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Abstract

Voters aresovereigno the degree that they can express their approvahjoset
of candidates. While voter sovereignty is maximizedenrapproval voting (AV), AV

can lead to

* a plethora of outcomes, depending on where voters tti@line between
acceptable and unacceptable candidates; and

» Condorcet losers and other lesser candidates, e\euilibrium.

But we argue that voters’ judgments about candidate atubiyt shouldtake
precedence over standard social-choice criteria, sueleeisng a Condorcet or Borda

winner. Among other things, we show that

* sincere outcomes under all voting systems consideeesd\aoutcomes, but not
vice versa;

» a Condorcet winner’s election under AV is always argjrNash-equilibrium
outcome but not under other systems; and

» outcomes that other systems cannot prevent can benpeevunder AV.

Keywords. approval voting; elections; Condorcet winner/loser;Neguilibria.



Voter Sovereignty and Election Outcomes'

1. Introduction

Our thesis in this paper is thegveraloutcomes of single-winner elections may be
acceptable. Perhaps the most dramatic recent exadlgieating this proposition is the
2000 US presidential election, in which George W. Bush \weretectoral vote—
disputed though it was in Florida—and Al Gore won the popudég. In the eyes of
many analysts, the outcome in Florida, which was dexisir Bush'’s electoral-vote
victory and which he won with less than 0.01 percent optimular vote in that state,
was essentially a tie.

In such a statistical dead heat, it seems fair tdlsgtyeach candidate is as entitled
as the other to win and thereby become the presidetitowgh it is the electoral vote,
not the popular vote, that counts in a presidential ielecthe divided verdict on the two
different tallies, coupled with a divided 5-4 US Supreme €decision that halted
further recounts in Florida, lends credence to the ndhianAl Gore had a strong claim
on the presidency. Indeed, because there were 537,000 mergdiens than Bush
voters nationwide (0.5 percent of the total), one mightend that Gore was more
acceptable than Bush even though Bush, constitutionadly tihe winner

To be sure, the extreme closeness of this electioum@sual. But many
elections, especially those with three or more canelslanay have more than one
acceptable outcome.

For example, even when there is a Condorcet winner cahalefeat every other

candidate in pairwise contests, there may be a diféderda-count winner, who on the

! We thank Eyal Baharad and Shmuel Nitzan for valuable stigges Steven J. Brams acknowledges the



average is ranked higher than a Condorcet winner. ré tkeno Condorcet winner
because of cyclical majorities, the Condorcet cyclg beabroken at its weakest link to
select the strongest candidate in the cycle, who neelde the Borda winner.
That different voting systems can give different oates is, of course, an old
story. The observation that different outcomes s&isfy different social-choice criteria
is also old hat (Nurmi, 1999, 2002, give many examples). WWmew here is our claim
that in an election with three or more candidatdserobutcomes—not just the Condorcet
winner, the Borda-count winner, or the strongest candidaeycle—may benore
acceptable to the electorate. In fact, even a Condiosmt who would lose in pairwise
contests to every other candidate, may turn out tbhdenbst acceptable candidate.
To justify this last statement, we need to define somesare of “acceptability.”
If voters rank candidates from best to worst, wherg tinew the line in their rankings
between acceptable and unacceptable candidates offergabnmeasure. It is precisely
this information that is elicited under approval voting jJAWhereby voters can approve
of as many candidates as they like or consider acceptahls gives them the
opportunity to besovereignby expressing their approval for asgtof candidates, which
no other voting system permits.

Call a candidate Bareto candidatef there is no other candidate that all voters
rank higher. We demonstrate that candidates selected Avidgways include at least

one Pareto candidate. In fact, Adminatesso-called scoring systems, including

support of the C.V. Starr Center for Applied Econonaicslew York University.

2 Voter sovereignty should be distinguished from Arrow’s (19®8)dition of “citizen sovereignty,”
whereby for any two alternativesandb, if all voters prefeato b, a cannot be prohibited as the social
choice. If voters are “sincere,” AV satisfies o@h sovereignty, because all voters who approwenli
also approve ad. Note that voter sovereignty describes the behafiordividual voters whereas citizen
sovereignty is a property of a voting system.



plurality voting (PV) and the Borda count (BC), withpest to the election of Pareto
candidates: A Pareto candidate elected by a scoringnsystalways elected by AV for
some sincere and admissible strategies, but not vice V&8s is also true for ranking
systems that do not rely on scoring, including the ldgstem of single transferable vote
(STV) and the majoritarian compromise (MC), as we s¥ibw.

But if AV does a better job of finding Pareto candidatie®sn’t it open the door to
a plethora of possibilities? Isn’t this a vice ratlrt a virtue, as some have argued
(e.g., Saari and Van Newenhizen, 1988a; Saari, 1994, 2001)?

This argument might have merit if the plethora of gjmoki$ses were haphazard
choices that could easily be upset when voters are matygu But we show that AV
often leads to Nash-equilibrium outcomes, from which ngotéth the same preferences
will have no incentive to depart. Moreover, if votesigh different preferences are able
to coordinate their choices and none has an incentivepartd@V guaranteeshe
election of a uniqgue Condorcet winner (if one exists).

The latter notion of stability is that ofstrongNash equilibrium, which yields
outcomes that are invulnerable to departurearyset of voters. None of the other
voting systems we assay guarantees that a unique Conadoroet, and only a
Condorcet winner, will be a strong Nash equilibrium ouate when voters are sincere.

While AV offers this guarantee, however, it also alldarsother Nash-equilibrium

% The critique of AV by Saari and Van Newenhizen (1988a) jired@n exchange between Brams,
Fishburn, and Merrill (1988a, 1988b) and Saari and Van Newenl{1988b) over whether the plethora of
AV outcomes more reflected AV’s “indeterminacy” (Saamd Van Newenhizen) or its “responsiveness”
(Brams, Merrill, and Fishburn); other critiques of Akéaeferenced in Brams and Fishburn (2003). Here
we argue thawhich outcome is chosen should depend on voters’ judgments thisoaitceptability of
candidates rather than standard social-choice critehigh—as we will show— may clash with these
judgments.



outcomes, including even a Condorcet loser, who maiidenost acceptable candidate,
even in equilibrium.

In section 2, we define preferences and strategies undané\give an example
that illustrates the choice of sincere, admissiblgtagiies. In section 3 we characterize
AV outcomes, describing the “critical strategy profileat produces them, and compare
these outcomes with those given by other voting systemong other things, we show
that no “fixed rule,” in which voters vote for a predetered number of candidates,
always elects a unique Condorcet winner, suggesting the meadrfore flexible system.

The stability of outcomes under the different voting esyst is analyzed in section
4, where we show that Nash equilibria and strong Nasilil@gumay vary from system
to system. Also, Condorcet voting systems, which guarameeelection of Condorcet
winners when voters are sincere, may not elect Condcaodidates in equilibrium.

