 2 9 4 6 | 99.860 | 1.398 [ 0.512 | 2.270 | 0915 | 1.834 0.557 1.932 1.038 1.665 0.678
10.51(11.39|12.86(22.79(17.04|25.73

J (12, 15)(12,13)(14,16) 5 5 9 0 2 8 |100.348| 1.647 | 0.731 | 2.006 | 0.485 | 1.827 0.546 1.666 0.706 1.657 0.653

K [(11,15)(12, 14)(13,16)10.51|12.94]|19.41|15.93|17.04[23.90 [ 99.768 | 1.377 | 0.519 | 1.699 | 0.249 | 1.538 0.368 1.358 0.486 1.368 0.378




5 [ 6 9 8 2 | 8

10.51|15.83(16.28{17.75(17.04]22.01

L |14,15)12,16)13,14) 5 | 4 6 | 4 2 | 6 | 99.448 | 1.674| 0742 |1.986 | 049 | 1.830 | 0575 1.645 0.754 1.659 0.691
11.71[11.39{12.86(21.16(22.63[20.05

M |(I1L,16)(12,13)(14,15] 4 | 5 9 9 5 | 1 | 99.833|1.995| 0947 |2290| 0753 | 2.142| o0.559 1.949 0.981 1.972 0.787
11.71{12.94{17.88{15.93{20.84]20.05

N [01,16)12,14)13,15) 4 | 6 2 8 | 4| 1 | 993751431 | 0477 |1.694 | 0246 | 1.562| 0.338 1.352 0.502 1.392 0.401
11.71|14.42{16.28|17.75]18.98[20.05

O |ay18)(12,15)03,14) 4 | 1 6 | 4 | 4| 1 | 9.210]|1708| 0705 |1.983| 0501 | 1.846| 0.549 1.641 0.750 1.675 0.666
14.62|14.62

A 02,12)03,14)(15, 16) 4.874]4.874|9.747]9.747] 1 | 1 | 58.482 | 1.082 | 0722 |1.801 | 0.048 | 1.442 | 0.377 1.177 0.784 1.129 0.389
11.39]11.39]12.86[12.86

B (11, 12)(13,15)(14, 16)4.874]4.874] 5 5 9 | 9 | 58274 |0825| 0825 |1.209| 0806 |1.017| 0.480 | 0.585 0.780 0.705 0.235
11.39]11.39]12.86[12.86

C  (11,12)(13,16)(14, 15) 4.874|4.874] 5 5 9 | 9 | 58274 |0825| 0825 |1.209| 0806 |1.017| 0.480 | 0.585 0.780 0.705 0.235
14.62|14.62

D |(11,13)12, 14)(5,16)6.473|6.473|7.969|7.969| 1 | 1 | 58.126 | 0.537 | 0.716 |1.179 | 0786 | 0.858| 0065 | 0.851 0.851 0.694 0.231
11.39[11.00{12.86

E |(11,13)(12, 15)(14, 16)6.473|7.917|7.969| 5 8 | 9 | 57631 |0602| 0803 |0835 | 0835 |0719| 0240 | 0507 0.676 0.555 0.370
11.39]12.86[11.00

F |(11,13)(12,16)(14, 15)6.473|7.917|7.969| 5 9 | 8 | 57631 |0602| 0803 |0869| 0869 |0736| 0245 | 0541 0.722 0.572 0.381
14.62|14.62

G |11, 14)(12,13)(15, 16)6.473|6.473|7.969(7.969] 1 | 1 | 58.126 [ 0537 | 0746 | 1179 | 0786 | 0.858 | 0.065 | 0.851 0.851 0.694 0.231
11.39 11.00[12.86

H |(1,14)12,15)(3,16)6.473|7.917| 5 |7.969| 8 | 9 | 57.631 |0.551 | 0734 |0.879 | 0879 | 0.715| 0238 | 0551 0.734 0.551 0.367
11.39 12.86(11.00

I a1, 14)02,16)(13,15)6.473[7.917| 5 [7.969] 9 | 8 | 57.631 [ 0551 | 0734 |1.209 | 1.209 | 0.880 | 0.346 0.881 1.175 0.716 0.477
11.39]11.00[12.86

J (1L, 15)(12, 13)(14, 16} 7.917|6.473]|7.969| 5 8 | 9 | 57631 |0588| 0784 |0.842 | 0842 |o0.715| 0.238 | 0.507 0.676 0.548 0.365
11.39 11.00[12.86

K |01, 15)(12,14)(13,16)7.917|6.473]| 5 |7.969] 8 | 9 | 57631 | 0537 | 0716 |o0.885 | 0.885 | 0.711| 0237 | 0551 0.734 0.544 0.363
11.00{11.00

L (11, 15)(12,16)(13,14)7.917|7.917|9.747|9.747| 8 | 8 | 57.344 [0.859 | 0.850 |[1.168 | 0779 | 1.014| 0466 | 0.833 0.833 0.846 0.606
11.39]12.86{11.00

M |11, 16)(12,13)(14, 15) 7.917|6.473|7.969| 5 9 | 8 | 57631 ]|0588| 0784 |0876| 0876 |0.732| 0244 | 0541 0.722 0.565 0.376
11.39 12.86(11.00

N |(11,16)(12,14((13,15)7.917|6.473| 5 |7.969| 9 | 8 | 57.631 | 0.537 | 0716 |0.919 | 0919 | 0.728 | 0245 | 0585 0.780 0.561 0.374
11.00(11.00

O |11,16)(12,15)(13,14) 7.917|7.917(9.747|9.747| 8 | 8 | 57.344 | 0.859 | 0.859 |1.168 | 0779 | 1.014| 0466 | 0.833 0.833 0.846 0.606




