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Abstract

This paper studies the role of contested ownership in a situation
where two players have to make a person- and asset-specific invest-
ment, and when no complete contracts can be written. It compares
contested ownership to the various ex ante ownership structures typ-
ically discussed in the literature (following the influential work by
Grossman, Hart, and Moore). The paper shows that contested own-
ership mitigates the inefficiency of investments due to the incomplete-
ness of contracts generating an exchange surplus which comes closer
to the first-best surplus as compared to any other ex ante distribution
of ownership. For example, if the contest is perfectly discriminatory,
each player makes a transaction-specific investment as if he or she
owns the asset.

Keywords: Incomplete Contracts, Contests, Bargaining, Theory of the
Firm.
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1 Introduction

This paper studies the role of contested ownership in a situation where two
players have to make a person- and asset-specific investment in human capi-
tal, and when no complete contracts can be written. Following the influential
work by Grossman, Hart, and Moore (GHM),1 ownership over an asset is de-
fined as having the residual control right over this asset which gives the
owner the right to exclude the other player from using the asset. The setup
is similar to the one used in Hart (1995): At t = 0, a team of two players
simultaneously choose their respective transaction-specific investment levels.
At t = 1, production takes place and the team surplus is divided up ac-
cording to the Nash bargaining solution where the bargaining disagreement
points depend on the ownership structure agreed on in an initial (incomplete)
contract in period t = 0. GHM show that this ownership structure matters
because it gives players stronger or weaker incentives to make transaction-
specific investments (hold-up problem). For example, they recommend that
if one player is ”relatively unproductive” then the other player should be the
owner of all the assets (integration). Contrary to GHM, this paper suggests
that players should not sign a contract which distributes residual control
rights in period t = 0. Instead, players should leave ownership over an asset
unspecified (disorder) and they should specify ownership only ex post by a
contest in case contract (re)negotiations fail. The paper shows that unspeci-
fied but potentially contested ownership may give players a stronger incentive
to make transaction-specific investments as compared to any possible ex ante
distribution of ownership typically discussed following GHM. If the contest
is perfectly discriminatory, the result is general and holds for any specifica-
tion of the skill technology. If the contest is imperfectly discriminatory, then
the result is less general but still holds in important cases. For example, if
one player is ”relatively unproductive” or if skill technologies are sufficiently
symmetric contested ownership always produces a higher surplus. In the lat-
ter case, this paper complements GHM because for a sufficiently symmetric
skill technology, GHM do not produce a clear prediction of who should own
the asset. In the former case, the paper contradicts GHM because it suggests
that not distributing residual control rights produces a higher surplus than
any ex ante distribution of ownership rights.

1See the two influential articles Grossman and Hart (1986), and Hart and Moore (1990).
For a comprehensive discussion of this approach see the book Hart (1995).
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In GHM, ex-ante ownership leads to the bargaining disagreement points
where one or the other player has access to an asset (deterministic owner-
ship), or each player has access to an asset with some probability (random
ownership). Similar to random ownership, with contested ownership each
player has access to the asset with some probability since players win the
contest with some probability. But unlike the probability with random own-
ership, the probability of winning a contest is a strategic variable and it
is determined non-cooperatively when players make their asset-specific hu-
man capital investment in period t = 0. Thus, all what this paper does in
comparison to GHM is to change the bargaining disagreement points when
bargaining over the team surplus by introducing a contest as an alternative
way of ownership determination.

The economic intuition for this result is that asset-specific investments
partially serve as a commitment device to be a strong contestant in case
contract (re)negotiations fail and ownership is determined by a contest. Each
players’ valuation of the contested asset increases in each players’ respective
investment, and a higher valuation means that players will spend a higher
contest effort, should a contest occur. Although a contest never happens in
equilibrium, players are forced to make those investments in order to render
their respective threats to contest forcefully credible.

Consider the following situation: There are two electrical engineers sup-
plying their labor and skills to a joint start up company. For example, their
objective is to develop and sell an electronic device, where one player engi-
neers the device while the other designs a chip for this device. Both players
have access to some equipment, and both players need to make a person- and
asset-specific investment in human capital. Assume further that investments
and the output are observable by both players but they are not verifiable
by outsiders. What organizational structure should the company use? The
theory of property rights following GHM suggests to give the player with
the more important investment decision the residual control right over the
asset. For example, this player should be the company’s boss.2 The paper
here makes an alternative suggestion: Players should write no contract at all
and leave ownership unresolved (disorder). Then, in case they fail to agree
on how to divide up the company’s surplus they should resolve ownership

2This player can fire the other player which gives him the de facto control right over
the asset, even though the asset may be owned by somebody different, such as venture
capitalists or a university.
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by a contest. For example, both engineers lobby the venture capitalists to
fire their opponent, or both hire a lawyer and resolve ownership by seeking
the courts, or by another means of conflict resolution assuming that conflict
resolution has the properties of a contest. Thus, if some venture capitalists
finance the start up company they should insist that neither player is the
company’s boss with the discretionary power to fire the other team member
(thus no player has de facto control rights over the asset). To my knowledge,
there is no paper that studies the role of contests in a setting of incomplete
contracts.3

The remainder of the paper is organized as follows: Section 2 gives a short
summary of Hart’s (1995) model of optimal ownership structure. Section 3
presents the main result. It analyzes the impact of contested ownership on
the levels of transaction-specific investments assuming a perfectly discrim-
inatory contest technology (all-pay auction). Section 4 analyzes how the
main result is affected when changing the setup of the basic model: First,
it studies the impact of an imperfectly discriminatory contest technology.
Then, it discusses the role of the timing of the contest, the assumption that
transaction-specific investments are in the form of human and not physi-
cal capital, and finally the difference between contested and joint ownership.
This section relates the paper to the existing literature. Finally, some further
comments conclude the paper.

2 Hart’s Model of Optimal Ownership Struc-

ture

In this section I will give a short summary of Hart’s model of optimal own-
ership structure developed in his 1995 book. There is a team of two players,
labelled i and j, each supplying labor and skills to a production process.
Both players are risk-neutral. There is a physical asset such as a machine,
labelled A, which makes both team members more productive if they have
access to this asset. Contrary to Hart (1995), I assume that there is only
one asset.4 Assume that worker j produces an input which is needed by i to
produce the team’s output. For example, the two players are both engineers

3See Section 4 for the discussion of the literature that is related to this paper.
4Having more than one asset will only strengthen the result of the paper because more

assets increase the value of the contested object.