In section 5 we show that rational departures by vdtens unstable outcomes
under other voting systems may not induce AV outcomegabahal departures under
AV always do. Hence, outcomes under AV form a clogtd s

Nonstrong Nash equilibria might be thought of as poswpsskind of local
stability, whereas strong Nash equilibria possess absability. These different kinds
of equilibria may coexist, which is to say thdtich stable outcome is chosen will depend
on which candidates voters consider acceptable and wilb#yecoordinate their
choices. In large-scale public elections, coordinatiaypigally done when voters draw
inferences from polls, not by face-to-face communicgtwhich is commonplace in

smaller settings like committees.



That a Condorcet candidate is a globally stable chaider AV should not be
surprising. What is more surprising is that such a candadaide upset if (i)
coordination is difficult and (ii) many voters consi@eother candidate more acceptable.

Speaking normatively, we believe that votsinsuldbe sovereign, able to express
their approval of any set of candidates. Likewise,tmgasystenshouldallow for the
possibility of multiple acceptable outcomes, especiallylose elections. That AV more
than other voting systems is responsive in this way gardeas a virtue.

That it singles out as strong Nash—equilibrium outcomeguentondorcet
winners may or may not be desirable. We discuss tresether questions related to the
nature of acceptable outcomes in section 6, where we supgetacceptability” replace
the usual social-choice criteria for assessing thefaatoriness of election outcomes

chosen by sovereign voters.

2. Preferencesand Strategiesunder AV

Consider a set of voters choosing among a set of caadidsVe denote individual
candidates by small letteasb, c, .... A voter'sstrict preference relatioover
candidates will be denoted By soaPb means that a voter strictly preferso b, which
we will denote by the following left-to-right ranking (srated by a spacegab. We
assume in the subsequent analysis that all votersshastepreferences, so they are not
indifferent among two or more candidafes.

We assume that every voter hasoanectecgreference: For arggandb, either
aPborbPaholds. MoreoverP is transitive soaPcwheneveaPbandbPc The list of

preferences ddll voters is called preference profild®.



An AV strategySis a subset of candidates. Choosing a strategy undengs\ns
voting for all candidates in the subset and no candidafissle it. The list of strategies
of all voters is called atrategy profileS.

The number of votes that candidateceives a& is the number of voters who
includei in the strategy that they select. For a8y there will be a set of candidates
(“winners”) who receive the greatest number of votes.

An AV strategysS of a focal voter imdmissiblef it is not dominated by any other
strategy—that is, if there is no other strategy thaegoutcomes at least as good as, and
sometimes better tha8,for all strategy profile$ of voters other than the focal voter.
Brams and Fishburn (1978, 1983) show that admissible strategiesAi involve
always voting for a most-preferred candidate and nevangvédr a least-preferred
candidate.

An AV strategy issincereif, given the lowest-ranked candidate that a voter
approves of, he or she also approves of all candidaméed higher. Thus, 8is sincere,
there are no “holes” in a voter’s approval set: Ebedy ranked above the lowest-ranked
candidate that a voter approves of is also approved; angbedy ranked below is not
approved, A strategy profiléS is said to be admissible and sincere if and only if the
strategySthat every voter chooses is admissible and sincasedoon each voter’s

preferenceP.

* This restriction simplifies the analysis; its relagatto allow for voter indifference among candidatas h
no significant effect on our findings.

®> Admissible strategies may be insincere if there @ue ér more candidates. For example, if there are
exactly four candidates, it may be rational for a viespprove of his or her first and third choices without
also approving of a second choice (see Brams and Fisht®83, pp. 25-26, for an example). However,
the circumstances under which this happens are sufficiemdyand nonintuitive that we henceforth
suppose that voters choose only sincere, admissibleges under AV.



As an illustration of these concepts, assume tleetare 7 voters who can be
grouped into three different types, each having the sanfer@neeP over the set of four

candidates 4, b, c, d}:

Example 1
1. 3voterstabcd
2. 2voterssbcad

3. 2voters:dbca

Thus, each of the 3 type (1) voters has preferaRt#’cPd. The three types define the
preference profild of all 7 voters. We assume that all voters of @gphk choose the
same strateg$.

Voters of type (1) have three sincere, admissibleegiied: €}, { a, b}, and {a, b,
c}, which for convenience we write @asab, andabc A typical sincere, admissible
strategy profile of the 7 voters$= (a, a, a, bc, bc, dbg dbg, whereby the 3 voters of
type (1) approve of only their top candidate, the 2 vaiktgpe (2) approve of their top
two candidates, and the 2 voters of type (3) approve oéatlidates except their lowest-
ranked. The number of votes of each candidafas¥ votes fob, 4 votes forc, 3 votes

for a, and 2 votes fod. Hence, AV selects candidatds €} as the (tied) winners &.

3. Election Outcomesunder AV and Other Voting Systems
Given a preference profile, we consider the set of all candidates tzatbe
chosen by AV when voters use sincere, admissible giesteWe call this stV
outcomes Clearly, a candidate ranked last by all voters cabaaon this set, because it is

inadmissible for any voter to vote for this candidate.
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Define anAV critical strategy profilefor candidate at preference profil@ as
follows: Every voter who ranksas his or her worst candidate votes only for the
candidate that he or she ranks top. The remainings/etee fori and all candidates
they prefer ta.

Let Gi(P, S) be the AV critical strategy profile of candidateln Example 1, the
critical strategy profile for candidateis C,(P, S) = (a, a, a, bca bca d, d), givinga 5
votes compared to 2 votes eachbipc, andd. It can easily be seen tia(P, S) is
admissible and sincere. We next show that under Adidatei cannot do better vis-a-

vis the other candidates thanGy{P, S).

Proposition 1. Assume all voters choose sincere, admissible strategies. The AV
critical strategy profile for candidate i,i®, S), maximizes the difference between the
number of votes that i receives and the number of votes that elverycahdidate |
receives.

Proof. Clearly, no other sincere, admissible strategy mrgfiélds candidate
more votes than its AV critical strategy profdgP, S). Now consider the number of
votes received by any other candidg#eCi(P, S). Candidatg will receive no fewer and

sometimes more votes if there are the following depastiromCi(P, S):

(i) a voter who ranked candidat&ast, and therefore did not vote for him or her,
votes for one or more candidates ranked below his doperanked choice (possibly
including candidatg); or

(if) a voter who did not rank candidat&st or next-to-last votes for one or more

candidates ranked belowpossibly including candidajg
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In either case, candidat@ever gets fewer, and may get more, votes when #nerehese
departures from candidaits critical strategy profile&C;(P, S). Because (i) and (ii)
exhaust the possible departures fiGiife, S) that involve voting for some other

candidatg, candidaté cannot do better vis-a-vis candidatean atCi(P, S). Q.E.D.

The next proposition provides a simple way to determinglveheany candidate

is an AV outcome:

Proposition 2. Candidate i is an AV outcome if and only if i is chosen at his or
her critical strategy profileCi(P, S).

