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SUFFICIENCY OF LOCAL DEVIATIONS FOR DYNAMIC MORAL HAZARD WITH
PRIVATE COSTS

Guy ARIE!
Abstract

The marginal cost of effort often increases as effort is exerted.
In a dynamic moral hazard setting, dynamically increasing
cost create information assymetry that breaks the sufficiency
of one-shot-deviation incentive compatibility (OSD-IC), pre-
venting any analysis. This paper recovers OSD-IC and char-
acterizes the optimal contract. The result is obtained by de-
veloping an alternative formulation for dynamic moral hazard
that is based on duality theory. The stronger result utilizes
a critical feature of the new formulation — a history’s value
is monotonic in the dual state space and satisfies a single
crossing condition. The optimal contract is consistent with
the popular yet thus far puzzling use of non-linear incentives,
for example in sales-force compensation.

KEYWORDS: Dynamic moral hazard, nonlinear incentives, private in-
formation, dynamic mechanism design, duality, linear programming, stochas-

tic programming, dynamic programming.

1. INTRODUCTION

Increasing marginal costs is a standard component of economic analysis. In orga-
nizational settings, the increase in cost often has a dynamic motivation. A worker
picking fruits, for example, gets tired as the day progresses. In other settings the task
itself becomes harder over time. Sales performance, for example, is measured over a
period, typically quarter or year. As the quarter progresses, the agent depletes all
the “easy” sales leads and must exert more effort to generate later sales. Sales effort

is inherently hard to monitor and pay is often performance based. If the firm would

!University of Rochester, Simon School of Business.
First version November 2011. This version June 2013.
This paper is based on the first chapter of my dissertation at Kellogg. I am indebted to Bill Roger-
son, Mark Satterthwaite and especially Jeroen Swinkels and Michael Whinston for their advice
and encouragement throughout this work. I thank many seminar participants and especially Eddie
Dekel, Matthias Fahn, Paul Grieco, Jin Li, Michael Raith and Rakesh Vohra for helpful suggestions.
Financial support from the GM Center at Kellogg is gratefully acknowledged.

1



2 GUY ARIE

know the agent’s true cost, it may want to increase incentives towards the end of the
quarter.

The existing literature only solves two period dynamic moral hazard problems in
the presence of increasing marginal costs (Mukoyama and Sahin (2005) is a direct
application and Abrahdm, Koehne, and Pavoni (2011) consider additional two pe-
riod settings). For more periods, however, Fernandes and Phelan (2000) show that
some incentive compatible (IC) contracts may violate the one-shot-deviation (OSD)
condition.

This paper introduces a reformulation of the dynamic contract problem that is
based on duality. This reformulation proves that while some IC contracts may vi-
olate OSD, the optimal contract does not. The formal optimal mechanism can be
quite complicated to describe. However, section 5.3 provides an example in which the
optimal contract can be implemented using a known twist on a quota contract and
a second example in which the optimal contract can be implemented by a convex

incentive scheme.

Joseph and Kalwani (1998) document the popularity of convex and quota based in-
centive schemes in sales related settings. However, as Prendergast (1999) summarizes:
“rather remarkably, the theoretical literature has made little progress in understand-
ing the observed (nonlinear) shape of compensation contracts, despite costs associated
with nonlinearities.” The same conclusion is echoed in more recent studies, see e.g.
Misra and Nair (2009) and Larkin (2007). Thus, the analysis here shows that increas-
ing marginal cost can provide a relatively simple micro-economic foundation for the
popularity of these schemes.

The model is the simplest possible to capture the problem of privately increasing
costs. A risk neutral agent decides every day whether to exert costly effort or not.
The probability of success (a sale) in the day increases with effort. The cost of effort
today is a convex function of past effort. Effort is unobserved and the principal can
commit to a contract at the outset.

To see the incentive problem, suppose that the probability of a sale each period is
% if the agent exerts effort on a customer and zero otherwise, and that the agent’s
cost for making the n-th effort is n. If both the principal and the agent consider only
current period incentives, a contract paying the agent 2n for a sale in day n is incentive
compatible and provides the agent zero expected utility — clearly first best. However,

if the agent considers future payoffs, this contract is no longer incentive compatible.
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Shirking in the first period and then working whenever asked obtains the agent an
expected utility of 1 each period. By shirking today the agent increases his rents from
future work. The optimal contract must account for this additional incentive to shirk:

the agent’s utility difference between success and failure must increase.

The optimal contract can be informally described as a dynamic quota: the agent
starts in an evaluation stage and eventually moves to a compensation stage. In the
compensation stage the agent is paid a fized piece-rate for each sale and works for an
additional fized time that is independent of any new outcomes. In the evaluation stage
the agent is rewarded only by changes to the expected fixed piece-rate, the length of
the compensation stage, and the quota the agent must meet to enter the compensation
stage. If the agent accumulates enough early successes, his compensation per sale later
in the quarter will be high. If the agent did not accumulate enough early successes,

the contract leads the agent to stop working.

The contract is consistent with the more general features found in the empirical sales
literature that are considered difficult to explain. Once the agent meets his “dynamic
quota”, his reward is based only on his highest anticipated cost, generating excessive
rewards for successful agents, as found in both Misra and Nair (2009) and Larkin
(2007), and is generally assumed to hold in such settings. On the other hand, the
only way to profitably provide such high rewards is to limit the work by unsuccessful
agents, resulting in a higher volatility of the work decision towards the end of the

work period, consistent with the finding in Oyer (1998).

The analysis extends the existing literature by formulating the original problem as
a linear program, deriving its dual and then obtaining a recursive representation —
the dynamic dual. The dynamic dual analysis focuses on the optimal contract and
considers a change that increases the expected profits. This change must violate some
incentive constraint. If the constraint that is violated is always a one-shot-deviation

constraint, then the optimal contract subject only to OSD must be IC.

The value of the dual problem at each history is the increase in expected profits at
the outset of the contract from the optimal continuation starting in the history. This
accounts for the continuation profits from the history and the effect of the optimal
continuation on the agent’s incentives from the start of the contract. In contrast, the
standard (primal) dynamic value for a history is the expected continuation profits (see
e.g. Spear and Srivastava (1987)). Thus, while it is well known that the contract may

continue even if the standard value of a history is negative (i.e. the principal optimally
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committed to providing the agent very high continuation utility), whenever the dual
value of a history is strictly negative, the optimal contract terminates.

The dual state variables proxy for the degree of agency frictions generated by the
contract at the history. The model has two agency frictions - one generated by the
effect of current utility on past incentives and one by the information asymmetry.
Each friction determines a state variable. An important technical feature of the dual
representation is that the contract’s dual value is monotonic in each state variable
and that the state variables are substitutes. This allows proving stronger results than
typical for the optimal contract, and in particular the OSD result.!

Following a short literature review, section 2 lays out the dynamic production
model. Section 3 develops the basic optimal contract problem and it’s dynamic dual

formulation. Section 4 proves the sufficiency of local deviations. Section 6 concludes.

1.1. Relation To Existing Literature

This paper contributes to recent progress in dynamic agency theory with private
history dependent technology. Fernandes and Phelan (2000) consider a agency settings
in which today’s information or effort affects tomorrow’s productivity but limit the
history dependence to one last period via a Markov assumption. Nevertheless, the
result in Fernandes and Phelan (2000) for moral hazard settings is negative - whenever
today’s effort affects tomorrows productivity, the one-shot-deviation principle does
not apply.

Several recent papers follow the modeling approach of Fernandes and Phelan (2000)
to analyze dynamic moral hazard settings with payoff relevant private histories. In a
recent working paper, DeMarzo and Sannikov (2008) extend the aggregation problem
of Holmstrom and Milgrom (1987) to settings in which the agent also obtains pri-
vate shocks to his productivity that are correlated with past effort. While DeMarzo
and Sannikov (2008) is closest to the setting studied here, the additional aggregation

Following Spear and Srivastava (1987), dynamic moral hazard analysis uses the agent’s continua-
tion utility as the state. If the agent’s continuation utility is exactly his outside option, the contract
must typically terminate and the principal obtains his outside option. If the agent’s continuation
utility is very high, the principal must either give away the firm (in limited liability settings, see e.g.
Clementi and Hopenhayn (2006)), or provide the agent costly insurance. In all cases, the principal’s
expected continuation value is highest for some expected agent’s continuation utility between the
two extremes and is thus non-monotonic. In the extension to private information developed by Fer-
nandes and Phelan (2000), it may well be that the state variables are in some cases complements
and in others substitutes.
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problem changes the analysis and results. Another working paper, Tchistyi (2006),
maintains the Markov structure in Fernandes and Phelan (2000) and devises a trans-
formation of the agent continuation payoffs under deviations to obtain sufficiency of
local deviations in the presence of unobservable utility shocks to the agent. Williams
(2011) focuses on dynamic adverse selection — the agent only reports his income,

which privately follows a Brownian motion.

Bergemann and Hege (2005), Bonatti and Horner (2011) and Halac, Kartik, and Liu
(2012) consider the case that surplus depends on the private history but the principal
only cares about the first success. This simplifies the agency problem, and restores
the one-shot-deviation principle as there is only a single instance in which rewards
need to be provided. As a result, more involved questions — alternative contracting

frameworks and collaboration between multiple agents can be studied.

Duality based approaches are widely used in economic modeling, dating back to
the classic text by Rockafellar (1970). Vohra (2011) extends the analysis of static
adverse selection models by analyzing the dual of the classic adverse selection prob-
lem. Marcet and Marimon (2011) and Mele (2011) consider shadow multipliers in a
dynamic setting that can be applied to moral hazard problems. The formal analy-
sis however assumes the OSD assumption holds. Abraham and Pavoni (2008) use a
mixture of a shadow variable and the promised utility to construct a recursive model
of savings and consumption. Their approach however relies on a numerical procedure
to verify ex-post that the first order approach is valid. Finally, Mukoyama and Sahin
(2005); Abrahém, Koehne, and Pavoni (2011) consider related production processes

for two period settings.

This paper makes several contributions. First, a characterization is provided to the
specific setting of interest, which is more consistent with empirical observations than
previous models. Second, the recursive dual model developed here is tractable and
the approach can be applied to other settings. In particular, settings without a proof
for sufficiency of OSD. Finally, while the previous dual literature focused only on the
utility cost, this paper introduces the use of the private information cost as a dual

variable.
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2. MODEL
2.1. Setup and Primitives

There is a principal and an agent, both risk neutral. Both have an outside option
set to zero. The agent has limited liability — i.e. money can only be transferred to
the agent. Time is discrete. In each period the agent either works or not. The agent’s
work is costly to the agent and unobservable to the principal. The cost of effort in a
period is ¢, for a commonly known function ¢ : N — R, where n denotes the number
of actual periods of work. That is, for the first period of work, n is one. For the second
period of work, n is two, and so on. If the agent shirks in the first period, n in the
second period is still one. The analysis will focus on the case that ¢, is an increasing
and convex function. However, the dual methodology that is developed applies also

if ¢ is fixed or non-monotonic.

ASSUMPTION 1 The agent’s cost, c,, is increasing and convex in the work period

number, n.

A period’s production outcome is either success or failure, denoted by y € ¥ =
{0,1}. The principal earns a revenue of v from each success (y = 1) and zero from
a failure (y = 0). The probability of success (resp. failure) in a period in which the
agent works is p € (0,1) (resp. 1 — p). If the agent does not work, p is replaced
with pg € [0,p). The results extend directly if the outcome space is increased to any
countable set. To prevent the principal from making free profits, assume the principal
incurs a cost of v - py for every period in which the contract is still active.?

As costs are increasing, the surplus from working becomes negative after enough
effort was exerted. Let N8 denote the maximum number of periods in which con-

secutive work increases surplus:
N¥B =maxn :c, <v(p—po) .

The increase in costs is sufficient to prevent an infinite contract from being opti-
mal.> The exposition is simplified by assuming that the agent and principal do not

discount the future. Section 5.5 explicitly considers discounting and shows that adding

2This assumption only simplifies the exposition and is without loss of generality.
3Nevertheless, the dual formulation developed here can be identically derived for infinite horizon
settings.
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a discount factor amounts to a simple accounting exercise.
Before defining the contract, the following observation simplifies the exposition and
notation. The first two parts are standard and the last is a direct outcome of risk

neutrality.

REMARK 1 There is an optimal contract in which:
1. The agent works for at most N¥'Z periods
2. The required work decision is a stopping decision: if the agent is ever asked not
to work, the contract terminates.

3. The agent is never paid in a period without work or with failure.

Given remark 1, the space of contract relevant pubic histories H is the space of

previous outcomes:

NFB

H= L_JOY"

A public history h € H denotes a sequence of outcomes. Part two of Remark 1
implies that if the contract is not yet terminated, the agent was asked to work in all
past periods. However, only the agent knows in which periods he actually did work
and in which periods he shirked. As the cost to the agent of working in a period is a
function of the number of periods in which the agent actually worked in the past, the
only information in the agent’s private history that is payoff relevant is the number

of past shirks:

DEFINITION 1 The agent’s private history (h,s) is the public history h and the

number of past shirks s.