Table A4

Assgn Pair 1 [Pair2|Pair3| V1 | V2 [ V3 | v4 [ V5 | V6 | Sm MeanL AVDEVL MeanB AVDEVB MEAN AVDEVM eanBl AVDEVB1 MEAN1 AVDEVM1
rri1= 1.25

10.32|13.39|32.71|36.44 |58.84 |63.01

A |(11,12)(13,14)(15,16) 5 0 8 5 8 3 |4.73]|3.920 | 2935 [6.306 | 1.760 | 5.113 1.138 4.577 3.051 4.248 1.658
10.32|13.39|36.77|49.79 |44.53 |57.97

B (11, 12)(13,15)(14,16)] 5 0 3 4 7 1 |212.788] 4.062 1.746 | 4.805 0.659 | 4.434 0.884 3.076 2.051 3.569 1.156
10.32|13.39|40.7645.40 |49.37 |52.86

C (14, 12)(13,16)(14,15)] 5 0 5 8 2 5 |212.124 4911 | 2465 | 5557 | 1.409 | 5.234 1.300 3.828 2.552 4.370 1.954
13.28|24.55|20.05|31.84 |58.84 (63.01

D (11, 13)(12,14)(I5,16) © 7 0 6 8 3 [211.594 2.555 1.703 | 5.042 1.478 | 3.799 0.794 4.298 2.106 3.427 0.896
13.28|28.10|20.0549.79 | 39.62 |57.97

E [(112,13)(12,15)(14,16)] o 3 0 4 6 1 |208.823 3.437 | 1.337 | 4.242 | 0.661 | 3.840 0.968 3.499 1.347 3.468 1.047
13.28|31.58|20.05|45.40 |49.37 | 47.68

F 01,13)(12,16)(14,15) © 6 0 8 2 8 |207.385 4.371 | 1.975 |[4.993 | 1.412 | 4.682 1.667 4.249 2.103 4.310 2.039
16.14|20.93|24.37|27.15 |58.84 |63.01

G 11,14)12,13)(15,16) 4 6 4 0 8 3 |210.464 3242 | 2311 |5.678 | 1.889 | 4.460 1.190 4.875 2.480 4.059 1.493
16.14(28.10|40.76|27.15 | 39.62 | 52.86

H (11, 14)(12,15)(13,16) 4 3 5 0 6 5 |204.652 3.498 | 1.406 | 4.232 | 0.765 | 3.865 1.086 3.430 1.332 3.464 1.073
16.14|31.58|36.77|27.15 |44.53 47.68

| |01, 14)02,16)(13,15) 4 6 3 0 7 8 |203.877| 3.582 | 1.457 |[5.622 | 2.259 | 4.602 1.545 4.819 2.704 4.201 1.895
18.93|20.93|24.37|49.79 | 34.62 | 57.97

J (14, 15)(12,13)(14,16) 6 6 4 4 6 1 [206.635 4.124 | 2.005 | 4.876 | 1.043 [ 4.500 1.348 4.025 1.753 4.074 1.589
18.93|24.55|40.76|31.84 | 34.62 |52.86

K (11, 15)(12, 14)(13,16) 6 7 5 6 6 5 |203.594) 3.497 | 1.420 |[4.231 | 0.762 | 3.864 1.083 3.380 1.322 3.439 1.019
18.93|31.58(32.71|36.44 | 34.62 | 47.68

L |14, 15)(12,16)(13,14) 6 6 8 5 6 8 |201.998 4.322 | 2.059 |[4.930 | 1.306 | 4.626 1.582 4.079 1.988 4.201 1.866
21.67[20.93|24.37(45.40 | 49.37 |42.43

M |(11,16)(12,13)(14,15) © 6 4 8 2 0 |204.189 5181 | 2512 [5.626 | 1753 | 5.403 1.378 4.734 2.381 4.957 1.973
21.67|24.55|36.77|31.84 [44.53 [42.43

N (11, 16)(12,14)(13,15) © 7 3 6 7 0 |201.812 3.705 | 1.288 | 4.229 | 0.758 | 3.967 0.994 3.336 1.313 3.521 1.015
21.67(28.10|32.71(36.44 |39.62 |42.43

O [11,18)(12,15)(13,14) o 3 8 5 6 0 |200.991) 4445 | 1.933 |[4.929 | 1303 | 4.687 1.498 4.037 1.944 4.241 1.738
17.22|17.22 [28.58 | 28.58

A [(11,12)(13,14)(15,16)7.241(7.241| 2 2 9 9 | .06.10| 2.266 | 1.510 |[3.780 | 0.325 | 3.023 0.610 2.683 1.789 2.474 0.866
20.93|20.93 | 24.37 | 24.37

B (11, 12)(13,15)(14, 16)7.241(7.241]| 6 6 4 4 [105.101) 1.731 | 1.731 [2.437 | 1625 | 2.084 0.770 1.339 1.786 1.535 0.512




