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1 Introduction

In 1977 Owen defined and axiomatized the coalitional value for games with
transferable utility, providing a generalization of the Shapley value to the coali-
tional framework, and later Hart and Kurz (1983) gave an alternative axioma-
tization by considering games with an infinite universe of players. On the other
hand Dubey, Neyman and Weber (1981) provided a different generalization of
the Shapley value by removing Efficiency from the classical axiomatization of

Shapley (1953).

The aim of this paper is twofold. First, we propose an alternative axiomatiza-
tion of the coalitional value by means of three axioms. Two of them, Carrier
and Additivity, were already used by Hart and Kurz (1983). The third one

can be seen as a modification of the well known axiom of Anonymity.

Second, as the title of the work already suggests, we marry the two generaliza-
tions of the Shapley value proposed by Owen (1977) and Dubey et al. (1981),
i.e. we define coalitional semivalues, providing a generalization of semivalues
to the coalitional context. We will follow the axiomatic procedure of Dubey et
al. (1981), i.e. we will take Efficiency out of the system proposed in the present
paper. In addition we will use the translations to the coalitional framework of
some axioms used also by Dubey et al. (1981), and we will require an addi-
tional axiom which is specific to the coalitional context and is satisfied by the

coalitional value.

As we will describe in the preliminaries, Owen (1977) defined the coalitional
value of a game by applying the Shapley value twice. First, the Shapley value

is employed at the level of the coalitions of the coalitional structure, to define



a new game on each one of those coalitions. Subsequently, the Shapley value
is applied to these new games. This procedure yields precisely the coalitional
value of the original game. So, in certain sense we can say that the coalitional
value is obtained by means of a “composition” of the Shapley value with itself.
In this work we will show that the coalitional semivalues defined in this paper
can also be obtained by means of a “composition” of two arbitrary semivalues.
Furthermore, if one additional axiom is considered in the system proposed
here, the resulting coalitional semivalues are “compositions” of a semivalue
with itself. Finally, we point out that if we remove Efficiency from the system
proposed by Hart and Kurz (1983) we do not obtain all the “compositions”
of semivalues, but only those in which a semivalue is “composed” with the

Shapley value.

The paper is organized as follows. In Preliminaries we present notation, and
previous definitions and results which are needed in the course of the paper.
In Section 3 we provide the new characterization of the coalitional value. In
Section 4 we define coalitional semivalues and obtain an explicit formula for
them. In Section 5 we prove that coalitional semivalues are “compositions” of

semivalues.

2 Preliminaries

Let U be an infinite set which denotes the universe of players. A coalition is
a non-empty subset of U. A transferable utility game (a game for short) is a
function v : 2 — R such that v () = 0, where 2 denotes the family of all
subsets of U. A set N C U is a carrier of v, if v (SN N) = v (S) for all S C U.

By G we denote the space of all games on U with finite carrier and by GV



the subspace of G of games with carrier N. It is well known that a basis of G
(resp. GV) is formed by unanimity games ug, where R C U (resp. R C N) is

finite, defined by ug (S) =1if R C S, and ug (S) = 0 otherwise.

A game v is monotonic if v(S) < v(T) when S C T. A game v € GV is
additive if for every i € N there exists a; € R such that v(S) = ¥ ,cn a; for
every S C N. By AG and AGY we denote respectively the subspaces of G

and GV formed by additive games.

Each finite partition B = {By,..., By} of U is called a coalitional structure.
If N is a coalition, By denotes the partition of N induced by B, i.e., By =
{B,NN :B,NN #10,B, € B}. The set of all pairs (v,B), where v € G, and
B is a coalitional structure is denoted by X: and X* denotes the subset of X
for which N is a carrier of v. If ¢ is a mapping from X into AG, we denote

the restriction of ¥ to X~ by ¥".

Let 1 : U — U be a mapping. If v € G, denote by mv the game de-
fined by 7v(S) = v (7~ 1S). If B is a coalitional structure, denote ™8 =
{rB, : B, € B}. Notice that 7B is not necessarily a coalitional structure. De-
note B™ = 7B U {U\rU} if 7U # U and B™ = 7B otherwise. Notice that

B7 is a coalitional structure if and only if 7B, N 7B, = () whenever ¢ # r.

In 1977 Owen defined the coalitional value for TU games in the following way.

Let v € GV, and B = {By, ..., B, } be a coalitional structure, and let B, € B

be fixed. For every S C B, NN, let

B(S)={B1,...,Bp-1,5,Bps1,..., By} (1)



and v®®) the game on B (S) defined by
v (T) = U( U t), for each T C B (S), (2)
teT

that is, v®) is the game v restricted to the field generated by B (S) (i.e.,

considering B (S) as set of players.)

Now consider a new game vp% € GP"'N defined for every S C B, N N by

v (8) = Shs (V29

p

where Sh denotes the Shapley value; i.e., Up% (S) is the Shapley value of

“player” S in the game v®().

Owen (1977) defined the coalitional value of player i € B, N N, which we

denote by ¢; (v,B), as the Shapley value of player i in game U? . Formally,
i (v,B) = Sh; (vf) , forallie B,NN.
Owen (1977) characterized this value and gave the following explicit formula.

Proposition 1 (Owen, 1977). If (v,B) € XV, and i € B, then

T (|By| =T —D! |S|!-(|B,NN|—|S|—1)!
b (v, ) — 3 7 (| %' ‘I | =D [S]-( pB IN'I |- D!
TCBN\{BpNN} B! B, N V]!
SCB,NN\{i}

[U(AT USULY) —v(Arus)],
where Ar = Upg,er BN N.

Remark 2 The coalitional value ¢; (v,B) is independent of the carrier N
considered for game v. Actually, Owen (1977) only considered games on a

finite set of players when he defined and characterized this value.



Alternatively, Hart and Kurz (1983) characterized the coalitional value by

using the following axioms. Let ¢ : X — AG.

Carrier: If N is a carrier of v then

(i) Yien ¥i (v,B) = v(N).
(i) BY, =B3% implies o (v,B') = ¢ (v, B?).

Additiity: ¢ (v + w,B) = (v,B) + ¢ (w,B) .

Anonymity: If # : U — U is one-to-one, then for all ¢ € U it holds that

V; (0,B) = g (T, B7).