4



developing some high tech device, where j may design the chip for this de-
vice, while i is responsible for the engineering of the device using j’s chip.
The players work jointly on some high tech equipment when doing their job.
Both need to invest in their skills which are partially specific to the skills
of the other player and to the equipment they use. There are two periods.
In period t = 0, both players simultaneously choose a transaction-specific
investment in skills, ei and ej respectively. The players’ skill technology
has the following properties: Player i’s investment ei increases the revenue,
R(ei), for the team output and player j’s investment ej decreases the cost
of producing the team input, C(ej). It is assumed that R(0) = R0, R′ > 0,
R′′ < 0, C(0) = C0, C ′ < 0, and C ′′ > 0, where R0 is small, and C0 is
large. Assume that the marginal cost for both kinds of investments ei and
ej is constant and equals one. If for some reason, the team fails to come
to an agreement on how to divide the team surplus, then there is a market
substitute for the traded input in the team. This substitute is exchanged at
a price p. That is, player i will demand and player j will supply this input
on the market. However, because of transaction specificity market exchange
is only an imperfect substitute for team exchange. Similar to Hart (1995),
transaction specificity which consists of person- and asset specificity leads to
the following two assumptions regarding the skill technology R and C:

Assumption 1 (Person specificity).

RAj(ei) > RA(ei) for all ei > 0,

RAj′(ei) > RA′(ei) for all ei > 0,

CAi(ej) < CA(ej) for all ej > 0,

|CAi′(ej)| > |CA′(ej)| for all ej > 0,

and

Assumption 2 (Asset specificity).

RA(ei) > R0(ei) for all ei > 0,

RA′(ei) > R0′(ei) for all ei > 0,

CA(ej) < C0(ej) for all ej > 0,

|CA′(ej)| > |C0′(ej)| for all ej > 0.

Superscripts denote a player’s access to resources. For example, RAj(ei)
is the revenue given i’s investment ei in case i has access to the asset A and
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j’s input. Or R0(ei) is i’s revenue given his or her investment when he or she
has no access to the asset nor to player j’s input. The ex post surplus equals
RAj −CAi and it is assumed that there is a range of ei and ej for which this
surplus is positive. This implies that trading in the team is efficient since
the team surplus is strictly larger than RA − C0 or R0 − CA – the ex post
surplus obtained when trading in the team fails. Total welfare or the ex ante
surplus equals W = RAj − CAi − (ei + ej). Assumptions 1 and 2 imply that
person- and asset specificity not only holds for total values of revenue and
cost, but also for the marginal ones. It implies that total and marginal values
are positively correlated.5

Assumption 2 is slightly stronger than in Hart (1995) since the assump-
tion here uses strict inequalities while Hart uses weak inequalities. That is,
Hart allows for the possibility that a technology exhibits no asset specificity
(if RA = R0). However, it is quite reasonable to assume that investments
are asset-specific. For example, when discussing the empirical relevance of
the model, Moore and Hart (1986, p. 1122) emphasize asset specificity over
person specificity as shown in the following quotation: ”... some skill or pro-
ductivity acquisition is asset-specific ... as well as possibly person-specific
(the asset specificity may come from the fact that the assets have special
characteristics or that workers have sunk costs to locate near them).” Note
also that in the empirical examples Hart (1995) discusses, asset specificity
receives substantial emphasis as exemplified by the General Motors-Fisher
body case. I emphasize the importance of asset specificity because it is cru-
cial for the result of this paper. As can be seen below, a contest enhances the
players incentive to make transaction-specific investments only if investments
are partially asset-specific.

Finally, it is assumed that

Assumption 3. Rk, Ck, ei and ej, ∀k ∈ {Ai,Aj,A, 0}6 are observable to
both players, but are not verifiable by outsiders.

Assumption 3 implies that no enforceable contract containing these vari-
able can be written. However, the players can write an incomplete contract

5A positive correlation between total and marginal values is assumed in Hart and Moore
(1990) and Hart (1995), but not in Grossman and Hart (1986) which explains why in the
Grossman-Hart model over-investment is possible.

6I abuse notation slightly because k = Aj and k = Ai refers only to R and C respec-
tively.
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which may give one or the other player the discretionary power to make
decisions what ever the circumstances (e.g. ownership).

2.1 First-best Investment Levels

Note that because of transaction specificity it is always optimal for a team to
stick together. Thus, in equilibrium player i, j, and the asset A will always
form a production entity. If players could write an enforceable contract
specifying the investment levels, investment levels would be specified as to
maximize total welfare W . The first-order conditions determining the first-
best investment effort, e∗i and e∗j , is given by:

RAj′(ei) = 1, and (1)

−CAi′(ej) = 1. (2)

However, because contracts are incomplete, the first-best cannot be achieved.
The key insight provided by GHM is that ownership of the asset matters be-
cause it affects the investment levels of either player. Here, I focus on three
possible ex ante ownership distributions: Either player i or player j owns
the asset. One can think of this situation as of one player being the com-
pany’s boss with the discretionary power to fire the other player. That is, one
company member has de-facto control rights over the asset. In the example
introduced earlier, some venture capitalist with an interest that the company
succeeds in the long run may impose some organizational structure (owner-
ship) in order to maximize the probability of survival of the company. The
third form is random ownership, where ownership is determined randomly
once investments have been realized. This last form of ownership is mostly
used for technical reasons since it allows me to analyze any convex combina-
tion of i-ownership and j-ownership. A common property of all three forms
of ex ante ownership is that they are exogenously enforced by a third party.

2.2 Player i Ownership

Consider the situation, where i owns the asset A. Assuming the 50:50 Nash
bargaining solution, the first-order conditions in this case become:7

1

2

(
RAj′(ei) + RA′(ei)

)
= 1, and (3)

7See Hart (1995, p. 39) for details of how these conditions are derived.
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−1

2

(
CAi′(ej) + C0′(ej)

)
= 1. (4)

From Assumptions 1 and 2 and the fact that R′′(ei) < 0 it follows that invest-
ment effort ei−ownership

i with i-ownership is smaller than first-best investment
level e∗i . The same holds for j’s optimal effort, ei−ownership

j , under i-ownership.