20.93|20.93 |24.37 (24.37
C [(11,12)(13,16)(14,15)7.241{7.241] 6 6 4 4 |105.101) 1.731 | 1.731 [2.437 | 1625 | 2.084 0.770 1.339 1.786 1.535 0.512
10.32{10.32|13.39|13.39 | 28.58 | 28.58
D (11, 13)(12,14)(I15,16) 5 5 0 0 9 9 |104.608 1.131 | 1.508 | 2.586 | 1.724 | 1.859 0.232 1.919 1.919 1.525 0.524
10.32|13.28|13.3920.93 | 20.05 (24.37
E 1(12,13)(12,15)(14,16) 5 0 0 6 0 4 1102.354 1.423 1.898 | 1.673 1.673 1.548 0.542 1.007 1.342 1.215 0.810
10.32|13.28|13.39/20.93 | 24.37 | 20.05
F_[(12,13)(12,16)(14,15) 5 0 0 6 4 0 |102.354] 1.423 | 1.898 | 1.799 | 1799 | 1.611 0.560 1.133 1.510 1.278 0.852
10.32|10.32|13.39(13.39 | 28.58 (28.58
G (14, 14)12,13)(15,16), 5 5 0 0 9 9 |104.608 1.131 1.508 | 2.586 1.724 1.859 0.232 1.919 1.919 1.525 0.524
10.32|13.28|20.93|13.39 | 20.05 | 24.37
H  [(11,14)(12,15)(13,16) 5 0 6 0 0 4 1102.354] 1.213 | 1.617 | 1.880 | 1.880 | 1.546 0.561 1.213 1.617 1.213 0.809
10.32|13.28|20.93|13.39 | 24.37 20.05
I (11,14)(12,16)(13,15)] 5 0 6 0 4 0 [102.354 1.213 1.617 | 2.645 2.645 | 1.929 0.793 1.978 2.638 1.596 1.103
13.28|10.32|13.3920.93 | 20.05 (24.37
J [(11,15)(12,13)(14,16) © 5 0 6 0 4 |102.354) 1.341 | 1.789 | 1.750 | 1.750 | 1.546 0.539 1.007 1.342 1.174 0.783
13.2810.32|20.93|13.39 | 20.05 (24.37
K (14, 15)(12, 14)(13,16)] 0 5 6 0 0 4 [102.354 1.131 1.508 | 1.957 1.957 | 1.544 0.559 1.213 1.617 1.172 0.781
13.28|13.28|17.22|17.22 | 20.05 |20.05
L [13,15)(12,16)(13,14) o 0 2 2 0 0 |101.106] 1.958 | 1.958 | 2.514 | 1.676 | 2.236 1.025 1.770 1.770 1.864 1.372
13.2810.32|13.3920.93 | 24.37 20.05
M (14, 16)(12,13)(14,15)] © 5 0 6 4 0 [102.354 1.341 1.789 | 1.877 1.877 | 1.609 0.559 1.133 1510 1.237 0.825
13.28|10.32|20.93|13.39 | 24.37 (20.05
N (14, 16)(12,14)(13,15) © 5 6 0 4 0 |102.354 1.131 | 1.508 | 2.083 | 2.083 | 1.607 0.579 1.339 1.786 1.235 0.824
13.28|13.28|17.22|17.22 | 20.05 |20.05
O |(14,16)(12,15)(13,14) o0 0 2 2 0 0 |101.106| 1.958 1.958 | 2.514 1.676 2.236 1.025 1.770 1.770 1.864 1.372
Table A5
Assign Pair 1 Pair 2Pair3| V1 [ v2 [ v3 | V4 V5 V6 Sm  |MeanL |AVDEVL MeanB AVDEVB MEAN AVDEVM MeanB1 AVDEVB1 MEAN1 AVDEVM1
ni]: 2.25
66.834106:79532.85 . . (1532.921733.67 4620.05 |101.51
A (11, 12013, 1415, 16 5 5 6 8 3 6 88.747 |186.846| 105.236 [144.181| 57.986 |169.288| 122.795 |135.402| 66.766
66.834106-7657.57/1134.78 . o, 11492.07 4386.23 |122.51
B (11, 12(13, 15(14, 16 5 7 4 1 2 2 68.905 [134.633] 57.942 [128.572| 53.735 |117.074| 78.050 |119.793| 62.514
66.834106.70 79161, - ]1117.531263.8¢ 4307.83 |164.53
C (11, 12013, 16(14, 15 5 1 1 3 2 5 107.814 [159.469 79.674 [162.002] 93.744 [141.910| 97.232 [153.223| 102.523
105.14317.99220.71f .\ -11532.921733.67 4417.94
D |(11,13(12,14(5,14 © 2 1 6 8 2 60.678| 45.919 [163.637| 109.926 [112.157] 41.714 |150.234| 118.861 |105.456| 48.415