Let nj denote the number of the period just after history A. If the agent did not
deviate in the past, his cost of work in this period will be ¢, . However, cost depends on
the private history. With a slight abuse of notation let ¢;_; = ¢,, _s denote the cost for
any history h with past deviations s and ¢, = ¢;,_¢. As the difference in cost between
two work periods will play an important role, let dj,_s = ¢, —s — ¢5,—s—1 denote the
cost difference between the current and previous periods if the agent shirked s times
in the past and dy, = dj_¢. To simplify the notation later on, set d; = ¢;.

The analysis makes extensive use of histories following and preceding other histories.
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Let h = (h', h?) denote the history h' followed by the history h2. That is, the sequence

of outcomes h' happened and then the sequence h? happened. For example, if the

current history is h, then the next history will be either (h, 1) or (h,0). Say that the

history (h', h?) follows history h' and denote the “follows” relation by =. That is?*
h=h < HﬁeH:B:<h,ﬁ>.

2.2. The Contract

By the revelation principle, there is no loss in considering only contracts that specify
for each period a work decision and a wage based on the period’s history. This section
defines the contract using a simple transformation of the standard decision variables.
This transformation will allow a linear formulation of the problem without affecting
the interpretation of the resulting contract.

Typically, the contract specifies for each period whether the contract terminates
in the period and the resulting wage. Let (1 — a;) denote the probability that the
contract is terminated in history h, if h is reached. Let W}, denote the wage paid for
success in the period.

Using the standard variables, the ex-ante probability that the contract would still
be active after a success is ag - agy. To linearize the formulation, the contract will use
the ex-ante probability that the principal did not decide to terminate the contract
yet instead. This probability, denoted g, can be defined recursively from any a:
(21) g = ap ,and gy = Gn - Ay

The standard payment W), is only paid if the contract was not terminated by period
h and the agent succeeds. Thus, to determine the expected payment, we must multiply
W3 by gp,. This would destroy the linear nature of the problem. However, by remark
1, there is no loss of generality in having the contract specify the wage for success in

the history, conditional on the contract not terminating yet:
(22) Wh = Qqp * Wh .

DEFINITION 2 A contract is a pair of functions (g, w), with g, specifying for each
history h the cumulative probability that the agent will be still be asked to work in the
period (equations 2.1) and wy, specifying the wage conditional on activity (equation

2.2).

4As the set H includes the empty set, h >= h.
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REMARK 2 As the agent and principal are risk neutral, there are infinitely many
equivalent ways for the optimal contract to pay the agent w dollars. Paying a dollar for
success today is equivalent to paying Il? more dollars for success tomorrow (assuming
the agent is asked to work). To remove this technical duplication of the optimal
contracts, the analysis assumes the optimal contract makes payments “as early as
possible.” That is, from all contracts that specify the same work plan, the optimal

contract is the one that pays more to the agent as early as possible.’

If the agent complies with the contract (i.e. works when asked to), the ex-ante
expected revenue for the principal from a history h is the probability that the history
is reached and the contract did not terminate, ¢, multiplied by the expected revenue
from work v - (p — pp). The ex-ante expected payment in a period h for a compliant
agent is simply p - wy. Thus, the principal’s expected continuation profit starting at
history h from a contract the agent complies with is
(2.3) V" = q.(p—po)v—pwy +pV*Y + (1 —p) VO

A similar expected value can be defined for the agent. Letting U” be the agent’s ex-
pected continuation utility from complying with the contract in all remaining periods
starting at private history h, s we have:

Ul = pwp — quen—s + pUSY + (1= p) UM

The ’s’ subscript is omitted if s = 0. The optimal contract chooses ¢, w that maxi-
mizes V? subject to incentive compatibility (IC) and individual rationality (IR). As
the agent can always choose to stop working IR is implied by IC and thus will be

subsequently ignored.

2.3. Incentive Compatibility

Rather than considering general deviation plans by the agent, we consider only
“Final Deviation Incentive Constraints” (FDIC). That is, IC’s in which the agent
(who possibly shirked in the past) considers one final shirk, assuming he must follow
the contract in all later periods.

For any private history (h,s), the agent’s expected utility from complying is U”.
To construct the FDIC, determine the agent’s expected utility from shirking. If the

5The selection is correct if the agent is just slightly more impatient or risk averse than the principal
as the early payments condition implies that the payments depend on fewer outcomes. As there is no
issue of inter-temporal consumption smoothing this reduces the variation in the agent’s compensation
and thus increases his expected utility if he is risk averse without affecting the principal’s profit.
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agent deviates in history h, his expected payment in the period is powy. The agent
expects to succeed and transition to the history (h,1) with probability py. As the
agent is considering a final deviation, his expected continuation utility after shirking
and succeeding is Uiﬁll ), Similarly, with probability (1 — py) the agent expects to
transition to the private history ((h,0), s+ 1).This yields the following definition:

DEFINITION 3 The set of Final Deviations Incentive Constraints (FDIC) is
(24)  Vhs: U > pown+poUS + (1 —p) USY (FDIC)

S

The next lemma verifies the relation between FDIC and IC:
LEMMA 1 If a contract is FDIC it is IC

The intuition for the lemma is simply that any profitable deviation plan must
have a profitable last deviation. However, FDIC is a stricter condition than IC. For
example, it may be that the first deviation was more costly to the agent than the
gain from the second deviation. In contrast, the subset of FDIC that correspond to

the one-shot-deviation principle is weaker than IC:

DEFINITION 4 The set of Local Deviation Incentive Constraints (LDIC) is
(25)  Vh: U > powy+poU™ + (1 —po) UM (LDIC)

The LDIC require that whenever the agent considers a one and only deviation,
the expected continuation profit is lower than the expected continuation profit from
complying with the contract in all future periods. It is clear that IC implies LDIC.
However, as in Fernandes and Phelan (2000), in the current model, LDIC does not

imply IC:
LEMMA 2 A contract may satisfy all LDIC but violate IC.

The proof in the appendix is by an example contract in which all LDIC hold with
equality while the agent’s optimal plan is to shirk in the first two periods. As FDIC is

stricter than IC which in turn is stricter than LDIC, the following corollary follows:

COROLLARY 1 If every optimal contract subject to LDIC' satisfies FDIC, then every
optimal contract subject to LDIC' is optimal subject to IC.

6See the appendix for a derivation of the FDIC directly from the problem’s primitives.
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The proof for sufficiency of LDIC will show that the condition of corollary 1 does
in fact hold. For this, we must analyze the FDIC problem.

3. THE FDIC PROBLEM
3.1. Standard Form

The FDIC problem can be stated recursively using the “promised” utility for all
possible private histories. This is a natural extension of Fernandes and Phelan (2000).
The FDIC in period n for a previous number of shirks s must consider the agent’s
continuation utilities if the agent shirked s+ 1 times. As a result, the recursive prob-
lem is period n considers not only the standard utility regeneration constraint, but
also the regeneration constraint for all possible previous number of shirks. The re-
sulting dynamic problem is provided below, with the shadow cost identified for each

constraint:

DEFINITION 5 The Dynamic FDIC problem is
maxy>o V (1,1, U)
With V' ()defined by:
(3.1)
V(n,q,Up,....,Up1) = maxyy  v¥qw>0 4 (p—po)v—p-w
+pV (n+1,q,Ug,...,U,)
+(1=p)V(n+1,¢U,...Uy)

subject to
probability constraint (1s) q=q
FDIC Vs <n—1 (As) Us 2 pow + poUs iy + (1= po) Udy
Regeneration Vs < n — 1 (7s) Uy = pw — q¢ns + pU; + (1 — p) U?

The objective formulation is standard and the FDIC are identical to 2.4.

However, there are two non-standard elements in problem 3.1. First, the variable
¢ and the accompanying probability constraint. In the standard notation, the upper
bound on the probability of work is '1’. Here, as ¢, identifies the ex-ante probability,

the upper bound is simply the previous period’s probability, which may be lower than
1:

0<qg<1 ,and 0 <qun, <an
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The probability constraint, together with the determination of the next period’s g
enforces this change.

The second non-standard element are the extra regeneration constraints for the
utilities in the various private histories. These are called the “threat constraints”
in Fernandes and Phelan (2000). The derivation there details the need for these for
s = 1 assuming the one-shot-deviation principle holds. If OSD does not hold, the
problem must have these for all possible private histories, as is the case here. The
intuition for the additional regeneration constraints is simple. As the problem must
set some continuation values after deviation in the FDIC, the dynamic problem must
recursively define those values and maintain these just as it does for the original utility
in the standard formulation.

The Dynamic LDIC problem is the same as 3.1 with the FDIC only for s = 0 and
the regeneration constraint only for s =0 and s = 1.

There are several difficulties with the dynamic problem. First, it is not well defined
for all values of Uy, ...,U,_1. For example, there is no solution if Uy = 0 and U; > 0.
This complicates proving even “standard” results, such as concavity. Second, one
cannot prove using this problem (at least I could not) that in the optimal LDIC
contract all FDIC are slack, which is critical for the remainder of the analysis. Instead,
the analysis will proceed by deriving the dual of the dynamic problem.

Before deriving the dynamic dual problem, it would help to separate the two dy-
namic effects of shirking for the agent. First, shirking affects the transition probabili-
ties to future histories. As a result, if the agent expects different continuation utilities
in these histories, shirking affects the agent’s expected continuation utility. This is the
standard effect in all dynamic moral hazard settings. However, in our setting shirking
also generates a private reduction in the agent’s future costs. Separating these two
effects will allow the analysis to correctly account for the change in each effect as the
contract progresses.

For this distinction, let D denote the increase in the agent’s utility starting in
history h if he would have made one more shirk at some point in the past. That is
D} is the agent’s gain from making one shirk in the past, D is the agent’s gain from
making a second shirk in the past, and so on. By construction:

D! = gudys+pDIY + (1 —p) DI

Placing the regeneration constraint in the FDIC 2.4, collecting terms and replacing

(UL, — U) with D" obtains a version of the FDIC in history (h,s) that directly

S
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reflects these two effects:

32) w(p—po) —q s+ (p—po) (U} =UY) —poDL — (1 —po) D >0

The FDIC 3.2 reflects the work/shirk tradeoff for an agent. The first two terms
are the direct tradeoffs: working increases the probability of getting paid but has a
cost. The third term reflects the tradeoff between the continuation utilities. Working
increases the probability of transitioning to the continuation after success (and thus
obtaining the associated utility) and decreases the probability of transitioning to the
continuation after failure. The last two terms reflect the private cost reduction that
is forgone by working. If the agent shirks, he increases his utility after success, for
example, by D!. Thus, working implies losing this utility (adjusted for the change in
transition probabilities).

The dynamic FDIC can be rewritten using these additional variables. To save on
notation, U and D stand for the vector for all relevant s values and y for the possible

outcomes. The shadow cost for each constraint is provided as well:

(33) vV (na@ ﬁ7 5) = max(ﬁy,ﬁyg,w)zo q (p - pO) V—prw
+pV (n +1,q, U’l,51>

+(1—p)v(n+1,q,(70,50>

subject to
Probability (pts) <7
FDICVs<n-—1 (As) Constraint 3.2
Regeneration Vs < n — 1 (s) Us = pw — qcp—s + pU; + (1 — p) U,
Regeneration -D Vs < n — 1 (0s) D, = qdn_s+ pD; + (1 —p) D!

Problems 3.3 and 3.1 are equivalent, and the optimal contract is the solution to

max V (1,1,U, D)

U>0,D>0

3.2. Dual Form

This section derives the dynamic dual representation of problem 3.3. Proposition
1 establishes that this dual is problem 3.11. The derivation here is informally based

on first order condition arguments. This makes explicit the underlying economics and
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the (limited) importance of the linearity of the problem. A formal derivation using
linear programming duality is provided in the appendix.

In problem 3.3, each of the state variables (except n) appears in the left hand side of
one constraint. This is the probability constraint for § and the applicable regeneration
constraint for any U, or D,. Thus, the shadow cost for each of these constraints is
the optimal contract value for a change in the applicable state variable. Formally, if
all V' (n,-) functions are differentiable at the optimal solution, then for every history

h the optimal V" U! D" and shadow costs p”*, v , 6" must satisfy

ovh . avh oV

4 = = — o
BG4 g = ey = ¢ ap,

Consider first the probability constraint ¢ < § in a specific history. Because the
original problem is linear in all ¢ variables, if the subgame starting in the history in-
creases the overall profitability of the contract, the constraint should bind. Moreover,
u", the shadow cost on the constraint, should capture exactly the marginal value of

the contract starting from this period.

DEFINITION 6 The dual value of a history, denoted ", is the ex-ante increase in

profit from the subgame starting in the history h.

It should be stressed that the dual value is not the continuation value. As will
become clear below, the ex-ante increase in profits from any sub-game starting at
h must also account for any change (positive or negative) in the contract terms in
histories that preceded h as a result of the subgame starting in h.

As the other two shadow costs are used in deriving the dual value of a history, we
first derive those.

By equation 3.4, 4" captures the optimal contract’s ex-ante cost of providing utility
to an agent starting in the private history (h, s). This is the standard dynamic moral
hazard consideration. Utility in period h affects the agent’s preferences over possible
continuations in all the histories that precede h. If h follows a success in history h,
for example, the additional utility from history h increases the agent’s incentive to
succeed in h. This should allow the contract to reduce the other incentives provided
in the preceding histories and save some costs. While the contract can simply adjust
the payment to the in preceding histories to compensate for the dynamic effect of the

utility change in h, this may not be optimal. A more profitable way to provide the
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utility may be to add some more work (and thus utility) in some other history h’.