2.3 Player j Ownership

If player j owns the asset A then the first-order conditions become:

1

2

(
RAj′(ei) + R0′(ei)

)
= 1, and (5)

−1

2

(
CAi′(ej) + CA′(ej)

)
= 1. (6)

Again, from Assumptions 1 and 2, and the fact that R′′(ei) < 0 it follows
that investment effort ej−ownership

i with j-ownership is smaller than with i-
ownership and is smaller than the first-best investment level, e∗i . In con-
trast, the investment effort ej−ownership

j with j-ownership is larger than with
i-ownership. This trade-off highlights the costs and benefits of ownership.
Hart (1995) argues that the ownership structure should prevail for which
total welfare created in the team is higher. Thus, if

W (ei−ownership
i , ei−ownership

j ) ≥ W (ej−ownership
i , ej−ownership

j ),

then i should own the control rights over the asset. If this condition is not
satisfied, player j should own the asset.8

2.4 Random Ownership

A third form of ownership is random ownership. As Hart (1995, p. 86) notes,
random ownership can increase total welfare if it acts as a smoothing device
between i- and j-ownership. With random ownership, player i and j could

8The property rights approach following GHM does not present a mechanism which
shows that the optimal property rights structure will actually prevail. One may think of
an evolutionary mechanism where a less efficient property rights structure dies out. Or
one can think of a conflict model – as done in the previous section – where one property
rights structure emerges as the equilibrium outcome.
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write a contract that ownership will be determined randomly in case they fail
to agree on how to divide up the company’s surplus. Assume that random
ownership – as any of the other ownership structures – is enforced by a third
party.

Let ζ be the probability that the random device assigns ownership to
player i, and let 1 − ζ be the probability that the random device assigns
ownership to player j. Then, the first-order conditions become:

1

2

(
RAj′(ei) + ζRA′(ei) + (1− ζ)R0′(ei)

)
= 1, and (7)

−1

2

(
CAi′(ej) + (1− ζ)CA′(ej) + ζC0′(ej)

)
= 1. (8)

Let ζ∗ be the ex ante ownership distribution that maximizes welfare W . Note
that if ζ∗ = 1 then i-ownership is optimal, and if ζ∗ = 0 then j-ownership is
optimal.

3 Optimal Skill Investments with Contested

Ownership

The key insight provided in this paper is that there is no need to ex ante
specify ownership of an asset. Person- and asset-specificity imply that in
equilibrium players, their skills, and the asset form one production unit. It
follows naturally that ownership may become an issue only if things start
to go wrong – as exemplified by off-the equilibrium path scenarios of what
happens if players fail to reach a bargaining agreement. Transaction speci-
ficity has the consequence that there is no need to assign ownership from a
technological point of view (see Section 4.2 for a further discussion of this
issue). One such scenario is that ownership is decided ex post, and par-
ties seek the courts, or another form of conflict resolution. I will assume
that conflict resolution involves costly resources (time and money), whereby
each parties success of winning the conflict will depend not only on the own
resources spent but also on the resources spent by the opponent. Then, as-
signing ownership has the characteristics of a contest which happens only
after transaction-specific investments have been incurred.
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3.1 The Basic Model

Consider the following contest. Player i’s net benefit of keeping the asset as
compared to separating without the asset is Vi = RA(ei) − R0(ei), while j’s
net benefit equals Vj = C0(ej)−CA(ej). Note that Vi(0) = Vj(0) = 0, and by
Assumption 2, Vi(ei), Vj(ej) > 0 ∀ei, ej > 0. Thus, the value of the contested
object for player i and j is Vi and Vj respectively.

Assume some contest technology, µ(fi, fj), where µ denotes player i’s
probability of winning the contest which depends on the contest efforts fi

and fj of player i and j respectively. Player j’s probability of success equals
1−µ(fi, fj). The player who wins the contest, owns the asset A. Assume that
the marginal cost of contest effort equals one. This contest situation is non-
standard because the value of the contested object Vi and Vj is endogenous.9

The value of owning the asset depends on each player’s transaction-specific
investment in human capital. Denote by e∗∗i and e∗∗j i’s and j’s optimal
investment level if ownership is contested. Now it becomes clear that without
asset specificity (Assumption 2), Vi = Vj = 0 which means that a contest
cannot affect the players’ level of transaction-specific investments.

The setup of the game is identical to the setup described in Hart (1995)
with the only difference that the status quo points or disagreement points of
the Nash bargaining solution are determined by the contest just described.
Thus, the timing of the game is as follows: At t = 0, players simultaneously
choose there respective investment levels e∗∗i and e∗∗j . At t = 1, the surplus
created in the team is divided up according to the Nash bargaining solu-
tion, where the players disagreement points are determined by the contest
characterized by (f ∗, µ(f ∗)).

With a contest, player i’s and player j’s ex post payoff is as follows when
using the 50:50 Nash bargaining solution to divide up the team’s surplus:

πi = µ(RA − p) + (1− µ)(R0 − p)− f ∗i + 1/2S, and (9)

πj = µ(p− C0) + (1− µ)(p− CA)− f ∗j + 1/2S, (10)

where p denotes the price of the market substitute, and S denotes the net ex
post surplus (net of each players’ value of the disagreement point) created in
the team which equals

S = RAj − CAi − µ(RA − C0)− (1− µ)(R0 − CA) + f ∗i + f ∗j .

9Depending on the skill technology, players’ equilibrium valuation of the contested
object may be different. For an analysis of contests with asymmetric valuations see Nti
(1999).
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Note that πi + πj = RAj − CAi. Furthermore, note that f ∗i and f ∗j are part
of the surplus S which implies that the contest has a cost to each player –
even though a contest never happens in equilibrium – which comes from the
fact that it reduces each players disagreement payoff and increases S which
is shared equally. Differentiating (9) with respect to ei yields the first-order
condition for player i.

1

2
[RAj′ + µRA′ + (1− µ)R0′ +

(
∂µ

∂Vi

(Vi + Vj) +
∂f ∗j
∂Vi

− ∂f ∗i
∂Vi

)
V ′

i ] = 1. (11)

Differentiating (10) with respect to ej yields the first-order condition in case
of contested ownership for player j.

−1

2

[
CAi′ + (1− µ)CA′ + µC0′ +

(
∂µ

∂Vj

(Vi + Vj) +
∂fj

∂Vj

− ∂fi

∂Vj

)
V ′

j

]
= 1.

(12)
The last term of (11) and (12) comes from the fact that the probability
of success, µ(Vi(ei), Vj(ej)), is a strategic variable and depends on ei. For
example, if ownership were to be decided on a purely random manner then
∂µ/∂ei = ∂f ∗i /∂ei = ∂f i

j/∂ei = 0, and µ = ζ with ζ = 1 when i owns the
asset or ζ = 0 if j owns the asset. In these cases, the first-order conditions
of the previous section are obtained. The magnitude and behavior of the
last term in (11) and (12) will depend on the specific form of the contest
technology µ(fi, fj). The first result of the paper uses a contest technology
which is perfectly discriminatory. This form of contest is well studied, and it
is also called an ”all-pay auction.” (Hillman and Riley 1989; Baye, Kovenock
and de Vries 1996)

Definition 1. The contest technology µ(fi, fj) is perfectly discriminatory if
and only if

µ(fi, fj) =





1 if fi > fj

0 if fi < fj
1
2

if fi = fj.