Proof. The “if” part is a direct consequence of the faet @(P, S) is sincere and
admissible. To show the “only if” part, suppose candid& not chosen by AV &t;(P,
S). By Proposition 1Ci(P, S) maximizes the difference between the number of votes
thati receives and the number of votes that any other dat&jireceives, so there is no

other sincere, admissible strategy profile at wiican be chosen by AV. Q.E.D.

Using Proposition 2, we next give a characterizatiocteodidates thatannotbe

AV outcomes.

Proposition 3. Given any preference profi and any candidate i, i cannot be an
AV outcome if and only if there exists some other candidate j sudinéhamber of
voters who consider j as their best choice and i as their worstelegiceeds the number
of voters who prefer i to |

Proof. Given any preference profieand any two candidatésndj, voters can

be partitioned into three (disjoint) classes:
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(i) those who preferto j;
(i) those who considgras the best choice ands the worst choice; and

(i) those who prefej to i but do not fall into class (ii).

At critical strategy profileCi(P, S), the voters in class (i) will vote farbut notj; those in
class (ii) will vote forj but noti; and those in class (iii) will vote for botlandj. Setting
aside class (iii), which gives each candidate the sam#er of votes, candidateannot
be selected &i(P, S) if and only if the number of voters in class (iicerds the number
of voters in class (i). Hence, by Proposition 2 cdatdii cannot be an AV outcome.

Q.E.D.

In effect, Proposition 3 extends Proposition 2 by sayiegipely when candidaie
will be defeated by candidaf@nd cannot, thereforbe an AV outcome. On the other
hand, if there is no candidgtsuch that the number of class (ii) voters exceeds the
number of class (i) voters, candidais an AV outcome at its critical strategy profile
G(P, S).

AV can generate a plethora of outcomes. Considendgample 1, in whiclve
showed earlier that AV selects candidatat C,(P, S). Similarly, AV selects candidates
b and {b, c}, all with 7 votes, at critical strategy profil€s(P, S) = {ab, ab, ab, b, b, db,
db} and C(P, S) = {abg abc abg bc, bc, dbc dbg. However,Cy(P, S) = {a, &, a, b, b,
d, d}, so candidatea (3 votes) rather than candidaté2 votes)is chosen at candidatks
critical strategy profil€. In sum, the set of AV outcomes that are possiblExample 1

is{a, b, {b, c}}.

® Thatd cannot be chosen also follows from Proposition 3: eMaters (3) consideras their best choice
andd as their worst choice than prefito a (2).
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As noted earlier, a candidate iPareto candidatéf there is no other candidate
that all voters rank higher. Example 1 illustrates¢tthings about the tie-in of Pareto

candidates and AV outcomes:

» aandb are Pareto candidates and AV outcomes;
* cis not a Pareto candidate but is a component of anutdbme (it ties with at
Cc(P, 9); and

* dis a Pareto candidate but not an AV outcome.

These observations are generalized by the following giopo:

Proposition 4. The following are true about the relationship of Pareto candidates
and AV outcomes:

(i) At every preference profile, there exists a Pareto candidate that is an AV
outcome or a component of an AV outcome;

(if) Not every Pareto candidate is necessarily an AV outcome; and

(i) A non-Pareto candidate may be a component of an AV outcome but never a
unique AV outcome.

Proof. To show (i), take any preference profle Assume that every voter votes
only for his or her top choice. Then the one or nwaradidates chosen by AV, because
they are top-ranked by some voters, must be Pareto cteslidBo show (ii), it suffices
to check the critical strategy profi&(P, S) of Example 1, wherein candidadas not an
AV outcome but is a Pareto candidate becalisdop-ranked by the 2 type (3) voters.

In Example 1, we showed thais not a Pareto condidate but is a component of an

AV outcome. To show that a non-Pareto candidate cagr e a unique AV outcome
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and prove (iii), consider arfy at which there exists a non-Pareto candidétat is a
component of an AV outcome. Take any sincere, adniessilategy profileS where this
outcome is selected. Becauss not a Pareto candidate, there exists some other
candidatg that every voter prefers to Hence, every voter who voted foait S must

have voted foj as well, which implies thatandj tie for the most votes. Indeedl|
candidate$ that Pareto dominaiewill be components of an AV outcome&t Because
at least one of the candidajebat Pareto-dominaiemust be ranked higher by one or
more voters than all other candidajte8V picks a Pareto candidate that ties candidate

Q.E.D.

In Example 1, candidateis theCondorcet winnerwho can defeat all other
candidates in pairwise contests, and candide&geheCondorcet loserwho is defeated
by all other candidates in pairwise contests. Not &inglly, b is an AV outcome

whereadl is not. However, consider the following 7-voter, 3-adate example:

Example 2
1. 3votersiabc
2. 2voterssbca

3. 2votersicha

Notice that the 2 type (2) and the 2 type (3) voters poafiedidates® andc to candidate
a, soais the Condorcet loser. But because the criticatesy profile of candidate is
Ca(P,S)=(a,a a b, b c),ais an AV outcome—as are also candidétesdc,

rendering all three candidates in this example AV ougsom
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We summarize the Condorcet properties of AV outconmgsaur next

proposition:

Proposition 5. Condorcet winners are always AV outcomes, whereas Condorcet

losers may or may not be AV outcomes.

Proof. If candidaté is a Condorcet winner, a majority of voters prefer every
other candidatg This implies that fewer voters rapks their best choice anas their
worst choice, which by Proposition 3 implies that cdatgi is an AV outcome. That a
Condorcet loser may not be an AV outcome is showralngidated in Example 1,
whereas candidagein Example 2 shows that a Condorcet loser may be\vaaukcome.

Q.E.D.

Define afixed ruleas a voting system in which voters vote for a predetean

number of candidates.

Proposition 6. There is no fixed rule that always elects a unique Condorcet
winner.

Proof. Consider the following 5-voter, 4-candidate example:

Example 3
1. 2voterstadbc
2. 2voterssbdac

3. 1lvoter:cabd

Vote-for-1 elects §, b}, vote-for-2 electsd, and vote-for-3 electss{ b}. Thus, none of

the fixed rules elects the unique Condorcet winner, careida®.E.D.
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By contrast, several sincere, admissible strategiekidingCy(P, S) = (a, a, bda bda
ca), in which different voter types vote for different noens of candidates, eleat

Clearly, the flexibility of AV may be needed to eleatrsique Condorcet winner.

We next turn to scoring rules and analyze the reldtiprisetween the winner they
select and AV outcomes. The best-known scoring ruleei8orda count (BC): Given
that there ara candidates, BC awaras- 1 points to each voter’s first choicer 2
points to each voter’s second choice, ..., and O pointstortier worst choice.

In Example 1, the BC winner is candidatevho receives from the three types of
voters a Borda score of 3(2) + 2(3) + 2(2) = 16 pointsEXample 2, the BC winner is
also candidate, who receives from the three types of voters a Becdae of 3(1) + 2(2)
+ 2(1) = 9 points. In these examples, the BC winnergmte with the Condorcet
winners, making them AV outcomes (Proposition 5), butrik&d not be the case, as we
will illustrate shortly.