105.14405.27220.71/1134.78 1492.02 4110.17 |108.30
E [(11,13(12,159(14,1§ © 3 1 4 |752241 0 2 67.041 [128.315] 59.621 [118.309] 55.798 |114.913| 73.023 |111.607| 60.265
105.14500.13220.711 . - [1117.531049.89 3954.66 |156.68
F |12, 13(12,16(14,19 © 2 1 ' 1 5 9 9 [110.947 |152.690| 81.497 [154.690| 96.222 [139.288| 94.899 [147.988( 102.923
149.41238.5§313.65 0 00[1532.921733.67 4349.12
G [(12,14012,13(15,14 7 9 9 ) 6 8 1 79.157| 62.590 |173.167| 103.573 [126.162| 37.148 |154.355| 116.114 |116.756| 44.776
149.43405.27179L.61 0 oo o) 5 ,,[1263.88 3743.30 |112.57
H |(12,14(12,15(13,14 7 3 1 ' ' 3 7 7 64.391 [125.782| 44.280 [119.180| 50.808 |106.971| 63.091 |109.774| 56.878
149.41500.13657.57) .0 ool 0 5141049.89 3666.20 |118.94
I ]11,14(2,169(13,14 7 2 7 ) ) 5 6 1 62.727 [161.854] 77.852 |140.398 68.998 |143.043| 96.664 [130.992| 78.403
199.11238.5§313.65(1134.78_ | /. 11492.07 3968.22 |126.18
J (12,1502, 13(14,16 8 9 9 4 ' 1 8 0 81.490 [137.241] 45.740 [131.710| 50.187 |112.693| 65.143 |119.436| 50.699
199.13317.9079L.61 - |0 1011263.88 3670.18 |111.97
K J(14,15012,14(3,14 8 2 1 ' ' 3 7 5 64.616 |125.178] 40.434 [118.577| 51.049 |100.630| 57.612 |106.303| 47.183
199.11500.13532.85(c - (oloq 0g41049-88 3519.13 |144.96
L [a2,15(12,16(13,14 8 2 5 5 4 7 85.154 [141.609] 46.929 [143.288| 62.313 |117.061| 68.874 |131.014| 70.776
253.84238.55313.65 1 570|1117.53g- ) 7 3735.60 [181.09
M (11, 16(12,13(14,1§ 5 9 9 1 8 8 96.809 |161.057| 67.884 [171.077| 74.733 |130.492| 81.270 |155.795| 78.286
253.89317.91/657.57 3515.96 (124.87
N [(12,16(12,14(13,19 5 2 7 [P07:577/928.313850.758 8 1 54.127 [124.158] 38.082 [124.514| 46.104 | 93.593| 48.903 |109.232| 39.138
253.83405.27532.85 3442.01 (151.49
O la1,16012,15(13,14 5 | 3 | 5 [047.057752.241850.753 ¢ 9 | 78.306 [141.050 47.197 |146.275 58.027 |110.485| 63.125 |130.992| 58.314
167.86 1242.29
A (11,12(13, 14(15,1635.28935.289 6 |167.866/417.992417.992 5 34.079| 24.410 [62.980| 27.569 |48.529| 14.023 | 55.165| 36.777 | 44.622 | 19.233
238.55] 1175.01
B [(11,12(13,15(14, 16§35.28435.289 9 [238.559313.659313.65¢ 4 27.903| 27.903 [35.088| 31.155 |31.496| 13.166 | 27.273| 36.365 | 27.588 | 17.074
238.55 1175.01
C (11,12(13,16(14,1935.28935.289 9 [238.559/313.659313.659 4 27.903| 27.903 [35.088| 31.155 |31.496| 13.166 | 27.273| 36.365 | 27.588 | 17.074
106.70 1183.05
D |[(11,13(12, 14(15, 1666.83966.833 5 |106.705/417.992417.992 9 16.578| 22.104 |48.429| 37.914 |32.503| 13.109 | 40.035| 42.865 | 28.306 | 16.665
105.14106.70) 1051.60
E [(11,13(12,15(14,1666.833 0 5 [238.559220.711{313.65¢ 6 32.880| 43.840 [20.035| 20.035 |26.458| 15.242 | 11.642| 15522 | 22261 | 18.040
105.14106.70) 1051.60
F [(12,13(12,16(14,1966.833 © 5 [238.559313.659220.711 6 32.880| 43.840 [25.433| 25.433 |29.157| 15506 | 17.039| 22.719 | 24.960 | 19.703
106.70 1183.05
G |(11,14(12,13(15, 1666.83966.833 5 [106.705/417.992417.992 9 16.578| 22.104 |48.429| 37.914 |32.503| 13.109 | 40.035| 42.865 | 28.306 | 16.665
105.14238.55] 1051.60
H |(11,14(12,19(13,1666.833 0 9 |106.705(220.711)313.659 6 21.876| 29.168 |30.269| 30.269 [26.073| 13.601 | 21.876| 29.168 | 21.876 [ 16.399
I |11, 14(12, 16(13, 15966.833 105.14 238.55/106.705|313.659220.711 1051.60 |21.876| 29.168 |45.861| 45.861 [33.868| 19.000 | 37.467| 49.956 | 29.671 | 23.287




0 9 6

105.14 106.70 1051.60

J (14, 15(12,13(14,1§ 0 ([66.833 5 [238.559220.711313.659 6 27.582| 36.777 |25.044( 25.044 |26.313| 14.672 11.642 | 15.522 19.612 14.508
105.14 238.55 1051.60

K 114, 1502,14(3,1d 0 [66.833 9 |106.705/220.711313.659 6 16.578| 22.104 |35.278| 35.278 |25.928| 13.159 21.876| 29.168 19.227 12.867
105.14105.14167.86}

L [(11,15(12,16(13,14 o0 0 6 |167.866|220.711220.711 987.434 [39.056| 39.056 |40.174| 27.405 |39.615| 20.025 26.772| 26.772 32.914 26.529
105.14 106.70 1051.60

M (11,16(12,13(14,14 0 |66.833 5 [238.559/313.659220.711 6 27.582| 36.777 |30.442| 30.442 ([29.012| 14.084 17.039 | 22.719 22.311 17.054
105.14 238.55 1051.60

N |(11,16(12,14(3,19 0 [66.833 9 |106.705313.659220.711 6 16.578| 22.104 [40.676| 40.676 |28.627( 12.700 27.273| 36.365 21.926 15.541
105.14105.14167.86]

O |((I11,16(12,15(13,14 o 0 6 |167.866|220.711220.711 987.434 [39.056| 39.056 |40.174| 27.405 |39.615| 20.025 26.772| 26.772 32.914 26.529




Table B1 stages a gender - differentiated Economy | with an unbaanced digtribution of income
between the two groups dlowed to match —on average, odd individuals have lower income than even
ones. Cdculdions reative to the margina benefit (caculated dlowing the pairs to remain single and
income of pair to be 0) are reported for totd individuds (MeanB and AVDEVB. Also the minimum,
MinB, and the difference MeanB-MinB; these were hypothetical proxies for prices and distance to be
minimized, but turned out to be less rdevant than the two other measures), for odd individuds
(MeanBOd and AVDEVBOD; MinBOD and MeanBOd-MinBOd), and even ones (MeanBEven and
AVDEVBEv; MinE and MeanBEven-MinE).