The dual analysis directly determines history h’s marginal utility cost. We first

define it and then provide an intuitive explanation.

DEFINITION 7 The utility cost for any private history h, s, denoted 4" is the proba-
bility weighted sum of all preceding shadow costs on the relevant continuation utility

terms:

Equation 3.5 defines the marginal utility cost in history h as the weighted sum of
all the shadow costs that preceded the history. A detailed derivation of the utility cost
~ is provided in the appendix using linear programming duality as part of the proof

for proposition 1.

The key insight is that the FDIC shadow cost, )\i‘, captures the marginal cost to
the principal of a change in the incentives in any public history h. In particular, /\§
can be used to capture the incentive cost effect in history h from a change in utility
in any later history h .

Observing the FDIC 3.2, it follows that history h’s marginal utility cost in history
h is either (—Ai‘) (p — po) if h follows a success in h. That is, an increase in utility
from history h relaxes the FDIC in history h that precedes h by an amount worth to
the principal )\ZL (p — po)- The exact opposite holds if h follows a failure in h.

Aggregating the costs in all previous periods will provide the utility cost v". How-
ever, this requires one additional accounting exercise. Given that history h was reached,
the outcome in history & is known and so must be accounted for. To see this, assume

differentiability and write the first order condition for U} and U? for problem 3.3:7

(p—po)As +p7s —p1s=0 ; and (p—po)As+ Py —pys =0

TA superscript on the shadow cost identifies the value for the corresponding continuation history
(i.e. 4! for the shadow cost 75 in the continuation history after success).
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Isolating 7Y in each yields:

P —DPo
I—p

P —Do

As 5 oand Y =+ As

Aggregating these obtains equation 3.5.

The final shadow cost, 6" identifies the second dynamic effect of adding work in
history h. This is the agent’s incentive to increase his private information rents. By
making the (s 4 1) shirk in any preceding history, the agent reduces his cost in history
h by dj,_s. This cost reduction is valuable to the agent only if he is asked to work in
history h. Thus, in any preceding history &, adding work in history h increases the
agent’s incentive to shirk through the increase of the potential cost difference. Again,
translating the change in the agent’s incentive to shirk to the change in the contract’s
optimal profit is done through the incentive constraint. The FDIC 3.2 identifies h’s
incentive cost in history & with past shirks s as po)\éZ if h follows a success in h and
as (1 — po) )\’;‘ if h follows a failure. Applying the same probability adjustments as for
v yields the next definition:

DEFINITION 8 The information rent cost for any private history h,s, denoted &"
is the probability weighted sum of all preceding shadow costs on the future shirking

gains terms:

37 =2 N NN

hh>— h1> hh>— h0>

As for the utility cost, the value is derived in the appendix using duality, but can
be obtained also by rearranging the first order conditions for D! and D? for problem
3.3 as above for UY:

Po 1 —po

—)\; and (522(53—1—
p I—p

(3.8) 6l =0d,+

S

As

Recursively aggregating obtains the value for any specific history.

If we can formulate the optimal contract problem using definitions 7 and 8, then
the marginal cost for the contract of the agent’s utility and information rent at any
history can be constructed using only the FDIC shadow costs (A) of the preceding

histories, making a recursive formulation possible.
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The dual value of each period (u) in the optimal contract can now be formally

derived from the first order condition on ¢ in problem 3.3:

—_

n—

(39) 2 Z v - (p - pO) - (Cn—s)‘s — Cp—s7s + dn—sés) +p,u1 + (1 - p) MO

s

Il
=)

To understand the dual value, suppose there is an optimal incentive compatible
contract that terminates at the start of history h (before the agent is asked to work).
Consider asking the agent to work in the history h, while making all the required
adjustments to maintain incentive compatibility at the lowest possible cost to the
principal.

The direct effect for the principal is an increase in expected profit of v (p — po).
However, the agent must be incentivized for his effort. We do not know yet whether
in the optimal contract the agent will be paid for his effort, or compensated in any
other way (e.g. even more future work). Nevertheless, for each private history s the
FDIC provides the cost of this incentive for the principal: A\s¢,_,. Note that the
cost depends on the agent’s private information s. In any optimal contract, only one
private history will ’bind’, which will be the private history with a non-zero FDIC
shadow cost. This will be the strategy to determine that only the ’honest’ private
history really requires incentives.

In a static setting, the two direct effects are all that should be considered. However,
our setting has three dynamic effects. First, recall that v, is the cost for the optimal
contract for providing the agent utility in the period. As work causes the agent disu-
tility, the change is “saving” the optimal contract vsc,_s (the payment to the agent is
captured separately). Again, the true cost depends on the agent’s private information
S.

For the second dynamic effect, recall that d, captures the cost to the optimal con-
tract from the agent’s extra incentive to shirk in preceding histories to generate the
private cost difference d,_,. If the agent is not asked to work, he cannot enjoy this
private cost difference. Thus, asking the agent to work generates the additional cost
Og - dp_s.

The final dynamic effect is the continuation value: pu' + (1 — p) u°.

The dynamic dual problem in each period identifies the period FDIC shadow costs
As that minimize p, given the utility and information costs v and §. As the current

shadow costs A determine the utility and information costs in the next period, equa-
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tion 3.9 and the recursive definitions for v and ¢ can be used to construct a recursive
formulation of the p minimization problem.

The final piece of the puzzle is the decision whether, and how much, to pay the
agent in the period. This is determined using the first order condition for problem 3.3

with respect to w, which can be written as:

n—1 n—1
(310) (p—po) Y A <p+p) 7
s=0 s=0

The left hand side of inequality 3.10 identifies the direct effect on the agent from
increasing the period payment: incentives to work increase at a rate of (p — pg). This
relaxes the FDIC and is thus worth (p — pg) As for any private history s. The right
hand side identifies the effect on the contract value. First, the contract expects to pay
the wage at a rate p. Second, paying the agent increases his expected utility in the
period at a rate p, which costs the optimal contract p - v, for any private history s.
The wage constraint requires that in any optimal contract, a payment is made if and
only if the gains outweigh the costs. Whenever the inequality is slack, no payment
should be made.

Aggregating all of the above, the dynamic dual problem is formulated recursively

(again using “to denote vectors of length n — 1):

(3.11)
[ (n, ¥, 5) = max [0, ming., 4 (n, 7, 5, X) }
s.t.
n—1
% (TL, ’77 57 )‘> = P pO Z Cp— s — Cp—s7s + dn—sds)
s=0

+p,u<n+1 ¥ 51> (1—p)u<n—|—1,’7ﬂ,(§b>

wage constraint:  (3.10)
utility costs: (3.6)
information rent:  (3.8)

stopping condition: p (NFB + 1,7, 5) =0
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PROPOSITION 1  Problem 3.11 is the dual of problem 3.3. In particular

w(1,0,0) = [%ag)V(l, 1,UD) = r[rjlzgé(V(l, LU) and
the dual choice variables in every history are the FDIC shadow costs \s in both

standard problems

The dual formulation identifies the value of a history by the transformation of the
state space. Instead of using the standard promised utility, the problem uses the
marginal cost of providing utility to the agent (). In addition, instead of using the
extra 'promised’ utility for an agent with private information, the problem uses the
marginal cost of the information rent (4).

Because the state space reflects ’costs’, this formulation has desirable properties
— convexity, monotonicity and single-crossing — that are proved below. Intuitively,
higher costs are always 'bad’. In contrast, it is well known that in the standard for-
mulation higher utility for the agent may well be required to increase overall efficiency
and the principal’s profits. Thus, the standard dynamic moral hazard problem is non-
monotonic in its state variable (the agent’s promised utility). These properties are
exploited below to prove the one-shot-deviation (OSD) result, and later characterize

the optimal contract.

4. SUFFICIENCY OF LOCAL DEVIATIONS

This section establishes that it is sufficient to consider only local deviations, which is
established in theorem 1. The dual problem can be thought of as considering, in each
public history, which private history requires the strongest incentives. The contract
identifies for any history h, s determines the binding “Final Deviation Incentive Con-
straint” (FDIC). This is similar to letting s be an agent’s ’type’ and identifying the
‘type’ that requires the strongest incentive to work. The result of this section is that,
for the optimal contract, the honest type, for which s = 0, requires the strongest in-
centives at all periods. Thus, it is sufficient to consider the “Local Deviation Incentive
Constraint” (LDIC). Formally:

LEMMA 3 If every solution to the FDIC dual satisfies also the constraint 4.1, then

any optimal solution subject only to LDIC is an optimal contract in the original
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problem.
(4.1)  Vh,Vs>0: \'=0

PrROOF: Lemma 3 is a direct implication of complementary slackness given corollary
1. Q.E.D.

The reason that only LDIC should bind in the optimal contract appears simple. If
the agent did shirk in the past, his costs this period are lower (¢, is increasing) and the
effect of his shirking on future costs is lower (d,, is increasing). Therefore, shirking in
the past lowers the incentives to shirk and LDIC should be sufficient. However, this
intuition ignores a potential complication: if the agent expects to work more after
failing than after succeeding, he may have a stronger incentive to shirk and fail so to
enjoy the future lower costs may be larger.

To show that the intuition survives this wrinkle, we implement a “summation by
parts” exercise that allows qualitative comparison and makes the argument math-
ematically explicit. This is similar to the integration by parts exercise in Myerson
(1981).

4.1. Priwate Information and Summation By Parts

The methodology is explained using a two period problem. The details extending
the result to multiple periods are provided in the appendix. If there are only two

periods, the resulting second period dual problem can be written as:®

(4.2)
(1(2,7,0) =max [0, mingg )00 (p—po) +7 -2 — 0+ dy — Aoca — Aici
s.t. (p —1po) (Ao + A1) <p(l+7)

As ¢y > ¢q, it is immediate that A\; = 0 and the condition of lemma 3 holds. However,
there are two drawbacks to extending this formulation to multi-period analysis. First,
Ao and A; have the same sign in the objective. This would complicate determining
that \g > 0 while \; = 0. For the line of proof adopted below, the problem is that if

the problem is super-modular in \g, it is also super-modular in \;. Second, the feasible

8Tn the second period, v and § are scalars as the first period only had one shadow cost.
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space of (Ao, A1) X is not a sub-lattice.? The sub-lattice structure is required to apply

the monotone comparative static arguments made in the proof.

The two problems identified in the previous paragraph are averted by transforming
the shadow variables A" in each period using partial sums. Let A" be a vector of
length ny, such that A" for m = {0, ...,n,} is the sum of the last nj, —m elements of
M. That is:

(13) A=Y

This means that Al is the sum of all the shadow costs for the public history h,

h

while A _, is exactly the last shadow cost, Al _,. To guarantee that the requirement

T

A >0 is met, the following conditions must be added to the dual:

(44) AL —AL, > 0
Al> 0.
The first inequality guarantees that each A\ is positive, except for )\Zh_l. The second

inequality guarantees that A" is positive.!® Given (4.4), the condition of lemma 3

can be re-written as:

(4.5) Vh, At =0

COROLLARY 2 If every solution to the FDIC dual satisfies also the constraints 4.4

and 4.5, then any optimal contract subject to LDIC is optimal in the original problem.

9That is, it may very well be that

A< L (14
0 1= 0 (1+7)
and
Madh< P 44
0 1= 0 (1+49)
but
max [5\6’, )\g} + max [5\’11, )\H > ’ *ppo (1 4+ max[%,7])

h
np—1

0Requiring only that A > 0 in the second line would imply, together with the first line that
all AR > 0 are positive, but would be more cumbersome.
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The second period problem using A instead of A is:

(4.6)
1(2,7,9) = max [0, min,a)z0? (P —po) +7 - — 8 - dyy — Moy + Ay (e — cn_l)}
s.t. (p—po) Ao <p(L+7)
AN—A >0

Observe that the two challenges identified after problem 4.2 are resolved. Ay decreases
the objective while A; increases it, and setting A; = 0 does not impose a limit on Ay.

In addition, the space of (Ag, A1) X 7 that are feasible is a lattice.

4.2. The Multiple Periods FDIC Dual

As summation by parts is preserved under summation, it may be verified that,
using A as defined above obtains the following state variables. The utility cost 7"
replaced by its partial sums I', and the information rent 6" is replaced by its partial

sums A"

(4.8) AM = Xn: ot = Z A 4
s=m h: h>—

h,1) hihi=(h,0)

I'" captures the marginal cost for the principal for any agent utility generated
starting from history h, aggregated over all agent types that shirked at least m times
in the past. A" captures the marginal cost for the principal for any potential private
information gains for the agent over all agent types that shirked at least m times in
the past. The dual period return, which we denote f (n,I'; A, A) is now:

(4.9)
f(n,T,AN) = v(p—po) —cn-No+cn-To—dy- Ay

np
+ Z [dnferl (Am - Fm) + (dn7m+1 - dnfm) Am]

The first line of (4.9) is exactl_y the same as the period return p (n, v, d, A) in 3.11 for

s = 0, with the single period variables replaced by the summation-by-parts variables.
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The second line captures the differences when the agent considers the effect of the
m + 1 shirk, rather than the m’th shirk in a period before n. The first term in the
summation captures the lower cost for an agent that shirked at least m times in the
past. For example, an agent that shirked once in the past will pay ¢,_; in effort cost
in period n rather than c,. Thus, the second shirk saves the agent d,, or (¢, — ¢, 1)
less. The second term in the summation captures the lower cost reduction gains for
an agent that shirked at least m times in the past. For example, an agent that already
shirked once and is considering shirking again to save costs in period n only saves
d,_, from his second shirk, rather than the d, saved by the first shirk.