There are othescoring rulesbesides BC, so we begin with a definition. Given
candidates, fix a non-increasing vectay.(., Sy of real numbers (“scores” ) such tisat
s+ foralli O{1,...,m- 1} ands; > s,. Each voter®" best candidate receives scete
A candidate’s score is the sum of the scores that ke receives from all voters.

For a preference profile, a scoring rule selects the candidate or candidaaés th
receive the highest score. A scoring rule is saicetrict if it is defined by a decreasing
vector of scoress > s, for alli [0 {1,..., m- 1}.

We next show that all scoring-rule winners, whetheytéwe Condorcet winners
or not, are AV outcomes, but candidates that aretseldxy no scoring rule may also be

AV outcomes:
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Proposition 7. At all preference profile®, a candidate chosen by any scoring
rule is an AV outcome. There exist preference prdfilaswhich a candidate is not
chosen by any scoring rule but is, nevertheless, an AV outcome.

Proof. We begin by proving the first statement. Take any peate profileP
and any candidatechosen by a scoring rule Rt Let (s, ..., Sn) be the scoring-rule
vector that results in the election of candidaaeP. By a normalization of the scores, we
can without loss of generality assume that 1 ands, = 0.

Note that AV can be seen as a variant of a nonstcating rule, whereby every
voter gives a score of 1 to the candidates in his osthategy seb (approved candidates)
and a score of 0 to those not in this set. AV chodeesdndidate or candidates with the
highest scoré.

Let r(X) denote the number of voters who consider candidtide thek™ best
candidate aP. Because candidatés picked by the scoring ruls(..., Sy), it must be

true that

si[ra(i)] + Sofra(i)] + ... +su[rm()] 2 si[r1()] + SoLr2()] + ... +Salrm(i)] (1)

for every other candidaje
To show that the scoring-rule winner, candidaie an AV outcome, considés

critical strategy profileCi(P, S). There are two cases:

" Of course, AV is not a scoring rule in the classicaksavhereby voters give scores to candidates
according to the same predetermined vector. Theatatrs on the vector that sincere, admissible
strategies impose is that (i) the first component &sobthe top candidate) be 1, (i) thi® component
(score of the bottom candidate) be 0, (iii) all compaseepresenting candidates at or above the lowest
candidate a voter approves of are 1, and (iv) allpmrants below the component representing this
candidate are 0.
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Case (i): Voters rank candidate i lastUnder a scoring rule, these voters give a
score of 0 to candidatea score of 1 to their top choices, and scores legtWend 1 to
the remaining candidates. Under AV, these voters gasoee of O to candidatea score
of 1 to their top choices, and scores of 0 to the remgucéindidates &Li(P, S).

Thus, candidatedoes the same under the scoring rule as under A\s{teeS of
inequality (1)), whereas all other candidgtes at least as well under the scoring rule as
under AV (right side of inequality (1)). This makes the samihe right side for the
scoring rule at least as large as, and generally lténgar the sum of votes under AV,
whereas the left side remains the same as under @¥hsequently, if inequality (1) is

satisfied under the scoring rule, it is satisfied undérafCi(P, S).

Case (ii): Voters do not rank candidate i lastinder a scoring rule, these voters
give candidaté a score o if they rank him or hek™ best. Under AV, these voters give
a score of 1 to candidaitat Ci(P, S). Thus, ever on the left side of equation (1) is 1
for candidate under AV, which makes the sum on the left side at Bsfdrge as, and
generally larger than, the sum under a scoring rulecdByparison, the sum on the right
side for all other candidatg¢sinder AV is less than or equal to the sum on theitdd s
with equality if and only if candidates preferred to candidatéy all voters.
Consequently, if inequality (1) is satisfied under the scprile, it is satisfied under AV

atG(P, S).

Thus, in both cases (i) and (ii), the satisfactiomeguality (1) under a scoring
rule implies its satisfaction under AV at candidiggecritical strategy profileCi(P, S).

Hence, a candidate chosen under any scoring ruleigal&V outcome.
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To prove the second statement, consider the followingt@ry3-candidate

example (Fishburn and Brams, 1983, p. 211):

Example 4
1. 3votersiabc
2. 2votersibca
3. 1voter:bac

4. 1voter:cab

Because candidatereceives at least as many first choicea asdc, and more first and
second choices than either, every scoring rule wiicsbe as the winner. Bu is the

Condorcet winner and, hence, an AV outcome by Propoditio Q.E.D.

We next show the outcomes of two social choicesrthat are not scoring rules,
the Hare system of single transferable vote (STV)thadnajoritarian compromise
(MC), are always AV outcomes (at their critical stgy profiles), whereas the converse
is not true—AV outcomes need not be STV or MC outconifore proving this result,

we illustrate STV and MC with a 9-voter, 3-candidexample?

Example 5
1. 4votersiach

2. 2voterssbca

8 Example 4 provides an illustration in which BC, in fwarar, fails to elect the Condorcet winner.

® These two voting systems, among others, are discus&drs and Fishburn (2002). MC, which is less
well known than STV, was proposed independently as ag/ptiocedure (Hurwicz and Sertel, 1997; Sertel
and Yilmaz, 1999; Sertel and Sanver, 1999) and as a bargairdcedure under the rubric of “fallback
bargaining” (Brams and Kilgour, 2001). As a voting procedilethreshold for winning is assumed to be
simple majority, whereas as a bargaining procedurétksttold is assumed to be unanimity, but qualified
majorities are also possible under either interpretatio
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3. 3voters:cb a

Under STV, candidates with the fewest first-choice—sunttessively lower-
choice—votes are eliminated; their votes are traresfieio second-choice and lower-
choice candidates in their preference rankings unéleamdidate receives a majority of
votes. To illustrate in Example 5, because candida¢eeives the fewest first-choice
votes (2)—compared with 3 first-choice votes for cartgidaand 4 first-choice votes for
candidatee—b is eliminated and his or her 2 votes go to the secondecbdthe 2 type
(2) voters, candidate In the runoff between candidageandc, candidates, now with
votes from the type (2) voters, defeats candiddig 5 votes to 4, sois the STV
winner.

Under MC, first-choice, then second-choice, and thert-choice votes are
counted until at least one candidate receives a magitotes; if more than one
candidate receives a majority, the candidate wemtlst votes is elected. Because no
candidate in Example 5 receives a majority of votesmonly first choices are counted,
second choices are next counted and added to the fiilseshdCandidate now receives
the support of all 9 voters, wheremandb receive 4 and 5 votes, respectivelycss the

MC winner.

Proposition 8. At all preference profileB, a candidate chosen by STV or MC is
an AV outcome. There exist preference proRles which a candidate chosen by AV is
neither an STV nor an MC outcome.