Inessential Game: If v (UBPGT Bp) = Yp,er v (By), for every T C B, then

Yien, Vi (v,B) = v (B,), for every B, € B

Theorem 3 (Hart and Kurz, 1983) There is a unique mapping ¢ : X — AG
satisfying Carrier, Additivity, Anonymity, and Inessential Game, and it is the

coalitional value ¢.

On the other hand, Dubey et al. (1981) defined the semivalues for TU games

as those mappings ¢ : G — AG that satisfy the following properties.
(P1) 4 is linear;

(P2) If 7 : U — U is one-to-one, then for each ¢ € U it holds that ¢;(mv) =
Yi(v);

(P3) If v € G is monotonic, then v (v) is monotonic;
(P4) If v € AG, then ¢ (v) = v.

These axioms are commonly referred to as Linearity, Symmetry, Monotoni-



city and Projection axioms, see e.g. Aumann and Shapley (1974), but here we

reserve these names for the corresponding axioms in the coalitional context.

Dubey et al. (1981) gave an explicit formula for semivalues. Consider a family

of vectors p = (p")

nens Where p" = (pg, . ,pﬁ,l) € R", such that

S e )

s=0 \ 5
py>0,  0<s<n-—1, (4)
and
pr=pt i, 0<s<n-—1 (5)

Denote by ¢? the mapping from G into AG defined for each v € GV and every
1€ U by
A= ¥ e [e(sutiy) - )] (6)
SCN\{i}

where s = |S| and n = | N|. One can easily check that ¢ is well defined, that

is, ¢! (v) does not depend on the carrier N chosen for v.

Theorem 4 (Dubey et al., 1981) A mapping ¢ : G — AG is a semivalue if
and only if there exists a collection of vectors p = (p"),cn, Where p" € R™,
satisfying (3), (4) and (5) for every n € N, such that v» = ¢P. Moreover, the

correspondence p — @P is one-to-one.

3 A characterization of the coalitional value

In this section we are going to characterize the coalitional value by replacing

Anonymity and Inessential Game axioms in Theorem 3, by the following one.

Let v : X — AG.



Rearrangement: Let m : U — U such that 7B, N 7B, = () whenever ¢ # r. If

7 : B, — mB, is one-to-one, then

Ui (10, B7) =9 (v,B) for all i € B,,.

This axiom is a stronger version of the Anonymity axiom. Notice that if 7 were
restricted to beeing one-to-one, Rearrangement becomes the Anonymity axiom
of Hart and Kurz (1983). But in Rearrangement we let = be any mapping. In
this way, this new axiom can also be seen as a kind of consistency property.
Indeed, what 7 does, apart from renaming players in U, is to maintain the
size of B, and to reduce (or maintain) the size of other coalitions in B, as if
some of the players belonging to other members of the coalitional structure
had decided to act really as a single player. Thus Rearrangement requires that
the value of a player in B, should not be affected after renaming players in U

and/or reducing (or maintaining) the sizes of the other coalitions in B.

Theorem 5 There is a unique mapping ¢ : X — AG that satisfies Carrier,

Additivity and Rearrangement, and it is the coalitional value ¢.

PROOF. First let us see that ¢ verifies the above axioms. By Theorem 3,
it only remains to prove that ¢ satisfies Rearrangement. So let (v,B) € XV,
and 7 : U — U such that 7B, N 7B, = 0 if ¢ # r, and 7 : B, — 7B, is

one-to-one. By Proposition 1 if ¢ € B), it holds that

71! (B3] = [T~ 1)t

Gmi (U, B") = Z

TCBT \{7ByN} B!
SC(rBpNwN)\{mi}
S|t (IrB, N wN| = |S] - 1)!
Jo(arusufin) - Aus},
[xB, NN M ' {i}) —v(dr U )



where Ay = U,p,er (TBy N 7N). Since w : B, — 7B, is one-to-one, the second

term in this equality is equal to

|ﬂLQ%NM¢ﬂ—Jy'WU(M%HNMJﬂ—ly'
|€BN|' |BpﬂN|!

>

TCBy\{B,NN}
SC(B,AN)\{i}

[U(CT USULY) = o(CrU S)} ,
where Cr = Up,er By N N. But this summation is precisely ¢; (v, B).
Next we prove that these three axioms fully determine ¢.

By Additivity it is sufficient to consider the games ¢ - ug, where ¢ € R and

R C U is finite. Let B = {By, ..., By} be a coalitional structure of U.

Let i ¢ R. Since RU {i} and R are carriers of ¢ - ug, by Carrier (i)

> @ZJj(c-uR,%):c-uR(RU{z‘}) =c-ug(R)=>_tj(c-ur B).

jERU{i} jER

Therefore, 1; (¢ - ug,B) = 0.

Now assume that Br = {Bj,..., B}, and without loss of generality that

5,

/
<|B,

if p < q. To complete the proof it is enough to show that for each

i € B, 1 <p</{ it holds that

wi(C'uR’%)_ﬂrB{/

Denote By, ; = U\R. Thus, the set B’ = {BZ’D p=1,...,0+ 1} is a coali-

tional structure of U.
Since B = B, Carrier (ii) implies

Vi (c-ug,B) =1 (c-ug,B') forallieR. (7)



Let us consider a mapping m; : U — U, such that m B; \m B, = () if ¢ # r, and

such that mi = i for every i € B], and ‘mB]'J = |Bil, for every p=1,... (.

Applying Rearrangement

Vi (c-up, B) = i(m (c-up), B™) foralli€ By, (8)

Now notice that m R is a carrier of m (¢ - ug), and from Carrier (i) it follows
that 1, (7r1 (c-ug), %m) =0 for all j ¢ m R. Notice also that players in m R
are all identical (since all the m B, are of the same size, for all 1 < p < 0).
Applying Carrier (i) and Rearrangement again (actually, its weaker version of

Anonymity) it holds that

i (7?1 (c-ug) ,%m) = for every i € m R, 9)

C- 1By’
From (7), (8) and (9), we conclude that for every i € Bj it holds that

C

¢ |Bil

wz’ (C : U’R7%) =

Next consider k < ¢, and, by induction, assume that

Vi (c-ug,B) = ‘ foralli e B, and allpe {1,...,k—1}. (10)

Let 7, : U — U such that m B, N, B, = () if ¢ # r, and such that mi = i for

every i € B{U---UB, and ‘ﬂ'kB;‘ = |By| for ¢ = k,...,{. By Rearrangement
i (c-ug,B') = @Z;,L(mc (c-ug), %’W’“) foralli € B{U...U By. (11)

Since 1R is a carrier of 7 (¢ - ug), it follows that 1; (ﬂ'k (c-ug) ,‘B’”’“) =0
for all j ¢ mR. Since all the mp B, are of the same size, for p = k... /|

it follows that all the players in 7 (B), U ... U By) are identical. Applying the

10



induction hypothesis, Carrier (i) and Rearrangement (again its weaker version

of Anonymity) it holds that

Y (ﬂ'k (c-ug) ,‘B’ﬂ"’) = for every i € m, (B, U...UBy). (12)

Finally by (7), (11), and (12), for all ¢ € By, it holds that

C

wi (C"LLR,%) = W

And the proof is complete. O

Remark 6 In the characterization of Hart and Kurz (1983) an infinite pop-
ulation is needed. However as the reader can easily check, we do not need an

infinite population to state Theorem 5, that is, U can be a finite set.