One can gppreciate that equdization of the marginad benefit, computed not dlowing mating
within each group, and to loose different prices for the two groups does not lead to the same choice
aways— i.e, the minimum of column AVDEVBOD differs from that of column AVDEVBEV in some
cases. If one computes the margind benefit as if one could mate own group, then the adequate vaues
are those of Tables Al to A5 but relevant only for pairs A, C, G, H, M, O — where the rule of
equdization of the margind benefit would dso seem to vaidate the optima assgnment, as noted.

The firgt shaded column of Table B1 regigers the mean of the difference between margind
benefit of odd and even individuas in each pair — the expected differentid in prices. In generd, (except
for m= 2.25, which would not be expected), the minimum absolute vaue of such magnitudes coincides
with the optimum assgnment. Interestingly, the minimum absolute deviation of the margind benefit over
individuds of the lower income (AVDEVBOD) aso does.

The second shaded column reports the average between AVDEVBEvV and AVDEVBOd: the
minimum would equaize margina benefit to (different...) prices in the two groups. For m = 1.25, the

minimization of such criterion does not point to the optima assgnment; therefore, a third shaded
column reports an average of the previous shaded columns.

The lagt two columns report the difference in the minimum margina benefit of Odd and Even
individuas (another proxy for the first shaded column vaues, it performs very poorly), and the last one
of the average of the difference between Mean and Minimum of Odd and Even (a proxy for the role of
the mean of AVDEVBEv and AVDEVBOd.)






TableB1

Yoair 1 [Pair 2 Jpaira| vi | v2 | va | va | vs | v6 | sm |Meand AvDE| MinB | Mean-|eanBodvDEVE| MinO | Mean [V SEEY CVDBE MinE | Mean '\E"Ve;r;( MeanAl AVER| MinO- mles)”(
los

01, 12J3, 14§(15, 16] 1.595 | 1.680| 2.009| 2.053 | 2.259 | 2.290 |11.886] 0.131] 0.049| 0.078 | 0.053| 0.157 | 0.081 | 0.078| 0.079 | 0.104 | 0.017 | 0.079 | 0.025] 0.053 | 0.049 | 0.051 | -0.001] 0.052
>0, 12003, 16]14, 15] 1.595 | 1.680] 2.099| 2.145 | 2.181 | 2.211 |11.912] 0.128] 0.050| 0.090 | 0.037 | 0.154 | 0.083 | 0.090] 0.064| 0.101 | 0,009 | 0.092 | 0.009] 0.054 | 0.046 | 0.050 | 0.002| 0.036
sl01, 12)12, 13)(15, 16] 1.744 | 1.837| 1.894 1.935 | 2.259 | 2.290 |11.960] 0.117] 0.040| 0.074 | 0.042 | 0.130 | 0.034 | 0.078| 0.052 | 0.103 | 0.036 | 0.074 | 0.029] 0.026 | 0.035 | 0.031 | 0.004 | 0.041
(1, 12)12, 15]13, 16] 1.744 | 1.949] 2.099| 1.935 | 2.087 | 2.211 |12.026] 0.107] 0.020| 0.074 | 0.032] 0.120 | 0.020 | 0.090] 0.029 | 0.094 | 0.013 | 0.074 | 0.019] 0.026 | 0.016 | 0.021 | 0.016 | 0.024
(11, 16)(12, 13](14, 15| 1.850 | 1.837| 1.894 2.145 | 2.181 | 2.116 |12.024| 0.111] 0.032| 0.056 | 0.055 | 0.121 | 0.028 | 0.094 | 0.027 | 0.102 | 0.037 | 0.056 | 0.046] 0.019 | 0.032 | 0.025 | 0.038 | 0.036
)11, 1612, 15]13, 14] 1.850 | 1.949 2.009 | 2.053 | 2.087 | 2.116 |12.064] 0.104| 0.016] 0.056 | 0.048 | 0.113 | 0,005 | 0.106 | 0,008 | 0.095 | 0.026 | 0.056 | 0.039 | 0,018 | 0.015 | 0,017 | 0.049 | 0.023
0.75

{01 12003, 12)15, 16] 4.058 | 4.743] 8.107 | 8.649 |11.530[12.013(49.101] 1.293] 0.205| 0.909 | 0.383 | 1.415 | 0.243 | 1.153| 0.262 | 1170 | 0.174 | 0.909 | 0.261] 0.244 | 0.208 | 0.226 | 0.244 | 0.261
211, 12)(13, 16](14, 15] 4.058 [ 4.743] 9.251 | 9.869 |10.377|10.812[49.110 1.278] 0.188] 0.909 | 0.369| 1.402 | 0.251 | 1.143| 0.258 | 1.155 | 0.164 | 0.909 | 0.246] 0.246 | 0.208 | 0.227 | 0.234 | 0.252
31, 1402, 13]15, 16] 5.306 | 6.202| 6.794] 7.249 |11.530[12.013(49.095] 1.243] 0.192| 0.801 | 0.442 | 1.333| 0.177 | 1.153] 0.180 | 1.154 | 0.235 | 0.801 | 0.352] 0.179 | 0.206 | 0.193 | 0.352 | 0.266
111, 12)(12, 15](13, 16] 5.306 | 7.400| 9.251 ] 7.249 | 9.095 [10.812]49.113| 1.200] 0.152] 0.801 | 0.399 | 1.288 | 0.123 | 1.143| 0.145| 1.112 | 0.207 | 0.801 | 0.311] 0.176 | 0.165 | 0.171 | 0.342 | 0.228
l01, 16)12, 13]014, 15] 6.332 | 6.202| 6.794 9.869 |10.377] 9.475 |49.050] 1.220] 0.226 0.737 | 0.484 | 1.302 | 0.197 | 1.025| 0.277 | 1.138 | 0.268 | 0.737 | 0.402] 0.164 | 0.233 | 0.198 | 0.289 | 0.339
)[(11, 16)(12, 15](13, 14] 6.332 [ 7.400| 8.107| 8.649 | 9.095 | 9.475 |49.059| 1.191] 0.207| 0.737 | 0.454 | 1.270| 0.163 | 1.025| 0.245 | 1.112 | 0.250 | 0.737 | 0.375] 0.158 | 0.207 | 0.183 | 0.289 | 0.310
1