The first result of the paper is stated in the following proposition:

Proposition 1. Under assumptions 1 - 3, and if ownership is decided by a
perfectly discriminatory contest then the game has a unique Nash equilibrium
with the property that

W (e∗i , e
∗
j) > W (e∗∗i = ei−ownership

i , e∗∗j = ej−ownership
j ) > W (eζ

i , e
1−ζ
j ),

∀ζ ∈ [0, 1].
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This result is quite remarkable because it says that if ownership is decided
ex post by a perfectly discriminating contest then each player behaves as if
he or she owns the asset. Thus, contested ownership removes the trade-off
associated with an ex ante ownership structure as pointed out by GHM since
both invest as if they own.

Proof. First, note that a perfectly discriminatory contest has no equilibrium
in pure strategies. In order to see this assume that Vi > Vj. Then i could
spend an effort of Vj +ε and win the contest for sure. But given this strategy,
j’s best-response is to bid zero. But given j’s response, i’s best-response is
to reduce his or her effort to ε, in which case j’s best-response is to change
the effort to just above ε, which then in turn ... an so on and forth.

However, this contest has an unique equilibrium in mixed strategies which
is characterized by the following proposition which is proven in Hillman and
Riley (1989, p. 24):

Proposition 2 (Proposition 2, Hillman & Riley (1989)). With perfect dis-
crimination and two agents whose gross valuations are v1 and v2 (v2 ≤ v1),
agent 1 always enters the contest while agent 2 enters with probability v2/v1.
Conditional upon entry each agent spends according to a uniform mixed strat-
egy over the interval [0, v2].

Applying this result to the context here, player i’s and j’s expected con-
test effort equals

Ef ∗i =

{
Vj

2
if Vi ≥ Vj

V 2
i

2Vj
if Vi < Vj.

and

Ef ∗j =

{
Vi

2
if Vj ≥ Vi

V 2
j

2Vi
if Vj < Vi.

Note that if player i has a higher valuation than player j, his or her
average contest effort does not depend on his or her own valuation. Given the
equilibrium strategy defined in Proposition 2, player i’s expected probability
of winning the contest equals

Eµ =

{
1− Vj

2Vi
if Vi ≥ Vj

Vi

2Vj
if Vi < Vj.

Given this contest technology, the last term of i’s first-order condition
(11) reduces to
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(
Vj

Vi

(Vi + Vj)

2Vi

− V 2
j

2V 2
i

+ 0

)
V ′

i = (1− µ)V ′
i if Vi > Vj, and (13)

(
Vi + Vj

2Vj

+
1

2
− Vi

Vj

)
V ′

i = (1− µ)V ′
i if Vi ≤ Vj. (14)

This implies that player i’s first-order condition (11) reduces to (3), the
first-order condition of player i obtained under i-ownership. Thus, e∗∗i =
ei−ownership

i .
Similarly for player j, the first-order condition (12) reduces to (6), the

first-order condition of player j obtained under j-ownership, implying that
e∗∗j = ej−ownership

j . Thus, player j also invests in his or her skills as if he or
she owns the asset A.

Since each players’ transaction-specific investment level is equal or larger
as compared to any ex ante ownership structure but strictly below the first-
best investment levels e∗i and e∗j , W (e∗i , e

∗
j) > W (e∗∗i = ei−ownership

i , e∗∗j =

ej−ownership
j ) > W (eζ

i , e
1−ζ
j ), ∀ζ ∈ [0, 1] as claimed.

The economic intuition for this result is that increasing Vi produces a
benefit since it increases the expected probability of winning the contest.
If Vi > Vj, to increase Vi has no other cost than the indirect cost coming
from the fact that increasing Vi decreases j’s expected contest effort which
reduces the ex post net surplus, S, which is divided equally. If Vi < Vj then
increasing Vi has a direct cost which comes from the fact that it increases
i’s expected contest effort which increases S. However, in this case there
is an additional benefit associated with increasing Vi which comes from the
fact that increasing Vi increases j expected contest effort which increases S.
This discussion shows that contested ownership provides strong incentives
to incur transaction-specific investments due the fact that benefits dominate
the costs associated with these investments.

With a perfectly discriminatory contest technology each player behaves
as if he or she owns the asset. The implication of this result is that if conflict
resolution has the property of a perfectly discriminatory contest then players
should not write a contract which distributes ownership of the asset among
the two players in period t = 0. This result is contrary to the recommendation
made by GHM. The next section analyzes whether this recommendation
can be maintained if, for example, players use an imperfectly discriminatory
contest technology.
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4 Robustness of the Basic Model

In this section I analyze how the main result in Section 3 is affected by
changes of the exact setup of of the basic model. First, I analyze the optimal
investment levels when the contest technology is imperfectly discriminatory.
Second, I analyze the role of the timing of the contest. Third, I discuss the
relevance of the assumption that investments consist in human capital invest-
ments rather than physical capital investments for the contest outcome. And
finally, I discuss briefly the difference between contested and joint ownership.

4.1 Contest Technology and Optimal Investment Lev-
els

One important economic variable which characterizes different types of con-
tests is given by the ”effectiveness” of a contest technology (Skaperdas 1992).
Assume that the difference between the players’ optimal contest effort is
ε > 0 but small. With a perfectly discriminatory contest technology, the
player with the slightly lower contest effort looses the contest with probabil-
ity one. In this sense, the contest technology is highly effective. On the other
hand, with a less effective contest technology, the player with a slightly lower
contest effort still has a positive probability of winning the contest. Thus,
the winning probability is not entirely determined by contest efforts but has
also a random component. In this case, the contest technology is imperfectly
discriminatory.

One way to model the different degrees of effectiveness is to use the Tul-
lock contest success function:

µ(fi, fj) =
f r

i

f r
i + f r

j

,

where r ≥ 0. The effectiveness of the contest success function increases in r.
For example, if r = 0, then the contest success is purely random. Players’
contest efforts have no impact on the outcome. In contrast, if r = ∞, then a
small difference in contest efforts makes the players with the higher effort the
winner with probability one. In this case, the contest technology is perfectly
discriminatory as in Section 3.

Consider an imperfectly discriminating contest technology, where r < ∞.
This contest technology is only well understood to the point where the contest
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has a unique equilibrium in pure strategies.10 For example, if Vi = Vj,
then the contest has a unique pure strategy Nash equilibrium if and only
if r ≤ 2. If the players’ valuations differ then r needs to be smaller to assure
an equilibrium in pure strategies. If r ≤ 1 then the contest has a unique pure
strategy equilibrium no matter the relative value of Vi and Vj. To simplify
the analysis, I assume that r = 1. In Appendix A, I solve the model without
this simplifying assumption.