Proof. We start by showing that every STV outcome is anodttome. Suppose
candidate is not an AV outcome at preference proRle By Proposition 3, there exists a

candidatg such that the number of voters who ramls their best candidate ainals their
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worst candidate exceeds the number of voters who prefg¢r A fortiori, the number of
voters who considgras their best candidate exceeds those who consdeheir best
candidate.

This result holds for any subset of candidates thatdes both andj. Hence,
STV will never eliminate in the presence of showing that cannot be an STV winner.

Neither can be an MC winner, becaug#ill receive more first-place votes than
If this number is not a majority, the descent to secoddsét lower choices continues
until at least one candidate receives a majoritytwBeni andj, the first candidate to
receive a majority will bg¢, becausg receives more votes from voters who rank him or
her first than there are voters who prefeyj. Thus,j will always stay ahead ofas the
descent to lower and lower choices continues pngiteives a majority.

To show that AV outcomes need not be STV or MC outspmensider Example
4, in which the Condorcet winner, candidatés chosen under both STV and MC.
Besidesc, AV may also choose candidai®r candidatéd: ais an AV outcome at
critical strategy profileCy(P, S) = (a, a, &, a, b, b, ¢, ¢, ¢); andb is an AV outcome at

critical strategy profileCy(P, S) = (a, &, &, a, b, b, cb, cb, ch). Q.E.D.

So far we have shown that AV yields at least as mamy,generally more,
(Pareto) outcomes than any scoring rule and two neoinsceoting system&” To be
sure, one might question whether the three possibleAtbmes in Example 4 have an
equal claim to beinthe social choice. Isn’t candidatethe Condorcet winner, BC

winner, STV winner, and MC winner—and ranked last by no getéhe best overall

9 While scoring rules, STV, and MC offer a good range of mffe systems to compare AV with, we will
later describe two Condorcet procedures, one proposeditgal Black and the other by A. H. Copeland,
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choice? By comparison, candid&tes only a middling choice; and candidatevho is
the plurality-vote (PV) winner, is the Condorcet loSer.
But just as AV allows for a multiplicity of outcomasalso enables voters to

prevent them.

Proposition 9. There exist preference profil®sat which AV can prevent the
election of every candidate, whereas scoring rules, STV, and MC qarenent the
election of all of them.

Proof. Consider the following 3-voter, 3-candidate example:

Example 6
1. 1voter:abc
2. 1voter:bac

3. 1voter:cba

Let “|” indicate each voter’s dividing line between tlaadidate(s) he or she considers
acceptable and those he or she considers unacceptattie.tHfee voters draw their lines

as follows,
albc balc c|lba
b andc will not be choseng will be). If the voters draw their lines as follows

albc blac cbla

that guarantee the election of Condorcet candidatetéfs are sincere. Recent works comparing different
voting systems include Saari (1994, 2001), Nurmi (1999, 2002), eandsBand Fishburn (2002).

 Note that PV is a degenerate scoring rule, under vehiater’s top candidate receives 1 point and all
other candidates receive 0 points. By Propositiomégese outcomes under PV are AV outcomes but not
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a andc will notbe chosent(will be). Thus the voters can prevent the electioevery
one of the three candidates under AV.

By contrastthe Condorcet winneh, wins under every scoring system, including
BC, and also under MC. Under STV, eitlassr b may win, depending on which of the
three candidates is eliminated first. Thus, aniy prevented from winning under these
other systems, showing that AV is unique in being able toeptdthe election of each of

the three candidates. Q.E.D.

We have seen that AV allows for outcomes that BC, Bind STV do not (e.c,
in Example 6 when there is a three-way tie). Atgame time, it may preclude outcomes
(e.g.,bin Example 6) that other systems cannot prohibit. fecgfvoters can fine-tune
their preferences under AV, making outcomes responsivdaionation that transcends
these preferences.

We next consider not only what outcomes can and carooot under AV but also
what outcomes are likely to persist because of thafnilgy. While we know that non-
Pareto candidates cannot win a clear-cut victory underPwppsition 4), might it be
possible for Condorcet losers to be AV outcomed stable? To answer this question,

we will distinguish two types of stability.

4. Stability of Election Outcomes
As earlier, we assume that voters choose sincengisaithle strategies under AV.

Now, however, we suppose that they may not draw tieebletween acceptable and

vice-versa. As a case in point, candidate the sincere PV outcome in Example 5, whereas datetb
andc are also sincere AV outcomes.
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unacceptable candidates as they would if they were tluthistead, they may vote
strategically in order to try to obtain a preferred oute.

To determine what is “preferred,” we extend preferencet® df a voter’s
preference is b, he or she will prefea to {a, b}, and {a, b} to b. If a voter’s preference
isa b ¢ he or she may prefer any of outcorbe$a, c}, or {a, b, ¢} to any other. In
assessing the stability of outcomes later, we will agsthat these are all admissible
preference over sets.

We define two kinds of stability, the first of which fetfollowing: Given a
preference profild, an AV outcome istableif there exists a strategy profiesuch that
no voters of a single type have an incentive to svittelr strategy to another sincere,
admissible strategy in order to induce a preferred outédmia. analyzing the stability of
AV outcomes, we need confine our attention only to thaseoomnes stable &i(P, S)

because of the following proposition:

Proposition 10. An AV outcome i is stable if and only if it is stable at itBoai
strategy profile, &P, S).

Proof. The “if” part follows from the existence of a stratqgyfile, C(P, S), at
which outcoma is stable. To show the “only if” part, assume canid#s unstable at
Ci(P, S). At any other strategy profife , candidate receives no more approval votes
and generally fewer than @{(P, S) by Proposition 1. Hence, those voters who switch to
different sincere, admissible strategies to induceletion of a preferred candidateSat

canalsodoso & . Q.E.D.

12 Treating voters of one type, all of whose membenge the same preference, as single (weighted) voters
provides the most stringent test of stability. Thisdsause any outcome that can be destabilized by the
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The strategies of voters associated with a stable #®oomne alCi(P, S) define a Nash
equilibrium of a voting game in which the voters haveptete information about each
others’ preferences and make simultaneous chbices.

Neither candidata nor candidat® is a stable AV outcome in Example 5. At
critical strategy profileCy(P, S) = (a, a, &, a, b, b, ¢, ¢, ) that renders candidatean AV
outcome, if the 2 type (2)oters switch to stratedyc, candidates, whom the type (2)
voters prefer to candidasg wins. At critical strategy profil€,(P, S) = (&, &, a, a, b, b,
cb, cb, cb) that renders candidalbean AV outcome, the 4 type (1) voters have an
incentive to switch to strate@c to induce the selection of candidatevhom they prefer
to candidate.

Although AV outcomes andb in Example 5 are not stable at their critical
strategy profiles, AV outcomemost definitely is stable at its critical strategyfpeo
C(P, S) = (ac ac, ac, ac, bc, be, ¢, ¢, ¢): No switch on the part of the 4 type (1) voters to
a, of the 2 type (2) voters g or of the 3ype (3) voters tab can lead to a preferred
outcome for any of these types—or, indeed, changeutteme at all (because candidate
c is the unanimous choice of all votersatcritical strategy profile).