The resulting dynamic dual is a direct transformation of problem 3.11, using the
summation-by-parts variables instead of the single period variables, with the addition

of the non-negativity constraint (4.4):

(4.10) F (n,f, &) = max {O,ryinﬁ <n,f,&,l_\'>}
A>0
s.t.
ﬁ(n,f,&,ﬂ) = pF <n+1,f1,51>

+(1=p) F (n+ 1,10, A°)
+f (n,f‘,&,K)

s.t.
(p—po) Ao < p(1+Ty)

Am_Aerle

fl_p_P-Py . po_p PRy
P I-p

. . . . S 1—py =

Al—A4Poy . RO 4R
p L—p

LEMMA 4 For every h, u" = F (nh, I, Ah). In particular, F (1,0,0) = maxy p>o V (1,1,U, D)
and the corresponding optimal N’s define the shadow variables \ in the solution to
problem (3.11).

PrROOF: Problem 4.10 is a summation by parts transformation of problem 3.11.
Proposition 1 applies. Q.E.D.

The dynamic problem 4.10 provides the value of the sub-game starting at each

history, as a function of the partial sums state variables — the cost of providing utility
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(I") and the information rent (A), if the agent shirked at most m times.
The dynamic dual has some desirable properties that allow proving stronger re-
sults than usual for dynamic contracting problems, including the sufficiency of local

deviations that follows.

PRrROPOSITION 2 The following hold for the dual problem 4.10:
o F'(n,I'A) is convex in (I, A). F(n,F,A,A) is convex in A for every ', A.
o I'(n,I',A) decreases in I'y and Ag for any m > 0
e ['(n,I',A) increases in Iy, and A, for any m >0

The first property is the mirror image of the concavity property of the standard
dynamic moral hazard problem. The last two properties do not have parallels in
the standard formulation. The continuation value for any period is almost never
monotonic in the agent’s promised utility (the standard state variable). In contrast,
the state variables 'y, Ay reflect the entire costs and the dual value F' reflects the
full value of the sub-game starting at the history for the principal. As higher costs
reduce the value, the second result is obtained. The final result captures the basic
OSD intuition. Because the agent’s direct gains from shirking are lower if he deviated
more in the past (¢, s and d,_, are decreasing in s), increasing the share of costs

that apply only if the agent shirked already in the past increases the history’s value.

4.3. Proof for Sufficiency Of Local Deviations

This section proves that in the solution for the problem F'(1,0,0), A,, = 0 for all

m > 0. Thus, corollary 2 applies and local deviations are sufficient.
THEOREM 1  Any optimal contract subject to LDIC is an optimal contract.

The detailed proof is in appendix A.7. The following sketch identifies the economics
underlying the result and the main technical steps.

By corollary 2 | it is sufficient to show that A,, = 0 for every m > 0. Observe that
each A, has three effects on F' () — the period return f (-), the law of motion for I'
and the law of motion for A. The proof considers each of these separately and shows
that all effects choose the lowest possible A,,.

Consider a relaxed problem that allows, for every m > 0 to choose separately
AS AL A2 (all non-negative) such that A7 affects the period return term f (), AL

affects only the law of motion for I' , and A% affects only the law of motion for A.
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Observing equation 4.9, f (-) increases in A/ for any m > 0. This reflects the main
intuition discussed at the start of the section — if the agent shirked in the past, his
costs are lower and his future gains from shirking are lower. Thus, A/ = 0 must be

optimal.

Proposition 2 states that for any m > 0, F'(+) is increasing in the information costs
A,,. This again is a result of convex costs. The earliest shirk generates the biggest —
and most costly — information rent. As the dual problem finds the “worst” feasible
outcome, it is optimal to pile all possible information rent costs on m = 0 and so for

m > 0, A2 = 0 must be optimal.

Finally, increasing A has no effect on the expected utility cost continuations, I',,,, but
only on the difference between continuation after success or failure. As F' is convex,

this increases the continuation value and thus is sub-optimal.

It remains to show that increasing Ay does not create some interaction effect that
counters any of the previous three intuitions. The only possible concern is with in
the third argument (for Al ). However, the concern is valid only if as the agent is
provided more incentives (Ag increases), the convexity of the continuation values

decreases. This is proved to be false using monotone comparative statics.

5. THE OPTIMAL CONTRACT

5.1. The Optimal Contract Problems

Theorem 1 implies that the optimal contract can be derived considering only the
LDIC. Both the standard problem (3.1 or 3.3) and the dual problem (3.11) can be
simplified if only LDIC are considered. Both are useful to characterizing the optimal

contract.
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The standard (primal) LDIC problem is:

(5.1)
V(n,q,U, D) = max v (n,q,w,Ul,UO,Dl,DO)
(vaDy»qvw)EO
subject to
U(”JQ7w7U17U07D17D0) = q(p—po)v—pw—i—pV(n—l—l,q,Ul,Dl)

+(1-p)V(n+1,q0U° D
Probability const. (u): ¢ <7
LDIC (A): w(p—po) —q-cat+(p—po) (U —=U°) —poD' — (1 —po) D° >0
Regeneration -U (7)) : U =wp — qc, +pU' + (1 — p) U°
Regeneration -D  (0) : D = qd,, +pD* + (1 — p) D"
The dual LDIC problem is:

(5.2) w(n,v,8) = max [O, miny>o 4 (1, 7y, 0, A) ]
s.t.
p(n,7,6,A) = v(p—po) = cad+cny —dnd
+pu(n+1,946") + (1 —p)pu(n+1,7°6)

wage constraint: P—po)A<p(1+7)
utility cost: = — P~ Poy s =+ ]91—]?0)\
1—
information rent: =0+ oy . V=64 o\
p I—=p
stopping condition: L (NFB +1,7, 5) =0

The following “standard” results allow a qualitative comparison between the stan-

dard and dual problems:

LEMMA 5 Problem 5.2 is convex in (v,0). The optimal solution decreases in the
costs (v and §), 7,9 are substitutes. If u(n,v,9,\) <0, the contract is terminated.

The dual problem has attractive features that the primal problem lacks. Because the
dual state variables are “costs”, an increase in costs is always bad, and the problem
is monotonic. In addition, as one cost increases, the future becomes less attractive,

and the other cost becomes less important. Formally, i (n,v,d) is sub-modular in
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(=v,0).1

As is well known, the standard continuation value may increase or decrease in the
promised utility to the agent: if utility is too low, the agent can’t be asked to work,
and if utility is too high, the agent must be provided all the remaining surplus.

In the standard model, the continuation value (V') does not account for the effect of
the continuation on previous profits. As a result, it may very well have been optimal
to commit to continue the contract despite a negative V', in order to increase profits
in earlier periods. The dual value of a history, however, captures all the effects of
the history on the ex-ante profit. Therefore, if it is negative, the contract terminates.
Observing that the state variables v and ¢ are both higher in the continuation after
failure after success, obtains the following simple corollary, that is difficult to obtain

using standard tools:
LEMMA 6 If the contract terminates after success, it terminates after failure.

Proor: It is sufficient to show that p after failure is no larger than p after success.
By lemma 5, this is the case if for every A, v° > ~! and 6° > §'. The first follows
directly from A > 0 : 4% > v > ~!. For the second, as p > pg, we have that % >
1> B and so 50 > 6t Q.E.D.

Note that the dynamic dual can also be derived for the “standard” problem in
which costs are known (changing with n or fixed). The dual procedure can then be
applied and the result is the same problem without the ¢ variables. Thus lemma 5

(for v only) and lemma 6, apply also to the standard case.

5.2. Dynamic Quotas

This section shows the main characterization of the contract. We start with a com-
mon tradeoff in dynamic moral hazard problems — paying in wages vs. paying in
continuation utilities. The dual analysis provides a simple proof for a general result

(note that the result also applies to the case that costs are known):

PROPOSITION 3 If the agent is ever paid in a period, the work plan (q) and wage

(w) in all periods after the payment do not depend on future outcomes.

1 Ag the problem is convex, single crossing results rely on sub-modularity rather than super-
modularity (which is used for the case that problems are concave).
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PrROOF: If the agent is paid in a period, (w > 0), the dual wage constraint in that

period must bind:

+
)\:p Py
P —Do

Placing this in the continuation value for +! yields:

P —DPo p+py
p p

Thus, in the next period after payment, the wage constraint is

(Pp—po)A<0

As XA > 0, this constraint can be satisfied only by setting A = 0 which implies that
the dual state variables in all continuation periods are fixed and cannot depend on

additional outcomes, and so the contract cannot depend on these as well. Q.E.D.

Proposition 3 clarifies the tradeoff between incentivizing the agent through contin-
uation utilities (conditioning the contract terms on future outcomes) and payments.
The dual utility cost v, makes the distinction explicit. If the contract decides to pay,
it must be that the utility cost in all future periods after payment is (—1). That is,
all the utility given to the agent after payment was used to generate some work and
is essentially “free” to the principal. The cost of paying the agent one util today is
exactly compensated by the incentives this util generated for “free” in previous peri-
ods. Thus, the most profitable way to incentivize work from this point onwards is by
simple payments.

Another implication of proposition 3 is that at the start of the contract, the agent
may be rewarded only through the effect of outcomes on continuation utilities. Once
the contract chooses to reward the agent via payment, there is no going back — all
future rewards are solely provided through payments. 2
The dual value (u) for all remaining periods after payment is obtained by placing

v= —1and A = 0 in the dual objective:

p(n,—1,0) =max[v(p —po) — ¢, —ddp, + p(n+1,-1,6),0]

12The distinction is stark because the agent is risk neutral.
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The dual value for a period is the efficient value v (p — pg) — ¢, less the private
information cost 9 - d,,.

If the costs are public information (6 = 0), the optimal dynamic contract therefore
eventually either fires the agent without pay or “sells the firm” to the agent. Here,
“selling the firm” means having the agent work in all remaining periods until the
first best. It is easy to see that, if costs are public information, the contract can be

implemented by paying the agent

52 for all remaining periods until the first best

period NFB. At this last, first-best period, cyrs = v (p — po) the agent’s utility is

t13, and total surplus is zero. The dual value of the

exactly the principal’s fixed cos
contract is exactly all the remaining surplus. That is, the dual value of the contract
1s highest after a payment was made.

However, if costs are private information, “selling the firm” creates the additional
incentive to shirk. The contract after payment does not depend on future outcomes,

but does depend on previous outcomes.

PROPOSITION 4  If the agent is ever paid in a period, the contract in all periods after
the payment asks the agent to work until period N (§) and pays the agent ;]Z—ifé for all
remaining successes. 0 is the information rent cost in the first period after payment

and N (§) is given by
N(@)=maxn: v(p—py) —¢,—0-d, >0

The dual value to the principal is the remaining surplus less the information rent cost

8- (en@) = en1)

PRrROOF: The stopping period N (9) is derived as the last period in which pu is still

positive. To determine the wage, it is easiest to use the LDIC in problem 5.1. As the

continuation utilities and work plans are fixed U' = U% and D' = D° = ¢ (cy(s5) — ¢n).
The LDIC then simplifies to

w(p—po) —q-cn—q(cnE —cn) =0

13
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Or simply
w _ CENGE)
q P —="DPo

The agent’s wage for success in a period in which he works is exactly %. Q.E.D.

Proposition 4 describes the optimal contract as a “dynamic quota”. Once the agent
meets a goal (his “quota”), he gets a fixed linear rate on all remaining sales. The quota
here is dynamic because the goal and the expected linear rate potentially change until
the agent does meet his quota.

The optimal contract therefore “ratchets” incentives. An agent that 'proves’ his
capabilities is asked to work more. Ratcheting has often been considered a misguided
approach to incentives (see e.g. Weitzman (1980)). However, while sub-optimal ratch-
eting may well be worse than a fixed contract, the contract identified here is an
optimal ratcheting mechanism that outperforms the best fixed contract.

If costs are public information, the optimal contract will, in some realizations be
ex-post efficient — the agent will work the first best number of periods. However, if
costs are private the contract accumulates “private information costs” even if the
agent succeeds in all periods. As a result, the contract must terminate before the

first-best. The next proposition identifies the most efficient ex-post realization:

PROPOSITION 5 In the optimal contract, the agent never works more for more than

N periods.
Po
o P—Po
The agent works for exactly N periods if he never fails before the first payment. In

N = maxn: v(p—po)>c,+d,

Po
p—po

particular, if v (p — po) < cyre + dyrs then the optimal contract is never ex-post

efficient.