Lemma 1. Under assumptions 1 - 3 and if ownership is decided with an
imperfectly discriminating contest technology with r = 1 then e∗∗i ∈ [ei, ēi)
and e∗∗j ∈ [ej, ēj). ei and ēi are implicitly defined by 1

2
(RAj′+ 3

4
RA′+ 1

4
R0′) = 1

and 1
2
(RAj′ + 2RA′ − 1R0′) = 1 respectively. ej and ēj are implicitly defined

by −1
2
(CAi′ + 3

4
CA′ + 1

4
C0′) = 1 and −1

2
(CAi′ +2CA′− 1C0′) = 1 respectively.

Proof. The game is solved backwards. Given the investment efforts e∗∗i and
e∗∗j player k ∈ {i, j} chooses his or her contest effort fk to maximize

max
fk

(
fk

fi + fj

Vk − fk

)
s.t.

(
fk

fi + fj

Vk − fk

)
≥ 0.

This problem has a closed form solution which equals f ∗i =
V i2Vj

(Vi+Vj)2
and

f ∗j = V j2Vi

(Vi+Vj)2
, and player i’s probability of successfully winning ownership

equals µ = Vi

Vi+Vj
. It follows that the probability of success and the optimal

contest efforts depend on ei and ej.
The contest outcome affects the first-order conditions (11) and (12). Us-

ing the solution to the contest to calculate the partial derivatives of the last
term in (11) and (12) and simplifying yields player i’s first-order condition

1

2

[
RAj′ + R0′ + Xi(R

A′ −R0′)
]

= 1, (15)

where Xi = 2+θ2(3+θ)
(1+θ)3

and θ = Vi/Vj. Player j’s first-order condition is now

−1

2

[
CAi′ + CA′ + Xj(C

0′ − CA′)
]

= 1, (16)

10See Baye, Kovenock, and De Vries (1994) for an analysis of a contest for which r > 2.
They are able to specify a symmetric mixed strategy equilibrium only for the case where
the strategy space is discrete.
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where Xj = (3−θ)θ2

(1+θ)3
. Note that conditions (15) and (16) both depend on ei

and ej.
The game is solved by finding a Nash equilibrium where the equilibrium

investment levels e∗∗i and e∗∗j solve e∗∗i = Bi(e
∗∗
j ) and e∗∗j = Bj(e

∗∗
i ). Bi is

player i’s and Bj is player j’s best-response function. They are implicitly
defined by the first-order conditions (15) and (16).

4.1.1 i’s Best-Response Function

Let ẽi(ej) a function that assigns to each value of ej a value of ei such that
θ = 1. Let ẽj(ei) = ẽ−i (ei). Using the implicit function theorem, ∂ẽi/∂ej =
ViV

′
j

VjV ′i
> 0. Note that if skill technologies are identical for the two players,

then ∂ẽi/∂ej = 1 (see Figure 1). ẽi(0) = 0 since Vi(0) = Vj(0) = 0.
Note that limθ→0 Xi = 2, limθ→1 Xi = 3/4, and limθ→∞ Xi = 1. Xi has

its global minimum at θ = 1. Thus, ∂Xi/∂θ = 6(θ−1)
(1+θ)4

S 0 if θ S 1. Denote
by ei i’s optimal investment level if θ = 1. Thus, ei solves

1

2
[RAj′ +

3

4
RA′ +

1

4
R′] = 1. (17)

Denote by ēi i’s optimal investment level if θ approaches zero. Thus, ēi solves

1

2
[RAj′ + 2RA′ − 1R′] = 1. (18)

Finally note that Bi = ei-ownership
i , if θ approaches infinity. It follows that

ei < ei−ownership
i < ēi.

Now I claim that Bi(ej) ∈ [ei, ēi), ∀ej ≥ 0. Using the implicit function

theorem, ∂Bi/∂ej =
λViV

′
j

ϕ+λVjV ′i
, where λ = 6Vj(Vi − Vj)V

′
i and ϕ = (Vi +

Vj)(3ViV
2
j (R0′′ +RAj′′)+V 3

i (RAj′′ +RA′′)+3V 2
i Vj(R

Aj′′ +RA′′)+V 3
j (RAj′′ +

2RA′′ − R0′′)) < 0. If Vj = 0, then ∂Bi/∂ej = 0 and Bi = ei−ownership
i . If

Vj = ε > 0, where ε is small, then ∂Bi/∂ej < 0 since λ > 0 and |ϕ| > λ. If
Vj = Vi then Bi = ei since θ = 1, and ∂Bi/∂ej = 0 < ∂ẽi/∂ej. This implies
that for a marginal increase in ej when Vi = Vj, Vj will become larger than
Vi. Then, ∂Bi/∂ej > 0 and it is always the case that ∂Bi/∂ej < ∂ẽi/∂ej as ej

grows since λ < 0. This implies that θ goes toward zero and Bi approaches
ēi. Thus, Bi ∈ [ei, ēi) as claimed.
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Figure 1: Best-Response Functions — Identical Players

4.1.2 j’s Best-Response Function

Player j’s best-response function can be derived in exactly the same way than
i’s best-response function. Again note that limθ→0 Xj = 0, limθ→1 Xj = 1/4,
and limθ→∞ Xj = −1. Xj has a global maximum at θ = 1. Thus, ∂Xj/∂θ =
6(1−θ)θ
(1+θ)4

S 0 if θ T 1. By the same reasoning as above it can be shown that

Bj ∈ [ej, ēj), where ej and ēi are implicitly defined by

−1

2
[CAi′ +

3

4
CA′ +

1

4
C ′] = 1, and (19)

−1

2
[CAi′ + 2CA′ − 1C ′] = 1. (20)

As with Bi, Bj will cross ẽj(ei) only once. Bj slopes downward till this
crossing point, and then slopes upwards approaching ēj.

Note that with θ = 1 investment incentives due to the contest are weakest.
Both, ei and ej increase as θ becomes larger or smaller than one.
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Figure 2: Best-Response Functions — Non-identical Players

4.1.3 Equilibrium

The best-response functions Bi and Bj will have to intersect in the rec-
tangle (ei, ej), (ēi, ej), (ēi, ēj), (ei, ēj)). They will intersect only once because
∂B−

i /∂ei and ∂Bj/∂ei have opposite signs except in one case. If in the
equilibrium θ = 1, then B−

i and Bj touch each other at (ei, ej), and their
slopes have the same sign. However, Bj approaches the point (ei, ej) from
above, while B−

i approaches this point from below. The best-response func-
tion cannot intersect another time because ∂B−

i /∂ei > ∂ẽj/∂ei > ∂Bj/∂ei

(see Figure 1 for this case, graphing the best-response functions of a numer-
ical example.) In contrast, if in equilibrium θ 6= 1 then the slopes of B−

i

and Bj have opposite signs in the rectangle (ei, ej), (ēi, ej), (ēi, ēj), (ei, ēj))
(see Figure 2 for this case, graphing the best-response functions for a nu-
merical example in case of players with a non-identical skill technology.)
Thus, the best-response functions cut each other exactly once in the rectan-
gle (ei, ej), (ēi, ej), (ēi, ēj), (ei, ēj)).