Not only can no single switch by any of the three typdsce a preferred outcome
for the switchers a€(P, S), but nocoordinatedswitches by two or more types can
induce a preferred outcome. Thus, for example, iatheoters switched froracto a,
and thebc voters switched frorbc to b, they together could induce AV outcomewhich

the 4 type (1) voters would clearly prefer to outcamduta is the worst choice of the 2

switch of individual voters (of one type) can be detitadnl by the switch of all voters of that type, but the
converse is not true.

13 For an analysis of Nash equilibria in voting games undfarélift rules and information conditions from
those given here, see Myerson (2002) and refereneestoérein.
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type (2) voters, so they would have no incentive to coarelwéh the type (1) voters to
induce this outcome.

That AV outcome is, at the critical strategy profile of candidatenvulnerable to
coordinated switches leads to our second type of stabiléiven a preference profilg
an outcome istrongly stabldf there exists a strategy profiesuch that no types of
voters, coordinating their actions, can form a caadi, all of whose members would
have an incentive to switch their AV strategies to o#iigcere, admissible strategies in
order to induce a preferred outcome.

We assume that the coordinating playerk ere allowed to communicate to try to
find a set of strategies to induce a preferred outdomall of them These strategies
define astrongNash equilibrium of a voting game in which voters heamplete

information about each others’ preferences and makdtameous choices.

Proposition 11. An AV outcome i is strongly stable if and only if it is strongly
stable at its critical strategy profile,;®, S).

Proof. Analogous to that of Proposition 10. Q.E.D.

What we have yet to show is that an AV stable outcoessl not be strongly
stable. To illustrate this weaker form of stabilitynsmer AV outcome in Example 1
and its critical strategy profil&,(P, S) = (a, a, a, bca bca d, d). The 2 type (2) voters
cannot upset this outcome by switching frboato bc or b, nor can the 2 type (3) voters
upset it by switching frord to db or dbc. However, if these two types of voters
cooperate and form a coalitié) with the 2 type (2) voters choosing strategynd the 2
type (3) voters choosing stratedjy, they can induce the selection of Condorcet witmer

whom both types prefer to candidate At critical strategy profil&C,(P, S), therefore,
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AV outcomea is stable but not strongly stable, whereas AV outcbiisestrongly stable
at its critical strategy profileC,(P, S) = (ab, ab, ab, b, b, db, db).
If an AV outcome is neither strongly stable nor galilisunstable Clearly,

strongly stable outcomes are always stable, but notveisa.

Proposition 12. AV outcomes are strongly stable, stable, or unstable. All three
kinds of AV outcomes may coexist.

Proof. We have just shown that AV outcotmés strongly stable, and AV
outcomea is stable, in Example 1. We now show that candidatehis example is an
unstable AV outcome. At the critical strategy profifeandidatec, C(P, S) = (abc abg
abg bc, bc, dbc dbg), candidated andc tie with 7 votes each. Candidatenight
therefore be selected under some tie-breaking rule{lBug} is not a stable AV
outcome: If either the &voters switch t@b, the 2bc-voters switch td, or the 2dbc

voters switch talb, candidatdé will be selected, whom all three types of voterserés

{b, &.** Q.E.D.

While Proposition 12 shows that strongly stable, statid,unstable AV outcomes
may coexist, it is important to know the conditions unalkich each kind of outcome
can occur. For this purpose, we call a Condorcet witeeif it comprises two or more

candidates that tie against each other but defeat afl cahdidates in pairwise contests.

Proposition 13. An AV outcome is strongly stable if and only if it is a (possibly

tied) Condorcet winner.

14 As we will show in Proposition 14, unstable AV outcenie not necessarily include, as here, non-
Pareto candidates as components. Unique Pareto candigiataiso be unstable AV outcomes.
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Proof. To prove the “if” part, suppose candidaie a unique Condorcet winner at
P. Suppose there exists a coalition of votersomprising one or more types, that
prefers some other candidgti® candidate and coordinates to induce the selection of
Because candidatas a unique Condorcet winner, however, the cardinafity is
strictly less than the cardinality of coalitibhwhose members prefetoj. Hence,
whatever sincere, admissible strategy switch the reesriifK consider at candidates
critical strategy profile to induce the election of dalatej, ] will receive fewer votes
thani, proving that is a strongly stable AV outcome. If a Condorcet wirs@nprises
two or more (tied) candidates, none can defeat any ahe| will be strongly stable.

Now it is possible that a majority of voters have erefices either of the form (1)
abc..or(2)cba... Moreoverb may be a Condorcet winner (because of the
preferences of the other voters), wher@asdc are not. If both the type (1) and the type
(2) voters preferd, c} to b, and coordinate their strategies by approving only of their
first choices, they may be able to eleat §} initially—depending on the AV strategies
of the other voters—even thoufghs a Condorcet winner. In the end, however, either
or c will be chosen, according to some tie-breaking rilecause Condorcet winnleiis
able to defeat each of these candidates in separatesgagontests,d, c}—atfter the tie
is broken—is not stable. This exhausts the situatiomghioh a set, comprising two or
more non-Condorcet candidates, potentially may destal@liCondorcet winner under
AV.

To prove the “only if” part, suppose that candidagenot a Condorcet winner.
Consequently, there exists a coalition of votersomprising one or more types, that

prefers some other candidgti® i and coordinates to induce the electiof oBecause
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is not a Condorcet winner, the cardinalitykofs a strict majority. We will now show
thati is not a strongly stable AV outcome at its critisthtegy profile G(P, S), which

by Proposition 11 shows thiais not a strongly stable AV outcome. Suppose AV does
not electi at Gi(P, S). Theni is not an AV outcome and hence not a strongly Staixe
Now suppose that AV eleciat Ci(P, S). Because the memberskotan change their

strategies to elegt whom they prefer tg i is not a strongly stable AV outcom&.E.D.

To illustrate the case of a tied Condorcet winner, asdinat there are two
candidatesi andj, and two voters, 1 and 2. If voter 1 ranks the candid@tesd voter 2
ranks the candidatgs, then (, j) is the critical strategy profile for both candidates.
Obviously, neither one nor both voters can induce an m#@ach prefers to the tied
outcome {, j}, so this outcome is strongly stable without there beingigue Condorcet
winner?!®

Our next proposition establishes that every AV outcarag be unstable.

Proposition 14. There may be no strongly stable, or even stable, AV outcomes—
that is, every AV outcome may be unstable.
Proof. That there may be no stable AV outcomes is showhéyollowing 3-

voter, 3-candidate exampt:

Example 7
1. 1voter:abc

2. 1voter:bca

15 Under a somewhat weaker definition of a strong Nash eduitit the equivalence of strong Nash-
equilibrium outcomes and Condorcet winners is showia farge class of voting rules in Sertel and Sanver
(forthcoming).