PROOF: The linear contract with the highest N (J) is the linear contract with the

1—po

lowest possible information rent §. As % < T the lowest 0 for any specific sequence

of X's is obtained if the agent constantly succeeds:
Po h
== A
p h>h

The inequality is an equality if the agent never failed in the past.
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At the start of the contract v = 0. For the contract to move to the linear rate it
must be that v = —1. By the law of motion for v, this implies that the sequence of

past A must satisfy at least

p—poz)\ﬁZL
h=h

The inequality is an equality if the agent never failed in the past. In this case

bt P —Do

and the lowest possible value for §" is:

5h:@ p _ Po
PP—DPo P—DPo

Placing this in N (0) yields the desired result. Q.E.D.

Another interesting result is that “second chances” are always worse for the agent.
Suppose that the agent can make his quota by succeeding in history h. That is, he
would be paid for success in history h, but was not paid in any history that precedes
h. If the agent fails, he may still meet his quota in a future history. However, the next
result shows that the agent can never be ex-post better off from succeeding in such

second chances, compared to succeeding at first. That is:

LEMMA 7 If the agent is paid for a success in history h, then any linear rate in any
history that follows a failure in h is lower than the linear rate that starts in (h,1).

In particular, if the agent is paid for success in history h and works in any history
<h, 0, iL> then he works in the history <h, 1, iL>

PrOOF: By construction, v = —1 in all histories of the form <h, 1, l~z>, and this is

the lowest possible value for 7. By the law of motion for ¢,

5(h,1,}1> — §ihl) < §h0) < (5(h,0,ﬁ)

As p decreases in both state variables, for any history <h,(), l~z>, u<h’1’i’> > ,u<h’o’ﬁ>.

Therefore, if the agent works <h, 0, B> and would have been paid for success in history
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h, he must also work in history <h, 1, fz> As the linear rate is set by the latest period

of work, it cannot be larger after a failure than after success. Q.E.D.

Lemma 8 identifies another simple result that follows from proposition 3:
LEMMA 8 The IC always binds in the optimal contract.

PrOOF: In all periods in which the agent is paid, reducing the wage will increase
profits and therefore the IC must bind. If the agent is not paid, it must be that the
wage constraint does not bind. By complementary slackness the IC does not bind only
if A = 0. If the optimal contract sets A = 0 the state variables in the next period are
the same in all outcomes. Thus, the continuation contract and the agent’s expected
continuation utility from the next period is the same regardless of outcomes. As wy, is
zero, the agent is not paid for success nor rewarded for his success in the future in any
way. Therefore, the agent’s optimal plan must be to shirk in this period, contradicting

incentive compatibility. Q.E.D.

5.3. Implementation Examples

I am not aware of explicit implementations of this theoretic mechanism. However,
as the quote from Prendergast (1999) in the introduction suggests, current theory is
challenged to explain frequently used mechanisms such as quotas and convex reward
schemes. The following examples show that the analysis so far can provide a micro-
economic foundation for these.'*

The first example shows that a twist on a simple quota contract implements the
optimal mechanism and outperforms the optimal linear contract by about 40%. Quota
contracts with different variants are popular in sales organizations (see e.g. Misra and

Nair (2009) and Joseph and Kalwani (1998)).

EXAMPLE 1 Suppose costs are ¢ = {8,10,12, 14,16, 18,20,40} , v = 100, p = % and
Py = %. The optimal contract pays the agent 50 <: pz—?oo) for any success except the
first. The agent’s optimal plan is to stop if and only if he fails in all the first three
periods. The principal’s expected profit is 141.25 and the agent’s expected utility is
29.25. The only difference between this contract and a regular quota contract is for

the case that the agent decides to stop (i.e. after failing in the first three periods). The

14The code for the simulations is available online at the author’s website: www.guyarie.com
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optimal contract must terminate. In a regular quota contract, if the agent happens
to succeed without effort, say in period four, he will resume working.

There are various ways to implement this modified quota. A simple method is to
require that the quota is met within some deadline. A more complicated method
occurs in sales situations in which the agent’s success depends in part on getting
“leads” from the principal (as in the popular David Mamet’s play Glengarry Glen
Ross). In these settings the costs increase over the selling cycle (month or quarter) in
which the leads are used. At the end of the selling cycle the process restarts. An easy
implementation is to set the agent the quota as here. However, if the agent does not
accumulate enough successes early on, he does not get any new leads (is “dried up”)
for the remainder of the selling cycle. In the next selling cycle, everyone starts again
with the same contract.

In comparison, if the contract is limited to a linear, fixed “no ratcheting” type,
the agent is paid 50 for all successes. This increases ex-ante efficiency (the agent
works more in expectation) and the agent’s utility from 29.25 to 77. However, the
principal’s profit reduces from 141.25 to 105. In the fixed contract, the principal’s
expected profit is 15 per period (100 . % — 50 - %) Using a quota mechanism saves the
principal the first payment of 50, a net increase in profits as long as the first success
happens fast enough. Only if the agent fails three times in a row (probability of %),
the optimal contract does worse than the regular contract, losing the possible gains in
the remaining four periods.'® Quota contracts allow the principal to pay less, risking
that in some bad realizations, the agent may be discouraged and quit early on.

The agent’s optimal plan is derived from the dual solution — the agent works only
in periods in which p > 0. It is also possible to reconstruct the optimal plan using

backward induction.

The next example implements the optimal contract using a non-linear (convex)
reward scheme. In non-linear schemes, the agent’s reward per sale increases (often
drastically) with the volume of sales. Joseph and Kalwani (1998) document the use

of such schemes, and Larkin (2007) provides a recent example.

EXAMPLE 2 Suppose that the costs are ¢ = {4,6,8,10,20} and that v = 60, p = %
and pg = i. The optimal contract pays the agent nothing for the first success, 24

for the second success and 40 for any later success, terminating the contract after

®Indeed, the difference between the two profits is £ -50 — & - 15 - 4 = 36.25.
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four periods. This is a standard convex reward scheme. Note that in a single period
problem 40 is the required reward if cost is 10 (c¢4) and 24 is the required reward if

cost is 6 (c3).

If the agent fails in the first period, he stops. However, if the agent succeeds in
the first period, he works in all following histories unless he fails in the following two

periods, which causes him to stop after three periods.

The principal’s expected profit is 14.125 and the agent’s expected rent is 6.75. The
total surplus is 20.875. The agent is expected to work for a total of 2.375 periods.

In comparison, if the contract is limited to a linear, fixed “no ratcheting” type,
the optimal contract has the agent work only in the first period. The agent is paid
16 (= 2%) for his first success. The principal’s expected profit from work is seven

(60 x (p — po) — 16 x p) and the agent’s expected rent is four.

This second example illustrates two aspects of the optimal contract. First, the prin-
cipal’s “continuation profit” is negative in most histories in which the agent works.
It is positive only in the first period and the third period following a failure in the
second period. Thus, commitment plays an important role. Second, the optimal con-
tract more than doubles the principal’s profit and the expected work, nearly doubles

surplus and increases the agent’s rent by over 50%.

Implementing a “ratcheting” contract may therefore be a Pareto improvement. Both
the agent and the principal are better off. Without ratcheting, the principal has very
limited tools to mitigate the private information problem and as a result, production
is very limited. By stopping work only after a failure, the ratcheting contract allows
the principal to stop production only when the private information problem is most

severe.

A more general implementation of the contract can be a pre-specified quota with
“adjustments”. In the sales example, at the start of the quarter, the agent is offered
a quota contract. At any period, the agent can come to the firm and “complain”
that the quota contract is too aggressive — requires too many successes. Based on the
agent’s performance, the firm then reduces the threshold to make the quota, but also
reduces the linear rate the agent receives when making the quota. As long as the firm
can commit in advance to the adjustments (e.g. have a policy in place), a contract

arbitrarily close to the optimal contract may be implemented.
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5.4. Higher Costs vs. Increasing Costs

A general presumption is that when it comes to costs, less is always better. However,
lower costs in early periods generate a private information problem that may be more
costly than the efficiency gain. A two period setting is sufficient to see this. If the
optimal contract asks the agent to work in the second period only after success, the
reduction in the difference between ¢; and ¢y increases the overall expected costs of
effort.The increase in ¢; is paid in all possible realizations, but the second period
cost decrease happens ex-post only with probability p. However, this also reduces the
information problem. Proposition 6 shows that, under certain conditions, this increase

in expected costs increases the contract’s expected profit.

PROPOSITION 6 In a two period problem, for any € € (O, %) consider increasing
c1 by € and decreasing co by €. The change strictly increases expected profits if and
only if:
e The optimal contract asks the agent to work after failing in the first period; or
e The optimal contract asks the agent to work only after success in the first period

and p+py > 1

The key to the proof is the following lemma, which provides a closed form solution

to any two period problem:

LEMMA 9 If the contract must terminate within at most two periods, the wage con-
straint binds in both remaining periods. In a two period problem, the dual values pi?, 1i°

and pt are given by:

p! = max |:0,’U(p—p0)—62— (c2—cl)1
b —Po
0 I—po p p 2-p
p' = max |0,v(p—po) +c1 —C
p—pol—p I—pp—ro

e +ppt + (1 —p)p’

po= v{p—">ro)—
( o) —Po

The only challenging part of lemma 9 is to determine that the wage constraint does
indeed bind at all cases. Once that is obtained, the rest is simple algebra. Note that
the first part of the lemma applies to any last two periods in a multi-period optimal
contract.

If the optimal contract requires work in both periods, then by proposition 4, the

agent’s wage is pf—2po in both periods and ¢; does not matter for the principal’s expected
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profit. The closed form for u° shows that increasing ¢; and decreasing ¢, only increases
10 and so the change proposed in the proposition will not change the optimal work
plan.

If the optimal contract requires work in the first period and in the second period

only after success

O p pro _ p(=po) o Op_ P’

0cy P—Po P—Do P —Do Ocy P —Do

By the condition p +py > 1, gc% < géil, which proves proposition 6.

Even though second period utility is used to provide first period incentives and
work in the second period will only be required ex-post with probability p < 1, the
firm prefers a reduction in the second period cost to a reduction in the first period
costs. As for the previous case, the proposed change only increases p' and so the total

work required by the optimal contract as a result of the change cannot decrease.

To see that the effect is only a result of the private information problem, suppose

that costs are known. If the optimal contract requires work in both periods regardless

of outcomes, the wage in each period is pf’;g and the profit is not affected by the
change considered in the proposition. For the general case, the closed form solution

depends on the sign of ¢; — poce. Here, we assume that ¢; > pocs , in which case the

wage constraint always binds in the first period A? = p_L;O . The closed form solutions
arel®
pto= v(p—po)—c2>0
~0 C2 Po P —Po -
= |v(p—po) —p - Co
p—po l—p p

Focusing on the case that the optimal contract does not require work after failure,

Jr
N C
M:[U<p—po)(1+p)—l? ! —p@]
P — Do

Then

op 1

Ocy P —Do

i
<—1<—p:a—clz

The principal strictly gains by making the two costs more similar, exactly in contrast

16The hat’ is used to identify these as the values with publicly known costs.
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to the case of private costs.

5.5. Discounting

The standard procedure to introducing a common discount factor 5 to problem
3.3 is by multiplying all the continuation terms (in the objective, the FDIC and the
regeneration constraints). However, since no payments are deferred across periods, an

equivalent, and much simpler way is to change the probability constraint to
B-9<q

Then, ¢, is the “discounted probability” that the contract was not terminated. It is
then immediate that the only part of the analysis that can possibly change (other than
the specific examples) is the required payment identified in proposition 4. Discounting
“dilutes” the agent’s information rent and so the agent can be paid less to forgo it.

The next lemma identifies the solution.

LEMMA 10 If the principal and agent have a common discount factor [3, then after
the first payment was made, the contract is fived to N (§) as in proposition 4 and the

payment in period n is defined by

CN(s
Wrve = pi(p)o
Cn
”n = 6[[n+1+(1_6>p_p0~

PROOF: As the contract after payment still does not depend on new outcomes, the

relevant IC is still as in the proof of proposition 4:

(p — po) wi, — qnen, > D*

Discounting means that ¢, = 3 q,. Thus, at any period n, for a contract that will
end in period N (6)

N(5) N(5)

Dl = (ghn Z ﬂ(m_n)dm = ghn Z 5(m—n) (Cm - Cm71>

m=n+1 m=n+1
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So,

Chdn + qn Zﬁ(:i)p,_l 6(m—n) (Cm - Cm—l)
P—="Do

wp =

As wy = W), - g, where W), is the actual payment for success in the history h, divide
both sides by q:

cnt o1 BT (o — 1)
h — .

P —Do

The result for Wy (s is immediate. Now observe that

Beng1 + ZQQLH pgrrn (Cm - Cmfl)

BWn—H -
P—"Po
So
N(9) m—n N(d) m—n
Cn + m=n /B " (Cm = Cm—1) — ﬂcn - m=n 5 h(Cm — C—
Wn . BWn—H _ Z =np+1 ( 1) +1 Z =n+2 ( 1)
P —="DPo
_ Cn + Bcn—l—l - ﬁcn - ﬂcn—s—l
pP—DPo
Cn
- (1-9)
P — Do

Q.E.D.