(11, 12)(13, 14](15, 16] 6.473 | 7.969 | 16.286|17.754|26.049|27.513 102'04 3.267( 0,433 1.960 | 1.298 | 3.435| 0.025 | 3.414( 0.021 | 3.100 | 0.754 | 1.969 | 1.131| 0335 | 0390 | . | 1444 0576
{012, 12413, 16)(14, 15] 6.473 | 7.969 | 19.419|21.169 | 22.635| 23.908 10;'57 3.250( 0.466 | 1.969 | 1.280 | 3.419| 0.191 | 3.133| 0.286 | 3.080 | 0.741 | 1.969 | 1.111| 0339 | 0466 | ., | 1163 |0.699
|12, 14|12, 13)(15, 16] 9.256 |11.395/12.869|14.029 | 26.049| 27.513 10(1)‘11 3.187| 0.521 | 2.020 | 1.159 | 3.355| 0.382 | 2.783| 0.572 | 3.020 | 0.661 |2.029 | 0.991| 0335 | 0.521 | .| 0.754|0.782
2 .
|[012,14Y02,15J03, 16] 9.256 | 14.421{19.419(14.029 | 18.984] 23.908 102'01 3.135| 0,523 2.020 | 1.106 | 3.300| 0.456 | 2.783| 0.517 | 2971 | 0.628 2.029 | 0.942| 0329|0542 | .| 0.754(0.729
1[01, 1612, 13](14, 15| 11.714|11.395| 12.86921.169 | 22.635| 20.051[99.833] 3.145| 0.594 | 2.051 | 1.094 | 3.326 | 0.579 | 2.458| 0.868 | 2.964 | 0.609 | 2.051 | 0.913] 0.362 | 0.594 | 0.478 | 0.407 | 0.890
)[(11, 16)(12, 15](13, 14]11.714] 14.421] 16.286[ 17.754 | 18.984] 20.051] 99.210| 3.110] 0.599| 2.051 | 1.059| 3.286 | 0.552 | 2.458| 0.828 | 2.934 | 0,589 | 2.051 | 0.883] 0.352 | 0.571 | 0.461 | 0.407 | 0.856
1.25

(11, 12)(13, 14](15, 16]10.325|13.390| 32.718| 36.445 | 58.848| 63.013 21‘;'73 7.940| 1.835| 3999 | 3.941| 8.066 | 1126 | 6.377 | 1.689 | 7.814 | 2543 3.999 | 3.815( 0252 | 1.835 | , o | 2.377 2752
{012, 12|13, 16)(14, 15]10.325|13.390|40.76545.408 | 49.372|52.865 Zli'lz 7.928| 1.827 3.999 | 3.929| 8.057 | 1.126 | 6.377 [ 1.680 | 7.799 | 2.534 |3.999 | 3.800| 0.257 | 1.830 | | . | 2.377|2.740
|12, 14§12, 13)(15, 16]16.144|20.936| 24.374| 27.150 | 58.84863.013 212'46 7.765| 1.705| 4816 | 2.949| 8.027 | 1472 | 5.819| 2.208 | 7503 | 1.792 |4.816 | 2.687| 0524 | 1632 | , . | 1.003 | 2.448
2 .

([012,14)02, 15](13, 16]16.144] 28.103/40.765| 27.150 | 39.626{ 52.865 20‘21'65 7.732| 1.798| 4816 | 2.916| 7.991 | 1.448 | 5.819| 2.172 | 7473 | 1975 |4.816 | 2.657| 0518 | 1712 | | .| 1.003|2.414
|[(12,16)12, 13](14, 15]21.670| 20.936/24.374 45.408 | 49.372| 42.430 203'18 7.654| 1.511| 5354 | 2.300| 8.019| 1662 | 5.527 | 2.493 | 7.288 | 1.289 |5.354| 1.934| 0731 [ 1476 | [ 0.173|2.213
|12, 18)(12, 15](13, 14]21.670| 28.103) 32. 7181 36.445 | 39.626| 42.430 202'99 7.632| 1.616| 5354 [ 2.278| 7.992| 1.644 | 5.527 | 2.466 | 7272 | 1.348 |5.354 | 1.918| 0.720 [ 1496 | , , . | 0.173 [2.102
2.25
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The same caculations were repeated for unbalanced groups—i.e., 16 was discarded from the
economy. The same criteria proved useful in identifying the equilibrium. Additiondly, the margind
benefit from mating (joining with 12) of the singleton is dso reported (column MBOUY): it was expected
to be lower than the (average) margind benefit of matched odd individuds (than MeanBOd) — the
price of even consorts - in the (shaded) equilibrium. However, this rule should gpply to postive
assortative mating Stuations — when the cross derivative of the indirect utility function is pogtive -
reason why it did not work for the first case.

With negative assortative mating, high income individuals are left unmated. We then expect —
the cross-derivative of the indirect utility function is negative - thet it istheindividud that is mated with
the closest income to the lowest excluded income that is better-off than (has higher margina benefit
than he would have by) mating with the excluded one.