Lemma 1 implies that equilibrium investment levels are at least e∗∗i =
ei and e∗∗j = ej. The following result relates the investment levels under
contested ownership to the ones under ex ante ownership.
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First, consider the case where skill technologies between player i and j
are roughly identical (as depicted in Figure 1).

Definition 2. Player i’s and player j’s skill technologies are approximately
identical if |Ck′(e)| ≈ Rk′(e), ∀k ∈ {Ai,Aj, A, 0},∀e ≥ 0.

Second, consider the case where skill technologies between i and j are dif-
ferent. Hart (1995) considers this situation when defining the skill technology
of one player as being ”relatively unproductive”.

Definition 3. Player i’s investment is relatively unproductive if Rk can be
replaced by φRk(ei) + (1 − φ)ei, ∀k ∈ {Aj,A, 0}, where φ > 0 is small. An
equivalent definition applies to the case when player j is relatively unproduc-
tive.

Hart (1995, p. 45) shows in his proposition 2 that if one player is ”rela-
tively unproductive”, then the other player should own all the assets. In the
context here, if i’s investment is relatively unproductive, player j should own
the asset. However, when considering contested ownership, this recommen-
dation has to be revised.

Proposition 3. Assume an imperfectly discriminating conflict technology
with r = 1.

i) If skill technologies are approximately identical then W (e∗i , e
∗
j) >

W (e∗∗i , e∗∗j ) > W (eζ
i , e

1−ζ
j ), ∀ζ ∈ [0, 1].

ii) If one player is relatively unproductive then W (e∗i , e
∗
j) > W (e∗∗i , e∗∗j ) >

W (eζ
i , e

1−ζ
j ), ∀ζ ∈ [0, 1], provided that φ is small enough.

Proof. Statement i): The fact that players have approximately identical skill
technologies implies that e∗∗i ≈ ei and e∗∗j ≈ ej. If ζ∗ ∈ [0.25, 0.75], then con-
tested ownership clearly generates a surplus which is larger than the surplus
generated under any ex ante ownership. Without a loss of generality assume
that ζ∗ = 1. By comparing the first-order conditions (3) and (17) for player
i, and (4) and (19) for player j, it follows that ∆ei ≡ ei−ownership

i − e∗∗i > 0
and ∆ej ≡ e∗∗j −ei−ownership

j > 0 when changing from i-ownership to contested
ownership. Furthermore, ∆ei < ∆ej. The fact that ∆ei < ∆ej implies that
total welfare W must increase when going from i-ownership to contested
ownership since RAj′ ≈ |CAi′| by assumption.

19



Statement ii): Assume that player i’s investment is relatively unproduc-
tive. Then player i’s first-order condition in (15) can be rewritten as:

1

2

[
φRAj′ + (1− φ) + φR′ + (1− φ) + Xi(φ)φ(RA′ −R′)

]
= 1,

which, simplifies to

1

2

[
RAj′ + R′ + Xi(φ)(RA′ −R′)

]
= 1.

Thus, player i’s first-order condition is affected by φ through Xi only.
Vi now equals φ(RA − R). Note that limφ→0 Vi = 0 which implies that

Xi → 2 and Xj → 0 as φ goes to zero. Furthermore, ēi → ei−ownership
i as

φ → 0. Thus, the first-order conditions (15) and (16) reduce to (3) and (6)
respectively. Thus, players choose e∗∗i ≈ ei−ownership

i and e∗∗j ≈ ej−ownership
j

provided φ is small enough.

In Appendix A, I show that Proposition 3 holds for any contest technology
which is imperfectly discriminatory (i.e. r ∈ (0, 2]). The weaker the effective-
ness of the contest technology, the broader the range of skill technologies for
which contested ownership does not increase welfare. Thus, it will be always
the case that contested ownership enhances efficiency for sufficiently asym-
metric or symmetric skill technologies. If a player is relatively unproductive,
or if the players’ skill technology is sufficiently symmetric then again players
should not write a contract that distributes residual control rights in period
t = 0 also when the contest technology is imperfectly discriminatory.

Figure 1 uses the numerical example where RAj = 2(1 + ei)
0.9, RA =

2(1 + ei)
0.5, R0 = 2(1 + ei)

0.2, CAi = 3− 2(1 + ej)
0.9, CA = 3− 2(1 + ej)

0.5,
and C0 = 3− 2(1 + ej)

0.2. These function satisfy the assumptions regarding
R and C specified earlier. In this example, the marginal values are identical
for both players with produces the symmetry in Figure 1. Calculating the
ex post surplus for the various forms of ex ante ownership reveals that in
this case i−ownership or j−ownership both are an optimal ex ante owner-
ship structure producing an ex post surplus of $8.11. Contested ownership,
however, produces a larger ex post surplus which equals $10.12. This has
to be the case as proven in Proposition 3 since the skill technologies of the
two players are identical. Thus, in the case of approximately symmetric skill
technologies the paper here complements GHM since their approach does
not make a clear prediction of who should own the asset. Note that this is
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true no matter the contest technology (see Appendix A). In contrast, Fig-
ure 2 plots an example where players have non-identical skill technologies.
The numerical example is as follows: Player i is as in Figure 1, and player
j’s skill technology is CAi = 3 − 3(1 + ej)

0.58, CA = 3 − 3(1 + ej)
0.5, and

C0 = 3− 3(1 + ej)
0.2. In this example, i-ownership is the optimal ownership

structure since i-ownership produces an ex post surplus of $8.69 whereas
contested ownership produces a lower ex post surplus which equals $8.59. As
one can see in Figure 2, in equilibrium θ ≈ 1. As pointed out earlier, in this
case the incentives coming from a contest are the weakest. Contested own-
ership does not increase welfare because the increase in ej due to the change
from ex ante to contested ownership fails to offset the decrease in ei due to
this change. However, if increasing the asymmetry by for example setting
φ = 0.5 for player j – i.e. making player j relatively unproductive – contested
ownership generates with $8.01 a larger surplus than i-ownership which pro-
duces a surplus of $7.58. Thus, for the intermediate cases as depicted in
Figure 2, considering contested ownership does not alter the conclusions of
GHM. However, if the contest technology becomes sufficiently asymmetric,
contested ownership becomes again an important alternative to any ex ante
ownership distribution.