6. CONCLUSION

This paper restored the sufficiency of local deviations in a dynamic moral hazard
setting with persistent private information. The optimal contract problem was refor-
mulated based on the two agency frictions — the cost to the principal of providing
future utility () and future private information (§) to the agent.

The resulting optimal contract was characterized as a dynamic quota. At the start
of the contract the agent is not paid for successes. Once the agent is paid, he is paid a
fixed linear piece-rate that depends only on his outcomes prior to the first payment.

The optimal contract explains features of real world contracts that puzzled eco-
nomic observers. The variance in the expected total effort is larger with private cost
information than without. Such large variation in ex-post incentives and effort across

agents is inefficient and led several authors (see e.g. Oyer (1998); Larkin (2007); Misra
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and Nair (2009)) to suggest that there is significant room for improvement in either
the design of real world incentives or models of the moral hazard setting. The model
shows that this variance allows the firm to provide sufficient incentives for effort when
it is relatively cheap and to provide high powered incentives when those are required
without fear that agents misrepresent their effort (delay “easy sales” to the end of
the period). The optimal contract must balance between efficiency (having the agents
work longer) and profitability. While a high linear commission would guarantee all
agents make the efficient level of effort, the firm’s profits would all be provided as
rents. Consistent with the model, in the firm documented by Larkin (2007) the top
end of the reward scale provides the salesperson a 25% commission on revenues, a

figure very close to the industry’s accounting profit margins.

The analysis used arguments based on the duality of linear programs to design a
dynamic program. The duality based analysis allows applying standard mechanism
design techniques to the dynamic private information problem. The dynamic dual
problem has desirable features — namely monotonicity and single-crossing in the state
space. These properties have so far been absent from dynamic moral hazard problems
but are generally instrumental in the characterization of economic outcomes and

comparative statics.

The use of duality in dynamic moral hazard problem has been advanced recently by
Marcet and Marimon (2011) and Mele (2011) as well. Compared to these studies, the
work here provides stronger and more direct results for a simpler and more specific
framework. This allowed the dual formulation to provide new and important results
that cannot be obtained using standard methods. In addition, the dual value of a
period and the separation of the utility cost and the private information cost should

prove useful for similar problems in future research.

REFERENCES

ABRAHAM, A., S. KOEHNE, AND N. PAVONI (2011): “On the first-order approach in principal-agent
models with hidden borrowing and lending,” Journal of Economic Theory, 146(4), 1331-1361.
ABRAHAM, A., AND N. PAVONI (2008): “Efficient allocations with moral hazard and hidden bor-
rowing and lending: A recursive formulation,” Review of Economic Dynamics, 11(4), 781-803.
BERGEMANN, D.; AND U. HEGE (2005): “The Financing of Innovation: Learning and Stopping,”

The RAND Journal of Economics, 36(4), 719-752.
BONATTI, A., AND J. HORNER (2011): “Collaborating,” American Economic Review, 101(2),
632-663.



40 GUY ARIE

CLEMENTI, G. L., AND H. A. HOPENHAYN (2006): “A Theory of Financing Constraints and Firm
Dynamics,” The Quarterly Journal of Economics, 121(1), 229-265.

DanNTz1G, G. B. (1963): Linear programming and extensions. Princeton University Press.

DEMARZzO, P., AND Y. SANNIKOV (2008): “Learning in dynamic incentive contracts,” Unpublished
Manuscript.

FERNANDES, A., AND C. PHELAN (2000): “A Recursive Formulation for Repeated Agency with
History Dependence,” Journal of Economic Theory, 91(2), 223-247.

Havac, M., N. KARTIK, AND Q. L1u (2012): “Optimal Contracts for Experimentation,” .

HoLMmsTROM, B., AND P. MILGROM (1987): “Aggregation and linearity in the provision of in-
tertemporal incentives,” Econometrica: Journal of the Econometric Society, 55(2), 303-328.

JosepH, K., AND M. U. KarLwaNI (1998): “The Role of Bonus Pay in Salesforce Compensation
Plans,” Industrial Marketing Management, 27(2), 147-159.

LARKIN, I. (2007): “The cost of high-powered incentives: Employee gaming in enterprise software
sales,” Harvard Business School.

MARCET, A., AND R. MARIMON (2011): “Recursive contracts,” .

MELE, A. (2011): “Repeated moral hazard and recursive Lagrangeans,” .

MisraA, S., AND H. NAIRr (2009): “A structural model of sales-force compensation dynamics: Esti-
mation and field implementation,” Quantitative Marketing and Economics, p. 1-47.

MukovyaMA, T., AND A. SAHIN (2005): “Repeated moral hazard with persistence,” FEconomic
Theory, 25(4), 831-854.

MYERSON, R. B. (1981): “Optimal Auction Design,” Mathematics of Operations Research, 6(1),
58-73, ArticleType: research-article / Full publication date: Feb., 1981 / Copyright © 1981 IN-
FORMS.

OYER, P. (1998): “Fiscal Year Ends and Nonlinear Incentive Contracts: The Effect on Business
Seasonality,” The Quarterly Journal of Economics, 113(1), 149-185.

PRENDERGAST, C. (1999): “The provision of incentives in firms,” Journal of economic literature,
37(1), 7-63.

ROCKAFELLAR, R. T. (1970): Convex analysis, Princeton Landmarks in Mathematics. Princeton
University Press.

SPEAR, S. E., AND S. SRIVASTAVA (1987): “On Repeated Moral Hazard with Discounting,” The
Review of Economic Studies, 54(4), 599-617.

TCHISTYI, A. (2006): “Security design with correlated hidden cash flows: The optimality of perfor-
mance pricing,” Unpublished manuscript, New York University.

Topkis, D. M. (1998): Supermodularity and complementarity. Princeton University Press.

VOHRA, R. V. (2005): Advanced Mathematical Economics. Routlege.

(2011): Mechanism Design: A Linear Programming Approach (Econometric Society Mono-

graphs). Cambridge University Press.

WEITZMAN, M. L. (1980): “The ”Ratchet Principle” and Performance Incentives,” The Bell Journal
of Economics, 11(1), 302.

WiLLiaMs, N. (2011): “Persistent private information,” Econometrica, 79(4), 1233-1275.



LOCAL DEVIATIONS FOR DYNAMIC MORAL HAZARD 41

APPENDIX A: DETAILED PROOFS AND DERIVATIONS
A.l. Lemma 1: If a contract is FDIC it is IC
PROOF: Suppose the contract g, w is not IC. Then it violates FDIC:

1. As the set of possible work plans for the agent is finite and the agent’s expected profit is well
defined and bounded for each work plan given g, w, there is a set E (g, w) of most profitable

work plans given ¢, w.
2. Suppose e© ¢ F and let é € E, be a most profitable deviating work plan.

3. Consider the set of histories H in which the agent makes a “final deviation” according to é .
That is, h € H if ¢; > 0, é; = 0 and for every h = h, h =+ h, either qn=0o0r é, =1. Let § be
the number of past deviations at § according to é. Clearly, if the agent profits from making

this final deviation, the FDIC for fz, § is violated and the proof is complete.

4. If the agent does not profit from making this final deviation then the effort plan that complies
in this last period provides at least the same expected profit to the agent. Thus, the effort
plan with é; = 1 provides at least the same expected profit for the agent. We can now repeat
the process of searching for a profitable final deviation after setting é; = 1. As H is a finite
set, the process ends either in finding a history in which FDIC is violated or if we change
all periods in which é, = 0 to é, = 1 while weakly increasing the agent’s expected profit,

implying that é was not more profitable than e€.

Q.E.D.

A.2. Lemma 2: LDIC does not imply IC

PROOF: Suppose ¢, =n, p = % and pg = 0. We will show that the following contract violates IC
but not LDIC:

e If the agent succeeds in any of the first two periods, he is paid 48 and is asked to stop working.

e If the agent fails in both first two periods, he is asked to work for eight more periods regardless

of new outcomes and is paid 20 for each success.

First, we calculate Ul for any period after the second. The agent is paid 20 for each remaining

success and so:

10 1 10 10
ul= > 5 20— D emes=(11=np) 10— Y cmos
m=np, m=np m=np,

In particular, if the agent failed in the first two periods, his expected utility from following the

contract is:

(A1) UY =80 —52+8s=28+8s
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Therefore, if the agent shirks in the first two periods, he is guaranteed to fail in those periods and
his expected utility is U2<0’0> =44.
By complying, the agent’s expected utility is

1 1/1 1 1 1
] (0,0)
= 48— 1+ (=-48+4= —2) =48 — 1+ =36 =41
U 5 8 +2<2 8+2U0 > 28 +236
Therefore

vl < U™

and the contract is not incentive compatible.

It remains to show that the contract does satisfy all LDIC: Q.E.D.

e [f the agent makes a first and last shirk in history A with n; > 2 he surely fails in that period
and is expected utility is Ul(h’()). Thus, the LDIC for any h with np > 2 is

vy > o
Which is:
10 10
(11-n)-10= > em > (I1=(n+1)-10= > cmo
m=n m=n+1

Simplifying, the LDIC when nj > 2 is

10 9
10 > ZCmf Zcm:clo
m=n m=n

As ¢, = n, the LDIC binds in all periods starting from n > 2.

e Next consider period 2. To work in period 2, the agent must have failed in the first period.
The LDIC is

1 1
5 48+ 5 U —22 U

0,0)

Using equation A.1, Ué = 28 and U1<0’0> = 36 so the LDIC strictly binds:

Ud=24+14-2=136

e Finally, for period 1, the LDIC is
1 1
5-48+§-U8—1 > U}

U = 36 was obtained when the second period was considered. Therefore, the LHS of the
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LDIC is

1 1

U= 484 --36-1=41
2 2

For UY, if the agent shirked in the first period and complies starting from the second period

then with probability %, a complying agent works only in period 2 and so gains just one more

util from shirking before and with probability %, a complying agent works in all remaining

periods and so gains nine more utils (one per period) from shirking before. Thus:

11
U{):U8+§+§~9:36+5:41

The LDIC in the first period binds as well.
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A.3. Duality - Main Theorems
The classic reference is Dantzig (1963). The results are given in current textbooks on static opti-
mization (see e.g. Vohra (2005)). Any linear problem may be written as

(A.2) maxc- st. Az <b
x>0

With ¢ a vector of coefficients and A a matrix that holds in each row the coefficients on a constraint.
The dual of the problem is

(A.3) miny - b st. yA>c
y=20

The main results of interest are:

1. Each primal variable (x) translates to a constraint in the dual problem. Each primal constraint

translates to a dual variable (y)

2. The Duality Theorem: If * and y* are optimal, y* - b = ¢ - 2* whenever both exist and are

finite; and

3. Complementary Slackness: y; is the Lagrange multiplier in the primal solution for the con-
straint associated with the i-th row in A . If y7 = 0 then the constraint associated with the

i-th row in A does not bind when solving the primal.

4. The Dual of the Dual is the primal. Therefore, the primal variables x} are the Lagrange

multipliers in the dual’s solution.
The linearity of the objective implies:

1. If y7 = 0 then the solution to problem A.2 is not changed if the constraint associated with

the i-th row in A is removed.

This last result is a combination of the Complementary Slackness result and the Fundamental
Theorem of Linear Programming. See e.g. the discussion in Vohra (2005) preceding theorem 4.10

(Complementary Slackness).
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A.4. Proposition 1 — Problem 3.11 is the dual of problem 3.3.

The proof first reconstructs problem 3.3 as a linear problem. Then derives the dual of the linear

problem and finally reconstructs the dual as a recursive problem.

LEMMA 11  Problem A.J identifies the optimal contract:
(A4) VTP = max  Y,cpPulan (p—po) v —wnp)

q>0,w>0
s.t.
q <1 u
Vh,y € {01} Py — Pogyan <0 pY
Vh, s FDIC (h,s) AP
With the FDIC:
(A.5) FDIC (h,s): —Py, (p — po) wy, + Prgncn—s

P; P;
—(p—po) (Zﬁah,l) phpwﬁ - Z}}t(h,l) Th% ’ C?ws)
P; P;
+(p = po) (Zﬁt<h7o> T2 PWj, — Zhah,o) ﬁqﬁcﬁ—g
P,.
00 s (n1y 7 s

P_
+ (1 =p0) Xjim(n0y 725 * s <0

PROOF: The objective is the same as 2.3. The probability constraint is the same as in problem 3.3,
with both sides multiplied by P, which is strictly positive. For the FDIC, start from the FDIC (3.2):

(A6)  w(pP—po)—q-cn-s+ (p—po) (U =U) = poD} — (1 —po) DI >0

By construction, U is the agent’s continuation utility starting at the private history (h, s) is the

agent complies in all remaining histories. This yields:

U;L = Z PZ

[pw,; - qﬁcﬁfs]

h>=h
ph =yt h _ b d
s = Us+1 - Us - Z Fh [qiz }‘;/—S}
heH
Then, for example
uhlr = Z i [pwj, — gjcj_,] and
s } p- P, h h~h—s
hi=(h,1)
P~
D) — k4 d-
s ) Z p- Py 90 —s
h=(h,1)

Apply these to all continuation values in A.6 and multiplying both sides by Pj, gets the FDIC A.5.
Q.E.D.