4 Coalitional semivalues

As we mentioned in Preliminaries, Dubey et al. (1981) defined semivalues by
removing Efficiency from the classical characterization of the Shapley value,
or more precisely by removing Efficiency and adding Monotonicity. Our aim
in this section is to obtain a generalization of semivalues to the coalitional
framework following their procedure. So, we will eliminate Efficiency (actually
Carrier (i)) from the new axiom system proposed in the present work, and we
will add three other axioms which are satisfied by the coalitional value. Two of
them are adaptations of the Monotonicity and Projection axioms of Dubey et
al. (1981) (properties (P3) and (P4) in Preliminaries), and the third is specific

to the coalitional context.

A mapping ¢ : X — AG will be called a coalitional semivalue if it satisfies:

11



Carrier (ii);

Linearity: 1 (c; - v+ co-w,B) =c¢1 - ¢ (v,B) + 2 - Y (w,B), ¢1,c2 € R;
Rearrangement;

Monotonicity: If v € G is monotonic, then 1 (v, ) is also monotonic;
Projection: If v € AG, then ¢ (v,B) = v

Coalitional Partnership: Let (v,8) € X such that B, is formed by veto

players in v. Let 7 : U — U such that 7B, N 7B, =0, and |7B,| = 1. Then

Vi (v,B) = i (Vep, (70, B7) - up,, B),  forallic B,

(A player i is veto in game v if v(S) = 0 whenever i ¢ S).

To interpret this axiom we will assume that B, C N, otherwise v is the
zero game. Since coalition B, is formed by veto players in game v, all its
subcoalitions are powerless. In this sense B, acts as a single player, so we can
say that B, behaves in v as in up,, since players in U\ B, are also null players
in both games. And this is at the root of the Coalitional Partnership axiom.
What 7 does in this axiom is to focus attention on B, by formally turning
this coalition into one individual. Thus we obtain the semivalue of the “single
player” B, in 7v, and then consider the unanimity game ¢rp, (v, m8) - up,.
This axiom requires the semivalue of any player ¢ € B, in this unanimity game

to coincide with this semivalue in the former game v.

Notice also that a coalition formed by veto players is a coalition of partners
(Kalai and Samet, 1987) and that the Coalitional Partnership axiom has a

parallelism with the Partnership axiom used by these authors to characterize

12



the weighted Shapley values.
In what follows we provide an explicit formula for coalitional semivalues.

Let (a"),cy and (07),,cy be two collections of vectors, with a™, 0" € R™, satis-
fying (3), (4) and (5) for every n € N. Define ¢, : X — AG for every finite

coalition N, every (v,B) € X, and every i € B, by

(gbfxb)i(v,%) = Z aL%NI -blsBpmM . [U(ATUSU{Z'}) —v(ApUS) |,
TCBN\{BpNN}
SCB,NN\{i}
(13)

where Ar = Up,er ByN N, and ¢t = [T| and s = [S].

Theorem 7 A mapping ¢ : X — AG is a coalitional semivalue if and only
if there exist two collections of vectors (a™), o and (b"), oy, with a™, b™ € R",

satisfying (3), (4) and (5) for every n € N, such that ¢ = ¢gp.

PROOF. This theorem is a consequence of propositions 8 and 11. O

Proposition 8 Let (a”), oy and (0"),oy be two families of vectors satisfying
(3), (4) and (5) for every n € N. Then mapping ¢qp is a coalitional semivalue
on X.

PROOF. First let us see that ¢, is well defined, that is for every (v,B) €
XN N XM it holds that ¢, (v,B) = ¢}, (v,B). Clearly, it suffices to prove
that: if & ¢ N, then (¢,) (v,B) = (¢,;"") (v,B) for every i € N. So let

t € B,N N and let us distinguish three cases.

13



i) If k ¢ B,, and k € B, with B, N N € By. By (13)

(6as™). (v,8) =

> a/L‘BN|.b‘LBpﬂN|, [U(ATUSU{i}) —v(ATUS)]Jr
TCBN\{BpNN}

B,NN¢T
SCB,NN\{i}

S ™ pEoN MAT U{k}USU {i}) —v(ArU{k} U 5)}»
TCBN\{BpNN}
B,NN€eT
SCBp,NN\{i}

where Ar = Up,er BN N, t =|T| and s = [S].

Since k is a null player in v, it follows that ’U(AT U{k}usSu {z}) = U(AT U
SuU {z}), and U(AT U{k}U S) = v (A7 US). Hence by (13) the latter sum is
equal to ( flvb) (v,B).

i) If k ¢ B, and k ¢ Up,~nesy By applying (13)

(605 ™), (v, B) =

3 (als&vu{kﬂ - plBNI [v (AT USu {z}) — v (A U S)]
TCBN\{BpNN}
SCB,NN\{i}
N alf{w“}' . plBeON [U(AT U{k}uSU{i}) —v(Aru{k}U S)D :
where Ar = Up,er BN N, t =|T| and s = [S].

Since k is a null player in v it follows that

(o0 ™) 0By = X (af BN gy
7 ’ TCB (B, N}
SCB,NN\{i}
[U(AT USU{i}) - U(ATUS)}
Since a™ satisfies (5), this is equal to ( évb) (v,B).

%

14



iii) If k£ € By, then applying (13) once more

(650 (0,8) =

IBN| 1 |BpNN|+1
Z (at . bL Vg | .