In order to understand the economic intuition it is helpful to analyze
the last term of player i’s first-order condition (11). By using the contest
outcome derived earlier, ∂µ

∂Vi
(Vi + Vj) is positive and can be interpreted as

the marginal benefit of increasing Vi. Increasing Vi increases the probability
of winning. On the other hand, −∂f∗i

∂Vi
is negative, which can be interpreted

as the marginal cost of increasing Vi. Increasing Vi increases f ∗i which is
part of the surplus divided among the two players. Note that the marginal
benefit outweighs the marginal cost. This is true for both players, which can
be interpreted as the commitment effect of a contest. However, there is also

an asymmetry which comes from the fact that
∂f∗j
∂Vi

=
V 2

j (Vj−Vi)

(Vi+Vj)3
is positive

if Vi < Vj and it is negative if Vi > Vj. Thus, the relatively unproductive
player i has an extra incentive to invest in Vi because this increases the
contest effort of the opponent j which benefits i since the contest effort is
part of the surplus to be divided equally. Thus, under contested ownership
a relatively unproductive player has strong incentives to make transaction-
specific investments. Regarding the investment decision of the productive
player it is not surprising that he or she invests as if the owner of the asset
since this player is ”de facto” the owner of the asset.
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With Proposition 3 the question arises of how important is contested
ownership as an alternative form of ownership structure. Clearly, if skill
technologies are approximately identical, or if one player’s skill technology is
relatively unproductive then contested ownership produces a higher surplus.
For all the other cases one has to get a sense of which contest technology
comes closest to modelling situations of conflict resolution in the real world.
Or in other words, how much luck is involved when courts or other author-
ities resolve ownership disputes. If one believes that conflict resolution is
competitive and only little affected by luck then r is large. In this case, con-
tested ownership is important for all possible cases of skill technology. On
the other hand, if one believes that conflict outcomes are mainly determined
by luck and only little by efforts, then contested ownership is only important
in the cases of sufficiently symmetric or asymmetric skill technologies. How-
ever, note that a conflict technology with an r = 1 or r = 2 involves a large
portion of luck. For example, if r = 1 then the player who exerts 80% of the
other player’s contest effort has still a chance of roughly 45% of winning the
contest. If r = 2, then this chance reduces to roughly 40%.

4.2 Timing of the Contest

How does the main result change if contest efforts have to be incurred before
players start to bargain. In the setting here, players have not actually to incur
these efforts, but they have to be able to make credible threats of incurring
them if needed. In a related paper, Anbarci, Skaperdas, and Syropoulos
(2001) compare various bargaining solutions, where bargaining – as in the
context of the paper here – takes place in the shadow of conflict. Their
result differs to the one presented here: In their paper the shadow of conflict
always creates an inefficiency. The reason is that in their setup, players have
to make an irreversible investment in conflict efforts (guns) before they start
to bargain. These investments increase a player’s disagreement payoff, but
reduce the output (butter) a player can produce. Players fight for or bargain
over a distribution of land, and then produce on the obtained land. They
find that bargaining solutions that put less weight on the disagreement point
Pareto-dominate other solutions. Similar to the paper here, conflict does not
occur in equilibrium, but it is still optimal for players to invest in guns. This
discussion shows that if contest efforts have to be incurred before bargaining
takes place then the results presented here may change.

In the model here, a potential conflict does not involve such irreversible
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and wasteful investments for a particular reason. Anbarci et al.’s (2001)
context is different: In their setting, it is a technological requirement that
(contested) land is divided up before production can take place. Thus, play-
ers divide up the asset (by a contest or by bargaining), and then produce. In
the context studied here, the distribution of ownership over the asset is not a
technological requirement. On the contrary, transaction specificity produces
the requirement that both players must have access to the asset. In equilib-
rium, the players, their skills, and the asset must always form one production
entity. Thus, the situation is reversed: First, players produce together and
then they bargain (over the surplus, and not over ownership of the asset).
It, therefore, is not necessary that contest efforts have to be incurred before
bargaining takes place. Critical, however, is that players can make credible
threats to incur those efforts if needed. This discussion, however, shows that
if the setting were changed so that contest efforts would have to be incurred
in period t = 0, then the conclusions of this paper may change.

4.3 Human Capital vs. Physical Capital Investments

The assumption that transaction-specific investments are made in skills and
human capital is a crucial assumption in the GHM framework.11 This prop-
erty affects the contest outcome in this paper. In another related paper, Kon-
rad (2002) analyzes a situation in which one player (the incumbent) decides
of how much to invest in a productive process, when the output generated by
this process is contested by another player. Konrad analyzes the impact of
different forms of asymmetries in the contest technology on this investment
decision. Unlike here, in his setup a higher investment necessarily increases
the rival’s contest effort, since it increases the value of the contested object.
Investment disincentives are small (large) if the incumbent has a large (small)
contest advantage. This setup differs to the setup analyzed here because in
Konrad’s model the investment increases the value of the contested prize
for both players. Here, in contrast, a player’s asset-specific investment does
only affect the valuation of this same player. The investment consists of an
investment in human skills which is not appropriable by others by the very
nature of this investment. This means that an extra investment may increase
or decrease the rivals’s contest effort, depending on whether his or her valu-
ation is higher than this player’s valuation. This property explains why the

11See the discussion in Hart (1995, p.68), Hart and Moore (1990, Appendix B).

23



incentives to make transaction-specific investments increase with an increas-
ing asymmetry in the players’ skill technology. The result ii) in Proposition
3 hinges critically on the fact that investments are done in human capital
rather than physical capital.

4.4 Joint Ownership, Public Goods, and Contested
Ownership

Contested ownership is different from joint ownership. Joint ownership
means that player i and j own the asset together as an ex ante agreement
that access to the asset is possible only when both agree with it. According
to Hart (1995,p. 48), the implication of this agreement is ”... that if nego-
tiations break down neither [player] has access to [the asset] independently
(since any asset usage must be agreed by both).” The value of the bargaining
disagreement points in this case is determined by neither player having ac-
cess to the asset leading to the investment levels ej−ownership

i and ei−ownership
j .