30

3. 1voter:cab

Consider the critical strategy profile that selectsdadatea, C4(P, S) = (a, b, ca). If
voter (2) switches tbc, he or she can induce preferred outcomef. In a similar
manner, it is possible to show that neither candidaier candidate is a stable AV

outcome. Q.E.D.

We next show that Condorcet losers as well as winmeaty be stable AV

outcomes.

Proposition 15. A unique Condorcet loser may be a stable AV outcome, even
when there is a different outcome that is a unique Condorcet winner (artbtiee
strongly stable).

Proof. Consider the following 7-voter, 5-candidate example:

Example 8
1. 3voters:abcde
2. 1voter: bcdea
3. 1voter: cdeba
4. 1voter. debca

5. 1voter;: ebcda

Candidatea is the Condorcet loser, ranked last by 4 of the 7 vot®us at its critical

strategy profileC4(P, S) = (a, 4, a, b, ¢, d, ¢, candidate is a stable AV outcome,

16 Example 7 is the standard example of the Condorcedarar cyclical majorities, in which there is no
Condorcet winner.
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because none of the four individual voters, by changingrhier strategy, can upset
who will continue to receive 3 votes.

Consider the critical strategy profile of candidat€,(P, S) = (ab, ab, ab, b, cdeb,
deb, eb, who receives 7 votes, compared with 3 votes eachdode, 2 votes ford, and
1 vote forc. Again, no single type of voter can upset this outcarmaecan any coalition,
because candidateis the unique Condorcet winner, making him or her strosiglyle.

Q.E.D.

We consider later whether a Condorcet loser, like ciatela in Example 8,
“deserves” to be an AV outcome—and a stable one at Bhatfirst we will compare the
stability of outcomes under AV and under other systems.

For this purpose, we need stability definitions for treber voting systems. A
stable outcomender each of these systems is one in which no diyjgdeof voter has an
incentive to switch its ranking to another ranking in otdanduce a preferred outcome
in a voting game in which voters have complete infoilmneébout each others’
preferences and make simultaneous choicestrohgly stable outcomie one in which
no types of voters, coordinating their actions, camfarcoalitiork, all of whose
members have an incentive to switch their rankingsderato induce a preferred

outcome.

Proposition 16. Stable or strongly stable AV outcomes need not be stable or
strongly stable scoring-system, STV, or MC outcomes. Convestsdlie or strongly
stable scoring-system, MC, or STV outcomes—while always AV ostearaed not be

stable or strongly stable AV outcomes.
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Proof. In the proof of Proposition 7, we indicated that ¢hisrno scoring system
that selects candidatein Example 4, so obviousklycannot be a stable or strongly stable
outcome under a scoring system. Becauisethe unique Condorcet winner in this
example, however, it is a strongly stable, and teeeh stable, AV outcome. Likewise,
candidatea is a stable AV outcome in Example 1 (see proof of Piitipnsl1), but it is
not the STV or MC outcome (candiddités) so cannot be a stable outcome under these
systems.

Next we show that both a scoring system and MC magtsalstable outcome that

is not a stable AV outcome. Consider the following 6evo8-candidate example:

Example 9
1. 2votersiach
2. 3voterssbca

3. 1voter:cab

Under BC,c gets 7 pointsh gets 6 points, ana gets 5 points. Moreovet,is
stable (and strongly stable): If either the 2 type (igss or the 3 type (2) voters
interchanges and their last choice, the last choice wins, whiclworse for them.
Likewise under MC¢ wins by getting 6 votes to 3 votes foand 2 votes foa at level 2.
Moreover, neither the type (1) nor the type (2) votarsabtain a preferred outcome by
giving a different preference ranking.

By contrast, under AVG gets 6 votes at its critical strategy profiR(P, S) = (ac,
ac, bc, bc, bc,)¢c wheread gets 3 votes ana gets 2 votes. But by voting only forthe
3 type (2) voters can inducé,{c}, which they prefer t@ alone, sa is not a stable (or

strongly stable) AV outcome.
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Finally, we show that STV may elect a stable outctimagéis not a stable AV

outcome. Consider the following 6-voter, 4-candidatng)e:

Example 10
1. 3voters;tabdc
2. 2voters:cbda

3. 1lvoter:dcba

Under STV, firstd is eliminated, after which the type (3) voter’s votaamsferred
to ¢, which ties witha (3 votes each) to givea{c} as the outcome. It is easy to see that
neither the type (3) voter—whose second or fourth chwitde elected—nor the type
(1) or type (2) voters can give (false) preference rankimgslead to a preferred
outcome.

Under AV, there are two strategy profiles that elegtc}: (i) (a, &, &, ¢, ¢, dc) and
(i) (a, & a, ¢, c dcb. Ifthe 3 type (1) voters prefeafb, c} to { a, c} in the case of (i),
orbto {a, c} in the case of (ii), they will have an incentiveswitch from strategg to
strategyab. Hence, &, c} is not stable under all admissible preferences oust se

proving that a stable STV outcome may not be a stable&vome. Q.E.D.

Thus, no system, including AV, dominates others with regpegaroducing stable
outcomes: All the systems we have analyzed so &grproduce stable or strongly stable
outcomes, but this stability is not necessarily dupdidatnder other systems. We next
ask whether voting systems that guarantee the eledtiGaraorcet winners when voters

are sincere do any better.
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A Condorcet voting systerm one that always elects a Condorcet winner, if one
exists, when voters are sincere. This candidate, lewmay not be a Nash-equilibrium

outcome, much less a strong one (as under AV).

Proposition 17. Condorcet winners may not be stable or strongly stable outcomes
under Condorcet voting systems.
Proof. Consider again Example 3, in which candidai®the unique Condorcet

winner and thus the strongly stable outcome under AV:

Example 3 (repeated)
1. 2voterstadbc
2. 2voterssbdac

3. 1lvoter:cabd

We consider two Condorcet systems and show that theed2ypoters can induce

an outcome they prefer toby misrepresenting their preferences ag:(2

1. 2voters;adbc
2 . 2voters:sbdca

3. 1lvoter:cabd

UnderBlack’s systemthe winner is the Condorcet winner. If there is no
Condorcet winner, the winner is the BC winner.

There is no Condorcet winner under the)(@isrepresentation; the BC winner is
candidateb with 9 points (to 8 points for candidedg Thus, the 2 type (2) voters can

induceb, which they prefer ta.
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UnderCopeland’s systenthe winner(s) are the candidate(s) that defeat thet m
other candidates in pairwise contests. Because caedidafeats two candidatels &nd
d) and candidatb also defeats two candidatesapdd) under the (2) misrepresentation,
the outcome isd, b}, which the 2 type (2) voters prefer & In sum, the sincere ranking
of the type (2) voters is not in equilibrium under eitB&ck’s system or Copeland’s

system. Q.E.D.