TCBN\{B,NN}
SCB,NN\{i}

o(ArUSU}) —U(ATUS)}

1Bx| L |BpnN|+1
+a; b :

U(ATU{k;}USU{i}> —v(ATU{k}US)D,

where Ay = Up,er B, N N, t = |T| and s = |S|. Since k is a null player
in v, and b" satisfies condition (5), it follows that the sum above is equal to

(6d). (v, B).

Let us now see that ¢, is a coalitional semivalue. It is clear that ¢,; satis-
fies Carrier (ii) and Linearity. Monotonicity and the Projection axioms follow
respectively since a™ and b™ satisfy (3), (4) for every n € N. Checking Rear-
rangement is as in Theorem 5. So it only remains to prove that ¢, satisfies

Coalitional Partnership.

Let (v,8B) € XV such that B, is formed by veto players in v. Also let 7 :
U — U, such that 7 (B,) N7 (B,) =0, if ¢ # r and |7B,| = 1. If B, is not
contained in N, then v = 0 and the result follows immediately. So suppose

that B, C N. Applying (13) for each ¢ € B, it holds that

(bap), (0,B) = S al®.plBl.

TCBN\{B,AN}
SCB,NN\{i}

o(Arus UL —U(ATUS)}

B
= > al®vl . bIle_l : U(AT U Bp), (14)
TCBN\{Bp}

15



where Ar = Upg,er ByN N, t =|T| and s = |S]. Also by (13),

(¢a,b)7r3p (71'1], SBW) =
) al%ﬁﬂ - bl BenTNT [m; (C’T UsSu {ﬁBp}) — mv(Cr U S)]

TCBT y\{7Bp}
SC{nBp}NwN\{nBp}

= Z al%;]v’ e [m; (C’T U{rB,} )} =

TCBT N\{7Bp}

3 al%zwl.[m(cTu{pr})], (15)

TCBT N\ {7Bp}
where Cr = U,p,er 7B, NN, and the last equality follows since 0" satisfies

condition (3), and consequently by = 1.

Finally, if « is any real number, by (13),

(¢a,b)i (Oz U, %) - Z aL%N\ . bLBp\ e
TCBN\{By}
S=Bp\{i}
[Bn|—1
b1 Q- g ( X cap N = bl @ (16)

where the last equality holds since a™ satisfies (3).

Hence, from (14), (15) and (16) it follows that

(¢a7b)i ( (¢a,b)7er (WU, %ﬂ) - UB,, %) =
= bigj—l . Z at’%;N’ ) [71'1} (Cr U WBP)} =

TCBT N\ {7Bp}

LIRSS GL%N‘.{U(ATUBP)}:(¢a7b)i(v,‘B).

TCBN\{Bp}

And the proof is complete. O

The next two lemmas will be used in the proof of the following proposition.

Their proofs are located in the appendix. First some definitions.

16



Let N be a fixed finite coalition. For each pair of positive integers t,5 € N

5=0,...,5—

such that £+ 8 < [N| + 1, let pNbs = <pi\[stg> t:0»~~€*11 be a matrix of real

numbers. We will require the following conditions for every matrix p™ b

—15-1 /7 ~
t—1 s—1 00
(t)(s)ng’:l’ (1)
t=0 s=0

A~

pra > 0. (18)

and

Let pV = { PN E+ S <IN+ 1} be the collection of such matrices, and let

" XN — AGN defined for each (v,8) € X~ and every i € B, by

o (1. B) = 3 pi\,[s"%NMBmNL {v(ATUSU{z’D —v(Ap U S)}, (19)
TCBN\{BpNN}
SCB,NN\{i}

where Ar = Up,er ByN N, and ¢t = [T'| and s = [S].

Lemma 9 Let vy : X — AG be a mapping that satisfies the Carrier (it), Lin-
earity, Rearrangement, Monotonicity and Projection azioms. Then for every

finite coalition N C U there exists a collection of matrices pN = {pN’?’E},

satisfying (17) and (18), such that YN = ¢~ .

Lemma 10 Let v be a coalitional semivalue on X, and N, M C U be two
finite coalitions. Let pV, pM be the respective collections of matrices according
to Lemma 9. If N C M, then pN’tA’g = pM’?’g for every t,5 such that t + 5 <

|IN|+ 1.

Proposition 11 If ¢ is a coalitional semivalue on X, then there exist two
collections (a™), ey, (0"),en, with a™, 0" € R™, satisfying (3), (4) and (5) for

every n € N, such that ¥ = ¢qp.

17



PROOF. Let 9 be a coalitional semivalue on X. By Lemma 9, for each finite
coalition N C U there exists a collection of matrices {pN 33} satisfying (17)

and (18), and such that ¢V = ¢*" .

Clearly, Anonymity (Rearrangement) implies p™ D oV "t for every pair

of finite coalitions N, N’ C U such that |[N| = |N’| = n. So let us denote

n,t,s N,t,s

prht = p and let us prove that there exist two collections (a"), .y and

A~

(b"), cn» satisfying (3), (4) and (5) for every n € N, and such that pj'y° = a?- be.
For each n € N, define ]} = pr"’l, 0<t<n—1,and b? = pg;j’”, 0<s<n-—1.
Now let us see that a™ and b" satisfy conditions (3), (4) and (5).

Since p™™! and p™" satisfy (17) and (18), it immediately follows that a™ and

b" both satisfy conditions (3) and (4).

Now let us see that a™ satisfies (5). Let N C U be a finite coalition, and
v € GN. Let k ¢ N and consider a coalitional structure 98 such that k ¢ B,

and k ¢ Up,nnesy Bq- Then for every i € B, it holds

NU{k} . n+1,[Byx|+1,|BpNN| n+1,|Bn|+1,|BpNN|
wi (U, %) - Z Pt,s + pt+1,s '
TCBN\{BpNN}
SCBpNN\{i}

[U(ATUSU{Z'}) —U(ATUS)},
where Ar = Up,er BN N, t =|T| and s = |S|. And by Carrier (ii)

P (0, 8) = 9 (0,B) =

S prBhEna [U(AT USUi)—v(ArUS)|.

TCBN\{Bp,NN}
SCB,NN\{i}

Consequently if 0 <t < |Bxy|—1and 0 <s < |B,NN|—1, then

n+1,|Bn|+1,| BpNN| n+1,[Bx|+1,|BpNN| _ n,|By|,|BpNN|
pt,s - pt,s .

+ t+1,s
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Taking 9B such that [By| =n — 1 and |B, N N| = 1, this amounts to a}™ +

apil = a? for every 0 < ¢ < n, and consequently a™ satisfies (5).

