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Abstract.

David Gale (1993) was perhaps the first to suggest that there is a difference between cake and pie cutting.  A cake is often viewed as a line segment or rectangle where cuts are perpendicular to an axis.  A pie is often viewed as a circle or disk where cuts are radial to the center of the pie creating wedge-shaped pieces.  Individuals’ preferences for cake are represented by nonatomic probability measures over the unit interval, while for pie the measure is over the unit disk.  Although a pie can be viewed as a cake with its endpoints connected, this change in geometry is enough to render ineffective many cake-cutting procedures satisfying different fairness criteria.

We provide a counterexample showing that a cake cannot necessarily be divided into a proportional allocation of ratio p:1-p between two players where one player receives p of the cake according to her measure and the other receives 1-p of the cake according to his measure.  For rational p, we apply Lucas’ method of markers on a pie and the pigeonhole principle to show that there exists two wedge-shaped pieces such that one player receives exactly p according to her measure while the other player receives 1-p according to his measure.  However, different applications of Lucas’ method of markers yield different-sized pieces of surplus pie not awarded to either player.   Although we show that for any real p there exists such a proportional allocation without any surplus (thereby using the minimal number of 2 radial cuts), the surplus motivates the existence of an efficient and proportional allocation such that the ratio of the value of the players’ pieces is p:1-p, yet each player receives more than his or her proportional share.  We provide a procedure to find a proportional and efficient allocation for any p.  For p = 0.5, our procedure constructs an efficient and equitable allocation of pie between two players.  For 2 players, we relate the proportional allocation of pie to the Kalai-Smorodinsky bargaining solution.   