LEMMA 12 Problem A.7 is the dual of problem A.4.
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AT i 0
(A7) (120 a
s.t. Yh:
Wage (wy,) constraint: (p — po) 22281 MNe<p+p- Z:ial A

gneonstraint: " > v (p —po) + (1 — p) 0 4 puthl)
+ 3 (e enes = Aoy — 6 i)

stopping condition: np>NFB — =0

PROOF: The objective 1 is straightforward as it is the multiplier on the only constraint with non-
zero RHS. The stopping condition follows as ¢, = 0 is the optimal solution whenever nj, > N8

and so the probability constraint cannot bind. It remains to derive the constraints for each wy and

ah-

e For wy, we show that the constraint is

np—1 np—1
—(p—po) D AM4p- Y > -p
s=0 s=0

— The right hand side of the constraint is the coefficient on wy, in the objective of V'P:

—Php.

— wy, appears with a coefficient —Pp, (p — po) in all the FDIC (A.5) for h. Each has a

shadow variable A\". Summing obtains the first element of the left hand side

nh,fl

—Py(p—po) > A

s=0

— The variable wy, also appears with a coefficient —Ph% (p — po) in all FDIC (A.5) for h
such that h = <ﬁ7 1> and with a coefficient P, 12 (p — po) in all FDIC for h such that

h = <iz, 0>.17Taking p out and summing up, this yields:

- - ’I’Lh—l
n Al Al
Pup- 3252 (P = po) [— Dhehe(h1) 3 T Zhens (h0) ﬁp} =P DL

e For ¢, we show that the constraint is

Py - [uh — (1= p) p{PO — ppl) S (N g — P g 4 0T dh—s):| >

Prv (p — po)

"Note that the history & here is h in those relevant FDIC (A.5) and the history & in the FDICs
is the history h here.
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Then , dividing both sides by P, and isolating ;" obtains the result.

— The variable ¢, appears in the objective with coefficient Ppv (p — pg), obtaining the
right hand side.

— qp appears in the three probability constraints . These generate the first three terms in
the left hand side

(A8) Pyt =P, (1—p)p™0 — Ppputht)

— In all the FDIC for history h (i.e., for each s), g, appears with a coefficient ¢;,_s . This

generates the term

T h

Z Ph,ch—sAZ .
s=0

—  The variable g, also appears twice in each of the FDIC for h, s such that h = h, once
as part of the continuation utility term (in either the second or third row of A.5) and
once as part of the future gains from shirking term (in either the fourth or fifth row of
A.5). The continuation utility term will determine the coefficients on v. The shirking

gains term will determine the coefficients on §.

1. In the continuation utility term in the FDIC for all histories that h follows, the
coefficient for \* is multiplied by the current cost (c,_s) and ERif h = <i~z, 1>

or f”l__’;f if h = <i~z, O>. Summarizing these terms obtains the sum:

(A.9) by, Z?}:o ch—s (P — po) {Zﬁ:m(m) P Zﬁ:ht<fz,0> 1—'4
Simple algebra yields the term

nh,fl

—Py > Alkens
s=0

2. In the information rents terms in each FDIC constraint (the last two rows in A.5),
the coefficient for A* is Py2d,_ if h > <ﬁ,1> and L=P0 Py, L if h > <iz,o>.

P
P 1-p ¥
Again the coefficients depend only on whether h follows a success or failure in A .

Adding up all the relevant terms obtains:

nh—l
- 1— -
(A10) P Y s P23 R ST N
= p. = l—p
h:h=(h,1) h:hi=(h,0)
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Q.E.D.
LEMMA 13 In the optimal solution to the dual problem A.7
nhfl
pl = max |0,v (p— po) + (1 —p) p" +pp™ 1 — 3" (cn_ Al — cnoo¥l + dn—s02)
s=0

PRrROOF: By construction, u” > 0. The lemma states that if 4" > 0 then

nh,fl

ph=v(p—po) + (1 —p) u™” +pp™t — 3" (en— Al — cn- iy + dp— 0%
s=0

Suppose the statement is false.

1. If 41? violates the condition, decrease u? . This is feasible and decreases the objective. There-

fore, u? was not optimal.

2. If any other history violates the condition, there must be an h that violates the condition and
that in all histories that precede h the condition holds. Decrease u”* by €. As the constraint
in the previous period binds, this allows decreasing the previous history’s u by either € - p
or € (1 — p). Continuing backwards, this will decrease u?. This is a feasible decreases of the

objective.

Q.E.D.

LEMMA  For every h let u, \" be the solution to the dual problem A.7. Then p = (nh,vh,éh)
and \' € \* (nh,wh,éh). In particular, 1 (1,0,0) = u?. Where p(n,~,0) is defined recursively in
38.11.

ProoF: For any history h, let o" be the solution to the problem of minimizing u* subject to the
constraints in problem A.7 for all histories that follow & and given the " and 4" that correspond to

b must be identical on all common histories to

the problem’s solution starting at u?. The solutiono
the solution for the original problem. In addition, the solution o™ only specifies variables for histories
that follow h.

Applying the Principle of Optimality, any problem starting at history h can be broken down to
choosing the A" in history h and optimizing the continuation problem. It can be verified that the
constraints for the recursive formulation are identical to the constraints in the linear formulation.
Lemma 13 proves that the value of the solution in all continuations is the one defined in the objective.

Q.E.D.

A.5. Basic Properties of the Dual
THEOREM  The following hold for the dual problem 4.10:

e F'(n,I'A) is convez in (T, A). Z:—'(n,F,A,A) is convexr and continuous in A for every ', A.
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e F'(n,I';A) decreases in Ty and Ag for any m > 0

e F(n,I',A) increases in 'y, and A, for any m >0

PrROOF: The proof uses F, to denote the derivative of F' with respect to y, or if the derivative does
not exit, the supergradient.

1. F(n,T,A)is convex in (T', A)

(a) In any last period, F'(n,I', A) is linear and thus continuous and convex.

(b) Assume that F'(n+ 1,T, A)is continuous and convex. As the positive sum of three
continuous and convex functions is continuous and convex, for every A, F (n,T,AA) is
convex in (I', A). As the feasible set is convex and the objective is to minimize a convex

function, F' (n,T; A) is continuous and convex.
2. F (n,I'; A, A) is convex in A for every ', A.

(a) For F(n,F,A,A), the period return is linear in A and so it is sufficient to show
that the continuation is convex in A. I show this for the continuation after success
- F (n +1,I — ”;%A, A+ %"A) . The same proof applies for the continuation after
failure. As the sum of convex functions is convex, this completes the proof. Let A' and
A? be feasible solutions. Then by convexity of F (n+ 1,T,A) for any a € (0,1):

oF <n+1,Ff%A1,A+%@A1) +(17a)F<n+1,Ff%A2,A+%°A2) <

Fnt+ta(P—222a) +(1-a) (T - 22202) 0 (A+ 2AT) + (1-a) (A+24%)) =

F(n+1,8 =252 (@Al + (1-a) A%) | A+ 22 (aA + (1 - a) A?) )

3. Given the previous result, the optimal A is either unique or an interval. Continuity is a

standard result.

4. F(n,T';A) decreases in A and increases in A,, for any m > 0. By backward induction:

e In any last period if F'(n,T',A) > 0:

— Fa,=—d, <0 and

— Fa,, =dn—ms1 —dn—m >0 (by ¢, convex = d,, increasing).

e Suppose F'(n+ 1,T", A) decreases in Ay and increases in A,, for any m > 0. Let A* be
optimal at the state (n,I', A).

e Let ey be a vector of size n — 1 with the first element some ¢ > 0 and all other

elements zero. As the constraint is not affected by A, A* is feasible for any (n, ', A + ¢g).
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Therefore

F(n,F,A—I—eO) < pu<n+17r_p_mA*7A+eo+mA*)
p P

_ 1—
+(1=p)u n—l—Ll"—kmAﬁA—i—eo—&-ipoA*

1—p 1—p
+f (n7F7A»A*)_eO'dn

< F(n,T,A)

e Let e, be a vector of size n — 1 with element m some € > 0 and all other elements zero.

As the constraint in not affected by A, A* is feasible for any (n,T’, A — e,;,). Therefore

F(nT,A—e,) < Pﬂ<n+1,FWA*7Aem+mA*>
p p

T(1-pu <n+1,r+plp°A*,A_em+ 11p0A*)
—-p _
+f (nvry Aa A*) —€m (dn—m+1 - dn—m)
< F(n,TA)

5. F(n,T,A) increases in I'y and decreases in T, for any m > 0

In any last period if F (n,I';A) > 0: F1,, = —dp—m+1 < 0. As I}, does not affect the

constraint, the proof is the same as for Ag.
e In any last period, f decreases in Ay and increases in all A,,~q, thus, the constraint
must bind and

D
P —Po

Ao =

(1 + FO)

e In any last period in which F (n,I'; A) >0

oF A
(nv 9 ) Cn p + Cp = — Po
Lo P — Do D — Do

cn <0

e For any period (n,T’,A), let A* be an optimal solution. An increase ¢ in I" makes it
p
pP—Po
the rest zeros. Increasing Ag based on the increase in ¢ yields :

. Let eg be a vector with the first element € > 0 and

feasible to increase Ag by €

1—11 _ F+€0_MA*—€O D p_pO_F_p_pOA*
b—PpPo P p
o — F+6O+P*POA*+60 p P*PO:F+P*POA*Jr €0
1-p p—po 1l—p 1-p 1-p

In addition, the first elements of A! and A increase and from the previous step this
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decreases the continuation values even more. Thus

F(n,T+ep,A) < pu (n—l—l,F—TA*,A—I—?fA*)

_ 1_—
b (1—ppu(n+1, 0+ 27PN Ay 2T POps
1—p 1—p

p
P —Do

+f(n, T, A A") —¢, - -
< F(n,T,A)

Q.E.D.

A.6. Sufficiency of Local Deviations

THEOREM Any optimal contract subject to LDIC' is an optimal contract.

PROOF: By corollary 2 , it is sufficient to show that in the solution of the dual problem 4.10 starting
from F'(1,0,0), A,, = 0 for every m > 0 at every state.

The objective in each state is to minimize F (-). Each A,, has three effects on F () — the period
return f (-), the law of motion for I" and the law of motion for A. The proof considers each of these
separately and shows that for any m > 0, F'(+) increases through each of these effects and thus the
optimal A,, is the lowest possible: A,, = 0.

For this, consider a relaxed problem that allows, for every m > 0 to choose separately AZ,, AL A2
(all non-negative) such that AP, affects the period return term f (-), AL affects the law of motion for
I', and A% affects the law of motion for A. Moreover, the constraints A, > A, are ignored. The
proof will show that the optimal solution sets AZ, = AL = A2 =0 . Thus, in the original problem
F (+), it must be that the optimal solution is A,, = 0.

We first establish that for any m > 0, it is optimal to set AP, = A2 = 0 . Recall that all the A

variables are chosen to minimize F' (-). Then:

e AP only appears in f (-) with a positive coefficient as for all n, d,, > 0. Therefore, the only
effect of a reduction in AZ, for m > 0 is a decrease in f (-) . As setting A2, = 0 is feasible it

must be optimal.

e A% only appears in the law of motion for A,,. Moreover, both A% and A/ increase with A%.
By theorem 2 above, F' (n + 1,-) is increasing in A,, for m > 0. Thus, A% = 0 is feasible and

optimal.

It remains to consider AL . As the purpose of the analysis is to show that AL =0 for all m > 0, let
A be the vector (A}, AL,...,AL ;) and T be the vector (T'y,...,T,) so that A,, = AL, and similarly
T, =T

By the law of motion for A, if A2 = 0 at all states then in all states along the optimal solution
A,, = 0. Define the implied problem G (n, T, Ao,f) derived by removing from F (-) all elements
that are known to be zero (A,,, A2, and A% for m > 0) and using the definition of T and A as above.

As we will use monotone comparative static results, the existing results will be more familiar for
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maximizing —F () instead of minimizing F (). Thus, the problem is:

G(n,FO,AO,f) = min{O, max G(ml"O’AO,RAO’A)}
Ao>0,A>0

With
G (n,To, 20, T, Ao, A) = pG (n +1,T3, Ag,fs)

+(1—p)G(n+1,Fg,Ag,ff)
Nh

—v (p - pO) +cn (AO - FO) + dnAO + Z dn—mfm

m=1
s.t.
D
Ao < (1+Ty)
P —Do
ngro—p_pOAQ ] F£:F0+p17_poA0
—p
r=r-222x ; /=127
D 1-p
1_
Ay=020+ 20y 5 AL =2+,
D 1-p

It remains to show that in the solution to G (1,0,0,0), A = 0 is optimal for all feasible states.

Observe that in any last period N¥B, the optimal solution sets Ag = 5 _ppo (1+Ty). Therefore

(A11) G (NFB Ly, Ao, L) =

min [07 —v(p—po) + p(]’oo enre + SP-cnrs Lo + van:e*l dnrB _ i1 L + dnAO}

pP— pP—p

The following preliminary results will be used in the proof.

LEMMA 14 G (n, FO,AO,f) and G (n,FO,AO,f, A07K) are increasing continuous and concave in
Ty, Ag and Ty, for any m. G (n,FO, Ao, T, AO,K) is concave in Ag, A.