Next let us see that b™ satisfies (5). Again let N C U be a finite coalition,
and v € GV. Let k ¢ N and consider now a coalitional structure B such that

k € B,. Then for every ¢ € B, N N it holds that
¢ (v, 8) =

Z (p2:17|%N|7BpmN|+1 . [U(AT UusSu {Z}) —v (AT U S)]
TCBN\{BpNN}
SCBpNN\{i}

nt1,|B || BN +1
+ Pt,s+1 :

v(ATU{k}USU{i}) —v(ATU{k}US)D,

where Ar = Upg,er BN N, t =|T| and s = |S|. And by Carrier (ii)

P (0, 8) = ¢ (0,B) =

> PZ’S‘%N"'B’)QN' - [’U(AT UsSu {z}) —v(ArUS) }
TCBN\{BpNN}
SCB,NN\{i}

Consequently if 0 < ¢ < |Bx| —1 and every 0 < s < |B, N N|— 1 then

n+1,|Bn|,| BpNN|+1 n+1,By|,|BpNN|+1 _ n,|By|,|BpNN|
t,s + Pts+1 = Pt,s .

Let t +5 < n+1, and take B such that |By| =t and |B, N N| = 3, then the

equality above amounts to
prilbstl g sl — s 0<t<i—1, 0<s<s—1  (20)

Choosing ¢t = 1 and § = n, these equalities imply that b" satisfies condition
(5).
To complete the proof it is enough to show that if t +§ < n + 1 then

prbt—alob;,  0<t<i-1, 0<s<§—1.
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We will proceed by induction on s.

In the case § = 1, Lemma 10 and the definition of a™ imply that if t < n it

holds that

So let us assume that the statement is true if ' < § and let us prove it for .

To prove that pZ’St’s = aiA- bg for each s = 1,...,5—1 we will proceed by reverse

A~

induction on s. We will first show that p:;i’_sl = af- b§—1 ifo<t<t—1

Let us consider a finite coalition N C U, such that |N| = n, and let B be any
coalitional structure such that |By| =, and |B, N N| =5, and B, C N. Let
v € GV be any game for which B, is formed by veto players. If i € B, by

Lemma 9 it holds that

~

G0, B) = Y [U(AT USU{i}) —v(ArUs)| =
TCBN\(BpNN)
SCB,NN\{i}

A~

> o w(ArUB,), (21)

TCBN\{Bp}
where Ar = Up,er BN N, and t = [T] and s = [S].

Let m : U — U be a mapping as in the statement of the Coalitional Partnership
axiom; that is, such that 7B, N 7B, =0, if ¢ # r and |7 B,| = 1. Also let 6 :

U — U such that

0(m (B, N N))‘ = 1forall B, € B and § (7B,)N (tB,) = 0
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if ¢ # r. Applying Rearrangement we have

T ™ 10N [ (B™)g ()| -1
Ve, (70, B") = Vo(xB,) («9 (mv), (B )9) = Z Pro (B |

TCBN\{Bp}

~P@ﬂNQWAﬂUQMBQ)—thMGMAﬂ)

S o w(AruB)= Y d-v(ArUB,), (22)

TCBN\{Bp} TCBN\{Byp}

where Ar = Up,er By N N.

Furthermore, since B, is a carrier of up,, by (19) for all a € R it holds that

(a up,, ) (a qu,‘B>:

. [oz L (SU{i}) —a-up, (S)] = pgéfl ca=0%  -a. (23)
SCBy\{i} ’

Choosing o = 3 rco\5, a?- v (Ar U B,), by the Coalitional Partnership ax-
iom, and taking into account (21), (22) and (23), we can conclude that for any

v € G for which B, is formed by veto players, it holds that

A~

Z Pzgfl'U<ATUBp):bfz\—1' Z a:'U<ATUBp)-
TCBN\B, TCBN\B,

Therefore, if t +§<n+1and 0 <t <t — 1, it holds that p"+1 2 a?- b§—1

Now assume that if f+5<n-+1and 0 <t <t —1 it holds that

AN
n,t,s

oLy ag- b, for all ' > s, (24)
and let us see that p’ . a?- be.
Indeed, if  + 5 < n + 1, from (20) it follows that

P e = i o<t <1,
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and, applying the induction hypothesis,

A~

prbt il =al- bt 0<t <t 1.

This together with (24) implies that

A~

n,t,s 0 -1 0
e (bs Y%
Since b™ satisfies (5)

ijl’t’s =al- b 0<t<t-—1,

and the proof is complete. O

Example 12 In this example we will show that Coalitional Partnership is

independent from the rest of the axioms used in Theorem 7. Indeed, for each

neNandt e€{0,...,n—1} define

1 if n=1

a;' = if n>1 and (t=0ort=n-—1)

N

0 otherwise,
4] if n>1 and t=n-—1
Of=49-6 if n>1 and t=0

0 otherwise,

where _71 <o < % Let us consider the mapping & : X — AG defined for each

N C U finite by €V :gpr where for each t,5 € N such that t +3 < |[N| +1
PN =l ol 4B 0<t<T—1, 0<s<§—1.

One can easily check that & is well defined and satisfies the Carrier (ii), Lin-
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earity, Rearrangement, Monotonicity, and Projection axioms. However it does

not satisfy Coalitional Partnership. Otherwise by Theorem 7, there are two

families of vectors of real numbers (a™), (b") such that piYs’t7s = a?- bg. As in
n,n,l n,1,n

the proof of Proposition 11 it holds that afz pro - = af and biA: pos = af

when t # 1 and § # 1. But this contradicts the definition of pﬁ;t’s.

Remark 13 Dubey et al., (1981) also considered semivalues defined on games
with a fived finite carrier N in the following way. A semivalue on GV is a
function YN : GN — AGY satisfying properties (P1), (P2N), (P3) and (P4),
where (P2N) is (P2) restricted to mappings © preserving N. We have the

following result.

Theorem 14 (Dubey et al., 1981) Let N C U be a finite coalition and n =
|N|. For each vector p™ satisfying (3) and (4), the mapping ¢*" : GN — AGN

defined by
() 0= 3 i [o(sui) -],

SCN\{i

is a semivalue on GV . Moreover, every semivalue on GV is of this form, and

the mapping p"* — YP" is one-to-one.