Thus, the two Condorcet systems we have considered dim natat they purport to do
in equilibrium whereas AV always renders Condorcet winners strong-Basilibrium

outcomes.

5. Rational Departuresfrom Unstable Outcomes

The (nonstrong) stability of outcomes under the diffesystems that we have
analyzed so far is very much a local property: It ddpem thenability of voters of one
type, by misrepresenting their preferences, to changeniteres outcome to their
advantage.

AV probably allows for more of this kind of stability thany other system—in
addition to rendering Condorcet winners strongly staBlgt we have seen that there are
preference profiles in which other systems give (stratg)ility when AV does not
(Proposition 16).

When AV outcomes are unstable, rational departures fnem areclosed—they
always lead to other AV outcomes—nbut this is not necigshe case with other

systems, as we next show.



36

Proposition 18. Consider the set of AV outcomes, and suppose that a voter type
finds it rational to depart from its AV strategy to effect a pretfeoutcome. Then the
preferred outcome will also be an AV outcome, making the set ofitddimes closed
with respect to rational departures by a voter type. But a rationadudere under
another system may not yield an AV outcome.

Proof. If a voter type finds it rational to depart from an ubEt@utcome under
AV, then its voters do so by approving of more or fewardidates, using a different
sincere strategy. But this strategy is also an Astegy, so the preferred outcome that is
induced is an AV outcome. Thus, the set of AV outcome®sed with respect to
rational departures by a voter type.

To show that a rational departure of a voter type undathansystem may not

give an AV outcome, consider the following 2-voter, Bdidate example:

Example 11
1. 1voterrabcde

2. 1lvoter:decba

Under BC,d wins with 5 points. But if voter (1) falsely indieat his or her preferences

to be (1) below,

1.1lvoter:bacde

2. 1lvoter:decba

the outcome will bel§, d}, each of whose two members receives 5 points.
Although voter (1), based on his or here preference, prefers this outcomedfo

{b, d} is not an AV outcome. To show this, assume thatdincere strategies of voters
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(1, 2) are &b, d); then the outcome isa{ b, d}. If the sincere strategies of voters (1, 2)
are @bcd dech, then the outcome id{c, d}. While these 3-way ties that includbeand

d are AV outcomes, the 2-way tied outconte ¢} is not—there are no sincere strategies
that give this outcome. Hence, a rational departure unden®8(not yield an AV

outcome. Q.E.D.

That the set of rational departures is closed under A8$ dot say which AV
outcomes are reachable from what others via rationalaeps. In future research, we
plan to explore how, through manipulation, AV outcomey twe transformed into other
AV outcomes. Of course, stable AV outcomes will b&sirfirom which no rational
departures will occur. But just as important as thel Ioal global) stability of

outcomes are the dynamics of changes that might edeem outcomes are unstable.

6. Summary and Conclusions
We began by suggesting that more than one outcome oécioalmay be
acceptable, which we illustrated with the 2000 US presidesigation. But our focus
was on elections with three or more candidates, ewhexcceptability is determined by
where voters draw the line between acceptable and ytabte candidates.
This criterion of acceptability underlies the choidest tvoters make under AV.
We summarize both our positive findings and our normatorelusions about how voter

sovereignty, expressed through AV, affects electionarues:

1. AV enables voters to indicate those points in thegference rankings above

which candidates are acceptable, which we believe isnmaftion thatshoulddetermine
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their social choices. This information may eith@erin or rule out candidates that would
be chosen under other systems.

2. AV may select a multitude of candidates—even all ickates in a race—at
their critical strategy profiles. This may include e@ndorcet losers, whom most
social choice theorists would condemn as egregiousefiaaspecially if there is also a
Condorcet winner in the race. Our view is differefitie choice of even a Condorcet
loser may, on occasion, be justified.

3. We do not disparage Condorcet winners, which no fixedmajeelect.
Furthermore, there may be a candidate or candiddtestand in between a Condorcet
winner and a Condorcet loser that are also AV outcpmaslering several candidates in
a race viable.

4. Grounding social choices on the notion of accejitghbdgither than on
traditional social-choice criteria is a radical departintom the research program initiated
by Borda and Condorcet in late™8entury France (McLean and Urken, 1995). While
we do not eschew these criteria, they should not beedfadl and end-all for judging
whether outcomes are acceptable or not. Rather, digenattic judgments of sovereign
voters about who is acceptable and who is not shoulddiede

5. Voters’ judgments will be affected by the stabilityddferent AV outcomes.
Thus, a Condorcet loser may not be a stable AV outeemech less a strongly stable
one—so this candidate’s viability is less than wererighe a stable outcome.

6. When there is a unique Condorcet winner, this candiglate/ays a strongly
stable AV outcome. Thereby AV preserves the majoritly &t least if there is some

kind of strategic coordination among voters, through seueting.
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7. In large-scale elections, this coordination is possioh limited extent from
information provided by polls (Brams and Fishburn, 1983, chBu}. strategizing by
voters may not be perfect, allowing Condorcet winnersneinder AV, to be defeated on
occasion.

8. This failure may sometimes be salutary, especidigna BC winner differs
from a Condorcet winner and “majority tyranny” is a cenmc(Baharad and Nitzan,
2002). In such a situation, the BC winner may be a nurepdable candidate, even if he
or she is not, like the Condorcet winner, a strongiplst AV outcome.

9. While the stability and strong stability of outcomaailitates their selection,
even unstable AV outcomes should be considered accepmapégially if there are no
stable outcomes because of a Condorcet paradox (Mif8R3).

10. Speaking normatively, AV provides a better way ofifigetonsensus choices
than do other voting systems because of the informataintthoth suppresses
(preference rankings) and expands upon (who is acceptablghanis not in the

rankings):

* It is simpler to use than the alternative votingeys, except possibly PV,
because it does not require that the voters rank cand{déies an arduous task if there
are more than about five candidates).

* It may actually make choices easier than PV feotar who (i) is relatively
indifferent among more two or more candidates or &wpfs a candidate that is not
competitive (e.g., Ralph Nader in 2000) and, hence, mawast to vote for a more

viable second choice (e.g., Al Gore).
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11. While different outcomes may be strongly stabllet or unstable under
different systems, AV probably endows outcomes withensbability, on average, than
do its competitors. Condorcet systems, in particulanat always elect Condorcet
candidates in equilibrium.

12. Rational departures from unstable AV outcomeslat@ya AV outcomes,
which is not true of rational departures from unstabtemues under other systems.

13. The local stability of Nash equilibria and the gladiability of strong Nash
equilibria indicate that acceptability may be stabiliaedifferent levels. No level is
sacrosanct. Thus, we see no reason to insistithatitong stability of a Condorcet
winner under AV should supersede the local stability affardnt Borda winner, or even
the possible instability of a Condorcet loser.

14. Ultimately, acceptability depends on the judgment®tdrs. AV provides a

compelling means for them to exercise their soverejdmdth for and against candidates.
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