TableB2

Yoair 1 [Pair 2 Jpaira| vi | v2 | va | va | vs | sum [MBout|Meand AVDE| MinB | Mean-|eanBodvDEVE| MinO | Mean [V SEEY CVDBE MinE | Mean '\E"Ve;r;( MeanAl AVER| MinO- mles)”(
i10.25

J0L.12J03,14]05) | 1.595 | 1.680| 2.009| 2.053 | 1.968 | 9.305 | 0.119 | 0.157| 0.061] 0.115 | 0.042 | 0.197 | 0.082 | 0.115| 0.082 | 0.116 | 0.001 | 0.115 | 0,001 0.081 | 0.042 | 0.061 | 0.000 | 0.042
l01 2003) 14, 15] 1.595 | 1.680| 1.732| 2.445 | 2.181 | 9.333 | 0.162 | 0.145] 0.067] 0.092 | 0.053 | 0.186 | 0.093 | 0.094] 0.093 | 0.104 | 0.011 | 0.092 | 0.011| 0.083 | 0.052 | 0.067 | 0.002 | 0.052
l0L14)02,13]05) | 1.744 [ 1.837] 1.894] 1.935 | 1.968 | 9.379 | 0.119 | 0.136] 0.031] 0.074 | 0.061 | 0.156 | 0.006 | 0.149| 0.006 | 0.116 | 0.041 | 0.074 | 0.041] 0.040 | 0.024 | 0.032 | 0.075 | 0.024
02, 14)02, 15{03) | 1.744 | 1.949] 1.732| 1.935 | 2.087 | 9.448| 0.162 | 0.114] 0.021] 0.074 | 0.039 | 0.134 | 0.015 | 0.119] 0.015| 0,093 | 0.019 | 0.074 | 0.019| 0.041 | 0.017 | 0.029 ] 0.045 | 0.017
llan) |02,13]04, 15] 1.316 | 1.837| 1.894| 2.145 | 2.181 | 9.374 | 0.279 | 0.126] 0.033| 0.092 | 0.034 | 0.128 | 0.034 | 0.094| 0.034 | 0.125 | 0.032 | 0.092 | 0.032| 0.003 | 0.033 | 0.018 | 0.002 | 0.033
01 (12, 1513, 14] 1.316 | 1.949] 2.009| 2.053 | 2.087 | 9.414 | 0.279 | 0.116 ] 0.003] 0.111 | 0.004] 0.117 | 0.002 | 0.115] 0.002| 0.114 | 0.003 | 0.111 | 0.003| 0,003 | 0,003 | 0.003 | 0.003 | 0.003
0.75

{01 12003 14j05) | 4.058 | 4.743] 8.107| 8.649 | 7.622 [33.180] 1.473 | 1.350] 0.239] 0.909 | 0.441 | 1.546 | 0.233 | 1.313] 0.233| 1.155 | 0.246 | 0.909 | 0.246| 0.391 | 0.239 | 0.315 | 0.403 | 0.239
[0, 12003 |04, 15] 4.058 | 4.743 | 5.196 | 9.869 |10.377|34.244] 1.508 | 1.298] 0.240| 0.909 | 0.388 | 1.531 | 0.248 | 1.283| 0.248 | 1.065 | 0.155 | 0.909 | 0.155] 0.466 | 0.202 | 0.334 | 0.373 | 0.202
01 1af02,13J05) | 5.306 | 6.202] 6.794] 7.249 | 7.622 [33.174] 1.473 | 1.277] 0.252] 0.801 | 0.475 | 1.423| 0.175 | 1.248] 0.175| 1.130 | 0.329 | 0.801 | 0.329] 0.293 | 0.252 | 0.273| 0.447 | 0.252
111, 14)02,15]03) | 5.306 | 7.400| 5.196 | 7.249 | 9.095 |34.246| 1.508 | 1.180| 0.189| 0.801 | 0.379 | 1.360 | 0.112 | 1.248] 0.112| 1.000 | 0.198 | 0.801 | 0.198| 0.361 | 0.155 | 0.258 | 0.447 | 0.155
o) |02, 13J14,15] 2.280 | 6.202] 6.794] 9.869 [10.377|35.522] 1.779 | 1.390] 0.139] 1.220 | 0.170| 1.440 | 0.158 | 1.283] 0.158 | 1.339 | 0.120 | 1.220] 0.120] 0.101 | 0.139 | 0.120 | 0.063 | 0.139
[0 [02,15)03,14] 2.280 | 7.400 | 8.107| 8.649 | 9.095 [35.531] 1.779 | 1.346 | 0.091| 1.198 | 0.148 | 1.393 | 0.080 | 1.313] 0.080| 1.299 | 0.101 | 1.198 | 0.101] 0.093 | 0.091 | 0.092 | 0.114 | 0.091
1