By examining the proof of Theorem 1/ above one can realize that it is not

necessary to consider that N is included in the infinite set U.

For coalitional semivalues we have a similar result.

Let M be a finite coalition with |M| = m. A mapping ¢ : XM — AGM
is said to be a coalitional semivalue on M if it satisfies Carrier (ii), Linear-
ity, Rearrangement™ , Monotonicity, Projection, and Coalitional Partnership™
(where the Rearrangement™ and Coalitional Partnership™ azioms stand re-

spectively for Rearrangement and Coalitional Partnership when the games are
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in GM; the coalitional structures are partitions of M ; the mappings © going

from M into itself; and B™ are defined accordingly).

Leta = (a™)]"_, and b = (b")"_, be two collections of vectors, with a",b" € R",
satisfying (3), (4) for everyn =1,...,m, and (5) for everyn=1,...,m —1
(Notice that by (5) we only need to specify a™ and b™ to completely determine
a and b.) Define the mapping ¥*° : XM — AGM for every (v,B) € XM and
every ¢ € B, by

("), (wB) = > ™ ol

TCB\{Bp}
SCBy\{i}

v(ArUSU{i}) —v (A7 US) |,

where Ar = Up,er By, and t = |T| and s = |S].
The proof of the following theorem is very similar to that of Theorem 7.

Theorem 15 For each pair of collections of vectors a and b as before, map-
ping Y« XM — AGM s a coalitional semivalue on M. Moreover, every

coalitional semivalue on M has this form.

5 Coalitional semivalues as “compositions” of semivalues

As mentioned in Preliminaries, the coalitional value of a game is obtained by
applying the Shapley value twice as follows. First we define a new game by
means of the Shapley value, and later we apply the Shapley value to the new
game. In this sense we say that the coalitional value is a “composition” of
the Shapley value with itself. This section is devoted to proving that coali-
tional semivalues can be obtained in a similar way. That is, every coalitional

semivalue is the “composition” of two semivalues. And on the other hand, the
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“composition” of two semivalues will yield a coalitional semivalue.

Let ¢ : G — AG be a semivalue, N a finite coalition and v € GV. Let B be
a coalitional structure and let us fix B, " N € By. Denote by U;f B the game

in GB"N defined for each S C B, N N by
vy ™ (8) = s (U%(S)) ,

where 9B (S) and v3(%) are defined in (1) and (2) respectively. That is, vh® (S)

is the semivalue of “player” S in game v®(5).

Proposition 16 Let (a™) and (b") be two families of vectors satisfying (3), (4)
and (5) for every n € N. Let 1p* and 12 be respectively the semivalues defined
by these collections according to Theorem 4. Then for every (v,B) € XV and

every ¢ € B, NN it holds that

(Bus), (v.8) = 07 (2").

PROOF. Applying (6) twice we obtain

i2 (U;/,17%> _ Z bISBpmN\ {(0517%) (S U {Z}) _ (vﬁl’%)(s)] _

SCBNN\{i}

ST BN ( > al®N! {v (AT usu {z}) —v(Ar)

SCB,AN\{i} TCBN\{B,NN}

> al®~! {U(AT us)— U(AT)]) =

TCBN\{BpNN}

I ey {U (ArUSU{iY) —v (Ag U 5)} — (bas), (v,%B) |
"SRIN

where Ar = Up,er (BN N), t =|T| and s = [S]. O
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The next Corollary states that a coalitional semivalue is the “composition” of

two semivalues.

Corollary 17 A mapping ¥ : X — AG is a coalitional semivalue if and
only if there exist two semivalues ', ? : G — AG such that for every finite

coalition N ,and every (v,B) € X it holds that

Vi (v,B) = ¢? (o) ®)  forallie B,NN.

PROOF. This is a direct consequence of Theorem 7 and Proposition 16. O

Remark 18 As in Remark 13 this corollary can be adapted easily to the case

wn which the carrier is a fized finite set.

Let M be a finite coalition and m = |M|. First notice that if (v,B) € XM,
then games v® and v;f’l’% have carriers with cardinality lower than |M|. Hence
we can consider both games as included in GM, and this is how the situation

has to be understood in the following theorem, whose proof is omitted.

Theorem 19 A mapping ¢ : XM — AGM is a coalitional semivalue on M if
and only if there exist two semivalues on M, Pt 2 : GM — AGM such that

for every (v,B) € XV it holds that

Vs (v, B) = 1p? (U}fl’%) for all i € B,

Now for every finite coalition N = {iy,...,4,}, denote
BI(N) = {{ir},...,{in} , U\N}, and B"(N)={N,U\N},

that is, in B9(N) we have partitioned N into singletons, and in BT (N) all

the members in N are “together” in one coalition.
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In the next theorem we identify the semivalues 9!, ? of Corollary 17.

Theorem 20 If 1) is a coalitional semivalue, then the mappings %,y : G —
AG defined for every v € GN by

V() = (v, B5(N))  and ¥'(v) = ¢ (v,BT(N))
are semivalues and for every (v,B) € XV it holds that

i (v,B) = ¢! (%) forallic B,NN.

PROOF. Let 9 be a coalitional semivalue and (a™) and (b") be the two fami-
lies of vectors associated with 1 according to Theorem 7. From Proposition 16

it suffices to show that ¢* and ' are the semivalues associated respectively

with (a") and (b"). Indeed if v € G and i € N

W)Y () =N (v, BY(N)) =
S B {U(ATU SU{i}) — v (Ar US)}

TCBI\{{i}NN}
5=0

= > a?-v(ATU{i}—v(AT)).

TCBY\{i}

So 9® is the semivalue associated with (a"). And similarly for ¢* and (b™). O

Remark 21 In the theorem above we have seen that the mapping ¥° (respec-
tively ") that assigns its coalitional semivalue to every game v € G when
all the players in the carrier of v are separated (respectively together), is a
semwvalue; it 1s in this sense that coalitional semivalues can be considered as

generalizations of semivalues.

According to Corollary 17 coalitional semivalues are “compositions” of two

semivalues, but these two semivalues do not necessarily coincide. Next we
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characterize the subfamily of coalitional semivalues that are the “composition”

of a semivalue with itself. We need the following axiom, where ¥ : X — AG.
Coalitional Structure Equivalence: 1; (v, B ) =1 (U, %T).

This axiom requires ¥ to yield the same results when all the players in the

carrier of v act together as when each of them acts on his own.