Given this scenario, joint ownership is never optimal. As Hart (1995, p. 48,
footnote 23) notes, this argument assumes that an asset cannot be used by
two people independently. This is a critical assumption which explains that
simply declaring the asset A as a public good does not enhance total welfare.
However, if an asset can be used independently by each player, then declar-
ing the asset as a public good will generate the same level of welfare than
contested ownership where the contest technology is perfectly discriminatory.
In case negotiations break down, both players have continued access to the
asset which means that the disagreement points equal RA−p and p−CA for
player i and j respectively. Then, each player invests as if he or she owns the
asset. This argument, however, does not consider other inefficiencies that
may exist as a result of A being a public good. If neither player owns the
asset, players may be negligent when using the asset so that its value de-
preciates faster than when the asset is privately owned. Clearly, contested
ownership will not produce this inefficiency since both players may end up
being the owner of the asset. In this sense, contested ownership is like private
ex ante ownership.

Contested ownership, obviously, is not the same as joint ownership be-
cause it will be never the case that an asset cannot be used by either player
as in joint ownership. Thus, in this sense contested ownership is equivalent
to i- or j-ownership, but ownership is simply determined ex post should a
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contest occur.

5 Conclusions

Hart (1995,p. 86) admits when discussing his property rights model that his
analysis is not complete because he derives the optimality of one property
rights structure in his model relative to a limited set of possible property
rights structures.12 For example, contested ownership is not considered as a
possibility. Hart, however, is confident that the main message will remain
as a result of a complete analysis, namely ”... that the allocation of scarce
ownership rights – that is, the allocation of residual rights of control – matters
when contracts are incomplete.” This paper shows that this statement has
to be revised when including contested ownership into the analysis. If the
contest is perfectly discriminatory, not allocating scarce ownership rights
enhances welfare, no matter the characteristics of the skill technology. If
the contest is imperfectly discriminatory, then the result is not as general
but not allocating residual control rights is still optimal in important cases
such as when one player is relatively unproductive or if both players have
a similar skill technology. Furthermore, the paper shows that the range of
skill technologies for which contested ownership is optimal increases in the
effectiveness of the contest technology.

Transaction specificity is the driving force of this result because it implies
that the distribution of ownership is not a necessity from a technological
point of view. Transaction specificity is a technological characteristic which
glues the players together so that they achieve a better outcome without ex
ante agreements of who owns what. It follows naturally that ownership may
become an issue only when things start to go wrong. In this case, player
will use courts or other means of conflict resolution. The paper shows that
if conflict resolutions has the property of a contest then the distribution of
ownership may not be a necessity from an economic point of view either.

The importance of contests in a situation of incomplete contracts with
transaction-specific investments depends on how much luck is involved when
resolving property rights disputes. If the outcome of such disputes depends
to a large extent on the efforts exerted by the parties involved in this dispute,
then contested ownership enhances welfare no matter the properties of the

12In this sense, the analysis in this paper is not complete either. I simply add one other
form of possibly many other forms of ownership structures.
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skill technology. In this case the result of this paper is general: Disorder
increases efficiency.
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Appendix A

Consider a contest with µ(fi, fj) =
fr

i

fr
i +fr

j
. This contest has an equilibrium

in pure strategies given the investment levels (e∗∗i , e∗∗j ) if

1

(r − 1)1/r
≥ θ(e∗∗i , e∗∗j ) ≥ (r − 1)1/r. (21)
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I shall assume that the skill technology has the property such that a unique
equilibrium in pure strategies of the contest is assured. For example, if r = 2
then it has to be the case that in equilibrium θ(e∗∗i , e∗∗j ) = 1.13

Given the investment efforts e∗∗i and e∗∗j player k ∈ {i, j} chooses his or
her contest effort fk to maximize

max
fk

(
f r

k

f r
i + f r

j

Vk − fk

)
s.t.

(
f r

k

f r
i + f r

j

Vk − fk

)
≥ 0.

The contest outcome has a closed form solution where µ = Vi(ei)
r

Vi(ei)r+Vj(ej)r ,

f ∗i =
rV r+1

i V r
j

(V r
i +V r

j )2
, and fj =

rV r+1
j V r

i

(V r
i +V r

j )2
.

The first-order conditions for i and j are equal to (15) and (16) with

Xi =
θr−1(r2(θ − 1)(θr − 1) + r(1 + θr) + (1 + θr)2)

(1 + θr)3
, and

Xj =
−θr(r2(θ − 1)(θr − 1) + rθ(1 + θr)− (1 + θr)2)

(1 + θr)3
.

The game is solved by finding the equilibrium investment levels levels e∗∗i
and e∗∗j that solve e∗∗i = Bi(e

∗∗
j ) and e∗∗j = Bj(e

∗∗
i ). Bi is player i’s and Bj is

player j’s best-response function.
Note that if r = 0, then Xi = Xj = 1/2. Then, the first-order conditions

are identical to the one with random ownership with ζ = 0.5. Otherwise, the
best-response function behave similarly than in the case with r = 1. First,
limθ→∞ Xi = 1 if r ≤ 1, and limθ→0 Xj = 0. Second, limθ→1 Xi = 2+r

4
and

limθ→1 Xj = 2−r
4

. Third, if r < 1 both function increase without bound
because limθ→0 Xi = ∞ and limθ→∞ Xj = −∞. Note that if r > 1, then
extreme values of θ are ruled out by condition (21).

These observations imply that Bi(0) = ei−ownership
i and Bj(0) = ej−ownership

j .
Then, Bi and Bj slope downwards till they reach ẽi and ẽj respectively, at
which point θ = 1. Again denote by ei and ej i’s and j’s optimal skill level
if θ = 1. Thus, ei solves

1

2
[RAj′ +

2 + r

4
RA′ +

2− r

4
R′] = c, (22)

13In this case Bi and Bj consist of one point only, since I am not able to solve the
contest for values of ei and ej for which θ 6= 1.
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and ej solves

−1

2
[CAi′ +

2 + r

4
CA′ +

2− r

4
C ′] = c. (23)

Note that ei and ej increase in r.
Both best-response functions have their minimum at ei and ej respec-

tively. By inspecting (22) and (23) one can see that contested ownership
always generates a larger surplus than any ex ante ownership structure if
skill technologies are approximately identical (see Proposition 3, Part i)). If
r = 2, then the model has the same outcome than the one with a perfectly
discriminatory contest technology. Then, each player makes an investment
as if he or she owns the asset.

In case r ≤ 1 contested ownership always generates a larger ex post
surplus than any ex ante ownership structure when one player is relatively
unproductive (see Proposition 3, Part ii)). For example, if i is relatively
unproductive, Vi → 0 as φ → 0 which implies that Xj → 0 and Xi → ∞.

Furthermore, as φ → 0 ēi → ei−ownership
i . These observation imply that each

player invests as if he or she owns the asset when one player is relatively
unproductive for any r ∈ (0, 1]. Note that I cannot solve the case for r > 1
since in this case the contest has no equilibrium in pure strategies if one
player is relatively unproductive.
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