{0 12003, 14)05) [ 6.473 | 7.969 | 16.286/17.754 | 15.000[63.483] 3.984 | 3.146| 0.589| 1.969 | 1.177 | 3.445 | 0.028 | 3.418| 0.028 | 2.847 | 0.878 | 1.969 | 0.878| 0.598 | 0.453 | 0.525 | 1.448 | 0.453
loz 203) 14,15] 6.473 | 7.969] 9.000 |21.169|22.635|67.247] 3.869 | 3.127] 0.579| 1.969 | 1.158 | 3.562 | 0.089 | 3.473] 0.089 | 2.692 | 0.723 | 1.969 | 0.723] 0.870 | 0.406 | 0.638 | 1.504 | 0.406
s0L,14)02,13]05) | 9.256 [11.39512.869]14.029 | 15.000[62.548] 3.984 | 3.026 | 0.621] 2.029 | 0.998 | 3.326 | 0.543 | 2.783| 0.543 | 2.727 | 0.698 | 2.029 | 0.698| 0.598 | 0.621 | 0.610 | 0.754 | 0.621
02, 14)02,15{03) | 9.256 |14.421] 9.000|14.029 | 18.984]65.689] 3.869 | 2.955] 0.550| 2.029 | 0.927 | 3.383 | 0.601 | 2.783] 0.601 | 2.527 | 0.499 | 2.029 | 0.499| 0.856 | 0.550 | 0.703 | 0.754 | 0.550
0D |12, 13]14, 15] 3.000 [11.39512.869]21.169 | 22.635|71.068| 3.473 | 3.500] 0.170] 3.415 | 0.075] 3.760 | 0.109 | 3.651| 0.109 | 3.420 | 0.005 | 3.415 | 0.005] 0.340 | 0.057 | 0.198 | 0.236 | 0.057
01 (12, 1513, 14] 3.000 |14.421]16.286]17.754 | 18.984] 70.446| 3.473 | 3.538] 0.316| 3.026 | 0.512 | 3.701 | 0.283 | 3.418] 0.283 | 3.376 | 0.350 | 3.026 | 0.350| 0,325 0.316 | 0.321 | 0.391 | 0.316
1.25

(11, 12)(13, 14](15) 122.39

‘ 10.325(13.390{32.718|36.445|29.520| 7 |10.106|7.004| 1.816 | 3.999 | 3.004 | 7.360 | 0.984 | 6.377| 0.984 | 6.647 | 2.648 |3.999 | 2.648| 0723 | 1.816 | 1.265 | 2.377 | 1.816
J1L12003) o415 134.08

: 10.325(13.390{15.588|45.408 |49.372| 3 | 8.785 | 7.271| 2.083| 3.999 | 3.272 | 8.061 | 1.685 | 6.377| 1.685 | 6.481 | 2.482 |3.999 | 2.482| 1.580 | 2.083 | 1.832 | 2.377 | 2.083
101, 14{02, 13)05) 118.12

; 16.144|20.936(24.374127.150|20.520] 3 |10.106] 6.741| 1.424| 4816 | 1.926 | 7.302| 1.483 | 5.819] 1.483| 6.181 | 1.365 | 4.816 | 1.365]| 1.121 | 1.424 | 1.273 ] 1.003 | 1.424
(11, 14)12, 15)(13) 126.61

| 16.144|28.10315.588|27.150|30.626] 1 | 8.785 | 6.977| 1.660| 4.816 | 2.161| 7.962| 2.144 | 5.819| 2.144| 5901 | 1.176 | 4.816 | 1176 1.971 | 1.660 | 1.815 | 1.003 | 1.660
10 |02,13)04, 15 144.03

| 3.948 |20.936|24.37445.408 |49.372| 8 | 6.377 | 8.760| 0.607| 7.546 | 1.214] 9.266 | 0.480 | 8.785 | 0.480| 8.255 | 0.709 | 7.546 | 0.709] 1.011 | 0.595 | 0.803 | 1.239 | 0.595
10 |a2,15)03, 14 140.83

) 3.948 |28.103/32.71836.445|39.626| 9 |6.377 |8.728| 0.972| 7.167 | 1.561| 9.225 | 0.881 | 8.344| 0.881| 8231 | 1.064 |7.167 | 1.064] 0.994 | 0.972 | 0.983 | 1.177 | 0.972
2.25

111200314009 106.70|532.85)647.05 | 442.79| 1796.2|309.44| 147.63 137.09 107.90

(12 12)03, 66833 5 | 5 | 7 | 8 | 5 | 3 | o |95.00850.362|97.318| 2 |82.104|54.988|82.104|158.268|107.906|50.362| 6 |21.17695.005|36.915| 4.626 |95.005
Iz 2y lats 106.70|140.29|961.27 | 1117.5|2392.6| 173.36| 196.21| 143.53 145.85|210.13|155.15 155.15 131.92 14353 14353
; 66833 5 | 6 | o | 3 | 3 | 3 | 3 | 8 [s0m62] 1 | o | 1 |sa0s8 1 |182287|131.92550.362] 5 |27.852] 8 |ss.605| 4626 s
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(11, 14§12, 13](15) 149.41)238.55|313.65(380.88 [442.79|1525.3|309.44(125.16 127.97 112.86
N ' 7 9 9 3 8 1 3 7 |27.441]82.585(42.583] 4 |45.389(82.585(45.389|122.361( 9.493 8 9.493 | 5.612 [27.441)16.527|-30.28427.441

(11, 14)(12, 15)(13) 149.411405.27[140.29|380.88 | 752.24/1828.1|173.36(167.90 196.01|113.42 113.42 112.86
' ' 7 3 6 3 1 1 3 2 |70.770[82.585(85.318| 4 9 182585 9 [139.791]26.923| 8 |26.923|56.223(70.176|63.199}-30.28470.176

10 |02, 13)04,15 238.55[313.65/961.27 |1117.52642.8 246.18 131.85]114.32(269.32 173.36 131.85
’ ' 7111.845| 9 9 0 3 6 |54.988] 0 ]93.57Y 4 6 6 [95.964] 3 [95.964|223.033(91.179| 4 [91.179|46.293]|93.571(69.932|41.508|93.571

11 |02, 15)013, 14 405.27(532.85|647.05 [ 752.24|2349.2 240.38 166.71 264.32 219.19 166.71
’ ' 111.845] 3 5 7 1 7 |54.988 2 [47.427] 4 |73.668] O [45.124| 6 |45.124(216.444]|49.730| 4 |49.730|47.876(47.427|47.651|52.482(47.427