Theorem 22 A mapping 1 : X — AG satisfies Carrier (ii), Linearity, Rear-
rangement, Monotonicity, Projection, Coalitional Partnership, and Coalitional

Structure Equivalence if and only if there exists a semivalue & on G such that

for every (v,B) € XV ifi € B,N N it holds that

Vi (v,B) = & (v5%).

PROOQOF. Thisis an immediate consequence of Theorem 7 and Theorem 20. O

Remark 23 Notice that the mapping defined in Fxample 12 satisfies Coali-
tional Structure Equivalence. Therefore, Coalitional Partnership is indepen-

dent from the other axzioms in the previous theorem.

To finish this section we will consider the characterization of Hart and Kurz
(1983) given in Theorem 3. It turns out that if we remove Efficiency from the
system proposed by these authors, we do not obtain all the “compositions”
of semivalues, but only those in which a semivalue is “composed” with the

Shapley value.

Theorem 24 A mapping 1 : X — AG satisfies the Carrier (ii), Linearity,

Anonymity, Inessential Game, Monotonicity, and Projection azioms if and
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only if there exists a semivalue & on G such that for every (v,B) € XV,

Vi (v,B) = Sh; (v§®)  foralli € B,AN. (25)

PROQOF. First of all it is clear that if £ is a semivalue, the mapping defined

by (25) satisfies these axioms.

To prove the converse consider a mapping ¥ : X — AG, that satisfies these

axioms. Let ¢* : G — AG be the mapping defined by
Pi(v) = (v,%S(N)) ,  for every v € GV.

Clearly, by Carrier (ii) and (27) the mapping ¢° is well defined. And since
1 satisfies the Linearity, Anonymity, Monotonicity and Projection axioms, it
immediately follows that ¢° satisfies (P1), (P2), (P3) and (P4). By Theorem 4

the mapping ¥° is a semivalue on G.

Now let B = {By,..., By} be an arbitrary coalitional structure and consider
the set H = {i1,...,%,}, where i, € B, for each p = 1,..., h. Consider also

the family of games {v% NS G}, where v®

is the game v restricted to the
field generated by B (i.e., considering B as set of players). Obviously we can
identify set {U“B v E G} with G*. So 1 induces a mapping % : G — AGH

defined for each v® € G¥ and each i, € H by

;f (U%) =1 (v,B) (B,),
where ¢ (v,B) (B,) = Zicp, i (v,B).
B B

Mapping 1% is well defined, since v® = w® implies (v — w)® = 0 and, apply-

ing Linearity and Inessential Game, for every B, € ‘B it holds that
¥ (v,B) (By) = v (w,B) (B,) -
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B
On the other hand notice that for every v® € G* it holds (v%) = v®. Hence,

by Carrier (ii) for every v® € G it holds that

(™) =2 (™)) = (o™ 2) (B) =

v (0™, B5(H)) (By) = v, (v® BI(H)) = o5, (v®). (26)

ip

Hence ¢® = 1* on G,

Now let us show equality (25) for £ = ¢°, and the proof will be completed.
Taking into account that for every v,w € G it holds that v;fs’% + w;f’s’% =
(v + w)gs’%, and from Linearity, we only need to consider unanimity games.

So let ug be a unanimity game, with R C U finite. First we show that

Y (ug,B) =0 forallig N. (27)

)

So let ¢ ¢ N. By Monotonicity 1; (ug,B) > 0. Now consider the game
W = —uUp + Y jep U} Since w is monotonic it follows that 1; (w,B) > 0.
By the Projection and Linearity axioms 1;(w, B) = 1 (—uRJijeR Uy, %) =
—1; (ug, B), and therefore, 1; (w, B) < 0. Consequently it holds that ¥; (w,B) =
—1; (ug,B) = 0.

Then we have

Y Yi(ur,B) =Y ¢ (ug,B) = f(“?) =¥ (uﬁ) -

i€BpNR i€By

03 (ug(Bp)) — (UR)Z’S’% (By) = Z Shi<(UR);f’sa% (By) ),

i€B,NR
where the first equality follows from (27) and since ugr € G%; the second by

definition of w?:; the third by (26); the fourth equality by the definition of

B

up " the fifth equality by the definition of (uz)’"™; and the last one from

the fact that the Shapley value is efficient.
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Since the Shapley value is symmetric and 1 satisfies Anonymity we obtain the

desired result.

6 Appendix

Proof of Lemma 9:

PROOF. Let ‘B be a coalitional structure. First notice that if i satisfies
the Linearity, Monotonicity and Projection axioms, then for every unanimity

game ug, where R C N, it holds that

VN (ug,B) =0 foralli¢ R. (28)

The proof of this statement is identical to the proof of (27), so we omit it.

Now let B, € B such that B,NN # (. Consider the vector space formed by the
linear mappings from G into AGP»"V . Notice that for every mapping 1) on X
that satisfies Linearity, the composition of the mapping ¥V (-, 8) and the pro-
jection Pr: AGN — AGP»™N defined by Pr(w) = wyp,nn, belongs to the lat-
ter vector space. This composition will be denoted by ™ (-, B), p,nn- Further-
more, the mappings ™ (-, ‘B)‘ BN where 9 satisfies the Carrier (ii), Linear-
ity, Rearrangement, Monotonicity and Projection axioms, generate a subspace,

which will be denoted by F3 . Next we prove that dim FZ = |B, N N|-[By|.

Since unanimity games {ur : R C N} form a basis of GV, every element
ferF ]?; is fully determined by its values on these games. In fact, due to (28)
and by Anonymity (Rearrangement actually) it is enough to specify f; (ug)

for a single player ¢ € B, N R and for every unanimity game ug, with R C N.
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Let us see now that if ug,,ur, are two unanimity games with Ry, Ry C N

such that |B, N Ry| = |B, N Ry| and |Bg,| = |Br,|, then
filur) = f;(up,), forallie ByNRy, andall j € B,N Ry (29)

N
Assume that f = 370, Ag - (w’“)IB _y» Where Yk satisfies the Carrier (ii),
P
Linearity, Rearrangement, Monotonicity and Projection axioms. Let H =
{ig : B,N Ry # 0,q # p}, where i, € B, N Ry for each ¢ # p, and consider

the following coalitional structures:
B =Bp, U{U\R,}, (=1,2, and
B = {B,N R} U{{i,} i, € H} U{U\ (B, N Ri)\H}.
And for each i = 1,2 let my : U — U such that 7B, NmB, = 0 if ¢ # r, and
(1) m (B, N Ry) = B, N Ry, and
(2) mo (By N Ry) = {ig} if ¢ # p.
Then we have for every ¢ € B, N R; and every j € B, N Ry

o) = £ () ) = Eone (44

gjl Mo (%) (myup,, B') = kil M (09) (ot B') =
é)\k (@bk)jv <7T2UR2> %2> = i Ak (@Dk)j (ury,B) = fj (ur,),

where the 2nd and 6th equalities follow from Carrier (ii); the 3rd and 5th from
Rearrangement and the 4th from the fact that myug, = mug,. Consequently

we have proved (29).