PROOF: As F(n,-) and F (n,-) are convex and continuous in all their arguments for every n,
G (n,-) and G (n, -) are concave and continuous in all their arguments.

To prove the remaining claims it is sufficient to prove that in any last period G (N FB T, Ao,f)
is increasing inl'y, Ag,I and that backward induction implies G (n, Io, A, T, AO,K) is increasing in

Ty, Ag,T'. The last period result is observable in equation A.11. The backward induction step:

1. For Ay (and T,,): For any n, suppose that G (n + 1,-) increases in Ag (and T,,). Then
starting with a higher Ay (and T,,) does not affect any constraint but for any (AO,K) this
increases both the period return and the continuation values (A%, Af fs ff). Thus, the proof

is complete for Ag and T.

2. For T’y : For any n, suppose that G (n + 1, -) increases in I'g and Ag. Let A&K* be optimal for

I'g. For any € > 0 increase in I'y , it is feasible to increase A by apfpo > ¢. The period return
Po

S Cn Thus, it remains to show that all the state variables weakly increase.

increases by €

The continuation states fsff are unaffected as A~ did not change. The continuation A%, Af
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increase as they both increase with Ag. I‘g increases with I'g and with Ag. Finally, the effect

on I'j is exactly zero for any e:

_ASP—PO e b P—Po

Fg = F0+E
p—pPo P

_ FO_Asp—po
p

Q.E.D.

Given the concavity result in the previous lemma, it is sufficient to evaluate the first order effect
on G (n,-) of any possible marginal increase in A starting from A = 0 to determine whether A = 0
is the optimal solution for G (n, -).

For this, define G;+ (n, -) as the positive gradient of G (n, T, Ao,f) along any direction A. That
is

Grv (n.To,80.T) = lim G (n+1,T0,80,T +al) — G (n+1,Ty,A,T) .

a—0,a>0 o

Define G- (n, -) as the negative gradient along direction A (the standard definition given G4+ (n,-)).
For any Ag, let

GAK+ (n7FO7AO,f’AO7O) _ lim G(TL+1,F0,A0,F,A0,C¥A) —G(n+1,I‘0,A0,F,A0,O) .

a—0,a>0 6]

A sufficient condition for A = 0 to be optimal is that, for any Ag > 0
Gy+ (n,To, A9, T, Ag,0) < 0.
Given the definitions of G+ (n,-) and Gx- (n,-) :
Gx+ (n,To,80,T, Ao, 0) = (p— po) (GK+ (n+ I,Fg,A(’;,f> — G5 (n+ 1,F8,A3,f)) .
As p > pg, it remains to show that for any n and (AO,K) non-negative:
(A12) Gy (n,rg,Ag)‘,f) <Gy (n,T3,43,T)
As G (n,-) is concave in (Tg, Ao, T'), Gx+ (n,+) and G- (n,-) exist everywhere and for any I'g, Ao:
(A13) G+ (n,T0,A0,T) < Gx- (n,T0,A0,T) .
Thus, a sufficient condition for A.12 is
(A14) Gy (n rg,Ag,f) < Gt (n,T5,A3,T)

at Ag =0 v/ =~° and A® = A and thus condition A.14 trivially holds.
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For any Ay > 0, recall that Fg > I'j and Ag > A§. Thus it is sufficient to show that as I'g and
Ag increase GK+ (n, Ty, Ao,f) decrease. This is equivalent to the requirement that G (n, T, Ao,f)
is supermodular in (—Fo,fm) and in (—Ao,fm) for every m. The next result therefore concludes

the proof.
LEMmMmA 156 G (n,Fo,Ao,f) s supermodular in (—Fo,fm) and in (—Ao,fm) for every m.

Proor: By backward induction.

e In any last period N¥Z, the optimal solution sets Ag = (1 +Ty). Therefore

p
pP—Po

(A.15) G (NFB Ly, Ao, L) =

. NFB—l J—
min {O, —v(p—po)+ pf(;lo cnFB + pf‘;}u enrsLlo+) 1 dANFE_pi1 L 4+ dno

FB |
1. IfG (NFB, ) < 0 then % =dNFB_;myq > 0.

. dG(NFE.. AG(NFE..
2. AsTgor Ay increases, eventually G (NFB, ) = 0and % decreases to % =

0.

3. Therefore, for every I',,, G(NFB,FO,AO,f) is supermodular in (—I‘O,fm) and in
(ng,fm) for every m.

Suppose that G (n +1,T, Amf) is supermodular in (—I‘o,fm) and in (—Ao,fm) for every m.
For any Ag, A, G (n + 1,15, Ag, fs) and G (n + 1, I‘g, A(J;ff) are also supermodular as required.
All remaining parts of the objective of G (n, Iy, Ao, T, AO,X) are linear in all variables.
Therefore, for any (AO,K), the objective of G (n, To, Ao, T, AO,K) is supermodular as required.
As the feasible set is a sub-lattice, supermodularity is preserved under maximization (see section

A.7 below for details). Therefore, max,, x) G (n,To, Ao, T, Ag, A) is supermodular in (—Tg,Ty,)

and in (—Ao,fm) for every m.

It remains to show that G (n, I, Ao,f) = min [0, maXAO_’KCAv' (n, Ty, Ao, T, AO,K)} is supermodu-
lar in (—T,T;,) and in (—Ag,Ty,) for every m. Lemma 17 shows that, given the supermodularity
result for G (-), it is sufficient to show that maxAOKCATY (n,To, Ao, T, Ag, A) is increasing in I'g, Ag

and I',,, for any m. This was proved in lemma 14. Q.E.D.

Q.E.D.

A.7. Monotone Comparative Static Results

The result used in the proof is an application of Theorem 2.7.6 in Topkis (1998). I repeat the

relevant construction here.
e Forany y € Y C R" and X C R™, let X (y) C X denote a subset of X for each y

e For any z,2 € R", let 2 Az denote the meet (pairwise minimum) of x and 2 and V denote

the join (pairwise maximum).
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e The space X (y) x Y is a sub-lattice iff for any z € X (y) and ' € X (y/>, zhz € X (y A y,)
and z V 2’ GX(y\/y/)

e For f(z,y) : XxY — Rsuppose that X (y)xY is a sub-lattice and let  (y) = maxcx(y) f (2, ¥).

Then if f (z,y) is supermodular in y;,y; , so is h (y).

Note that the commonly used result is simpler as it assumes the feasible set does not depend on .

LEMMA 16 The set of A and T such that A is feasible for T in EF (-) or G(-) defined above is a

sub-lattice.

PROOF: The statement is equivalent to the following: For every two pairs I', A and I, A" such that
in problem F' (n,-), A is feasible for T and A’ is feasible for ", it must be that A A A’ is feasible for
TAT and AV A" is feasible for TV T'.

This may be verified directly, and is also worked out in part (d) of example 2.6.2 in Topkis (1998)

as all constraints are of the form z; — x; <b. Q.E.D.

LEMMA 17  Suppose z (x) : R® — R is increasing and continuous in x;,x; and supermodular in

(—zi, ;) . Then min|0, z (x)] is supermodular in (—x;, x;)

ProoF: By standard monotone comparative static results, it is sufficient to consider the two vari-

able function z (x;, z;). For every x; > x; and x; > z; , the lemma’s assumption is that

’

z (xi,xj) —z (x5, 5) > 2 (x;,x;) —z (x;,xj)
We need to show that the inequality is preserved under application of the min operator for each
element:

’

(A.16) min {O, z (xi,xj)} —min [0, z (z;, ;)] > min [0, z (z;, z;ﬂ — min [O, z (x;,x])}

Consider each possible case separately:
1. If z(x;,z;) > 0 then by z() increasing, all min operators bind and both sides of A.16 are

zero.

27 J
holds by assumption.

2. Ifz (xl- xl-) < 0 then by z () increasing all min operators are redundant and the inequality
3. Ifz (:v;, :z:;
such that z (x;, @-) =0 =min [0, z (z;,z;)} and so

r ’ . ’ ’ ’
z (xi,xj) —z (xi,xj) = min [O,z (xi,xj)} —z (xi,xj) .

) is the only non-negative number, by z () increasing there is some Z; € (zj, x;>
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Therefore, by assumption

’

z (xi,xj> —z(zy, ) > 2 (5:,»,3:;) -z (x;,xj) = min [0, z (x;,m;)] -z (x;,xj> .

4. If only z (:1:;, :1:;) and z (:Ei, x;) are positive then A.16 is the same as

Z (.T;,.Tj) >z (I‘i,l'j)

which holds as z (x;,x;) is increasing in x;.

5. If only z (x;, x;> and z (x;, xj) are positive the A.16 is the same as

’
z (xi,xj) > z (x4, 25)
which holds as z (x;,x;) is increasing in x;.

6. If z (x;,x;) , 2 (x;,xj) and z (xl,x;> are positive than A.16 is the same as z (z;,z;) <0
which holds by assumption.

Q.E.D.

AS8. Lemma 5
LEMMA  Problem 5.2 is convex in (7,0). The optimal solution decreases in the costs (v and ), v, 8

are substitutes. If u(n,v,5,\) <0, the contract is terminated.

PrOOF: The proof for the first two statements (convex and decreasing) is identical to the proof of
proposition 2. That -y, § are substitutes is proved as part of the proof of theorem 1. If i (n,v,,\) <0
then in the optimal contract problem the constraint ¢ > 0 for the history binds. Thus, ¢ = 0 and
the contract is terminated. Q.E.D.

A.9. Two Period Solution
First prove the lemma:

LEMMA  If the contract must terminate within at most two periods, the wage constraint binds in

both remaining periods. In a two period problem, the dual values p?, u° and ' are given by:

pt = max |0,0(p—po) —ca— Po (ca — 1)
P —DPo
1— 2
po= maX{O,v(p—po)Jrq Po P _ .2 p]
p—pol—p 1—pp—po
p
po= v(p—po)— — Ocl+pu1+(1—p)u°

PROOF: In any last period, the dual problem is:
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:u(n77757)‘) = ?;%U(p_po)_cn)\_§dn+"ycn
s.. (p—po)A<p(1+7)

The objective decreases with A (by —¢,,) and therefore must bind in the optimal solution. Placing

A in the objective, simplifying and binding by zero

—0dp — v Cp Po

p(n,7v,6) = max |0,v(p—po) —cn
P — Do P — Do

The first two terms are the ’static return’ the next term is the private information cost, and the last

term is the utility cost (¢, pf‘;o is the agent’s expected utility).
Directly using the continuation values for the state variables, the problem in the previous period

is:

p(n=17,0A) = minv(p—po) = cn_1A = ddn—1+7 o1

+pmax {O,U (p—po) — ¢ — ody, — /\%dn — e Po  \P—Po_ Do

b —DPo

n]
p—no P P—po

17
—ody AP0 e,

(1 - p)max [o,v@po)cn
P — Po 1-p P — Po

s.t. (P—po)A<p(l+7)
We first show that the objective always decreases with A and thus the wage constraint must bind:
e If both continuations in period n are negative, the effect of A\ on the objective is —¢,,—1 <0

e If only the continuation in period n after success is positive, the effect of A on the objective is

—Cp—1— P~ %dn + %Cn = 7(1 7p0) Cn—1 < 0

e As the value after success is higher than the value after failure (lemma 5), if the value after
failure is positive the value after success is also positive. Thus, the last case to consider is

that both continuations are positive. The value of the continuation after failure is decreasing

in A\ by 11__1;0 d, + ff"pcﬂ whenever it is non-zero. Thus, the overall effect of A on the objective

must be negative.

p
b—po

Plugging in A = (1 4+ ) in the problem for period n—1 obtains the result in the lemma. Q.E.D.

PROPOSITION  6In a two period problem, for any e > 0 consider increasing c1 by € and decreasing
co by €. The change strictly increases expected profits if and only if:

e The optimal contract asks the agent to work after failing in the first period; or

e The optimal contract asks the agent to work only after success in the first period and p+pg > 1

PRrROOF: The first condition is equivalent to

v(p—po) =T

Po_ P~ Po _Po

C.
I—=p p—po

d
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The second condition is equivalent to

v(p—po) € |c2+ (cg—c1),T

P —Do

With

_ p 2-p I—po p
V= Co —C
L=pp—po p—pol—p
By the lemma, if v (p — pg) > U, the dual value after failure is positive and the contract asks the

agent to work in the second period for any continuation. The proof for proposition 4 applies and the

payment in both periods is p?po . Thus, the payoff to the principal decreases in ¢y and is not affected

by c¢1. As T increases in ¢o and decreases in ¢1, applying the change proposed in the proposition will
not violate the condition.

If

v(p—po) € |c2+

(ca — 1) 70}

P —Do

The dual value is positive after success and negative after failure. In this case the expected profit is

p=uv(p—po) —

P C1+P'(v(p—po)—02— 2o (02—01)>
0 P —Do

The effect of cost changes on profits is:

ou D Do p

Bo = +p = - (1—po)
C1 P —"Po — Do P —DPo

0

“:_p(1+ Po ):_p p

Jco P — Do P = Po

Thus, the change proposed in the proposition increases expected profits iff

D
(1—-po) <
P —Do P —Do

p

Or simply

p+po>1

Q.E.D.