So to specify f; (ug) for a player i € B, N R, it is enough to know how many

players are there in B, R and how many coalitions in B intersect coalition R.
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That is, f;(ug) only depends on two numbers: |B, N R| and |Bg|. Since R can
be any nonempty coalition in N intersecting B,, the number |B, N R| ranges
from 1 to |B, N N|, and the number |B | ranges from 1 to |8 y|. Consequently

the dimension of F}3 is at most |B, N N| - By,

Now for each o € {0,...,|By| —1} and 5 € {0,...,|B, N N| — 1}, consider
the family of matrices p™v (B, p, o, ) = {pN’tA’g(%,p,a,ﬁ) 1+ 5<|N|+ 1} ,

where pN’?’g(‘B,p,a,ﬁ) =0if t # |By| or §# |B, N N|, and

(‘%Nt'_l)il , (|B,,m;v|—1)*1 if (t,5) = (a, 3)

0 otherwise.

N,[Bn|,|BpNN
pt,s| vl ! ‘(%,]%Oé,ﬁ):

Let (pr(%’p’a’ﬁ) be the associated mapping defined by (19). For the sake of
simplicity denote this mapping by gbfﬁ Clearly the family {gzﬁ(%’} 5 is linearly
independent in F2. So dim F§ = |By|-[B, N N| and this family is a basis

for this subspace.

Let us consider now any mapping ¢ that satisfies the Carrier (ii), Linearity,
Rearrangement, Monotonicity and Projection axioms. Then there exist real
numbers cff such that for every v € GV
|Bn|—1 |BpNN|—1

OB = X L Gl af 0 Bgan 60
If i € B,\N, theni ¢ R for all ug such that R C N, and therefore (28) implies
that v; (v,B) = 0 for every v € GV. As (qﬁaﬁ) (v,B) = 0, and taking into
account (30), for all v € GV and all i € B, it holds that

By |—1 [BpNN|—1

= Y (), )

Now let us show that if € is a coalitional structure such that |€y| = |®B y| and
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|Cy; N N| = |B, N NJ|, then cgl% = C?ﬁ’.

Indeed, w. 1. 0. g. we can assume that €y = {C1 NN, ...,C,N N}, and By =
{BiN'N,...,BiN N}. Denote ¢ = &€y U{U\N}, and B’ = By U {U\N}.
Assume that min{]CrﬂN| tro# q} > min{\BrﬂN:hﬂ # p} = K, and
consider a mapping 6, : U — U such that 6, (C,NN) N6, (C.. NN) = 0,

whenever r # 1/, and

(1) 6N C N,

(2) O1h = h, for all h € C,N N,

(3) |61 (C, NN) | = K, for all 7 € {1,..., £} \{q}.

Consider also the game Ugjqﬁ € GV defined by

1 i {C,e€:r#q,0#C,NNCR} >«

1 if {C,e€:r£q,04AC,NNCR}=a
vah (R) = (31)
and |[RNC,NN|>p

0 otherwise.

If j € C,N N it holds that
e = (o €©) = v (055, ¢) =
o (st ) = o (v ™), (32)

where the second equality follows from Carrier (ii), the third from Rearrange-

16
ment and the last from the fact that 91712:% = vgﬁl 4

Now let ¢ € B, N N and let us consider a mapping ¢, : U — U such that
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(1) 02 (B, NN)=0,(C,NN), 1 <r </l r#p,
(2) 5 is one-to-one from B, N N to C;, N N, and
(3) 0> (U\N) = U\ Uy, 02 (B, N N).

Note that Oyv>% = 011) 4 and €% = ¢’%. Therefore, Carrier (ii) and Rear-

rangement imply

=l (v28) = o (25, 9) = ol (92 ) =

0 N ¢’%1 (% [
¢92z (91 aﬁ’Ql 1) = ¢92i ( a, ! Q:/ 1) = Ca,%7

where the last equality follows from (32).

If we show that ¢>% > 0 for all o, 3, and Z|%N| ! ZlB”mM ! %p = 1, the proof
will be completed just by taking

B,p
Nts . Cts
Prs’ (\%m—l) , (|Bprw|—1)’
t

s

for a coalitional structure B such that ¢t = |By|, and § = |B, N N|.
Since vf’é’ € G* is monotonic, it follows that 0 < ¢ (vf g, ‘B) = cfﬁ.

Now let us fix some ¢ € B, N N. On one hand, by the Projection axiom,

PN (u{i}, %) = 1. On the other hand, ¥¥ (U{i}, %) = gf)\]lil lei%mmq C;BS’]’.

Consequently Z|%N| lz\fi%ﬂNl 1 %p -1 0O

Proof of Lemma 10:

PROOF. Clearly, it suffices to prove that if k € U\ N, then pNts = pNUiFh s

for t,5 such that £ + 5 < |[N| + 1.
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First notice that from condition (17), it follows that pé\j o"'=1 for every finite

coalition N C U. So we can assume |N| > 2.

Consider a coalitional structure % such that |By| = ¢, and |B, N N| = 3, and
k € B, for some r # p such that B, N N # (). By Lemma 9, applying (19), if

veGN andi e B, it holds that

W= Y AFp(arusu(@) —e@rus)| @)
TCBN\{BpNN}
SCB,NN\{i}

where Ar = Up,er BN N, and t = [T, and s = |S].
On the other hand, since k is a null player in v it holds that

ARECR I S [v (ArUSULY) —v(ArUs) |,
TCBN\{B,NN}
SCB,NN\{i}
(34)
WheI‘e AT = UquT Bq N N
Since ¢ (v,B) = YN* (v, B) for every v € GV, from equalities (33) and

(34), it follows that ,oi\fs’t’s = piﬂu{k}’t’s, and the proof is complete. O
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